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METHODS FOR THE DERIVATION AND EXPANSION 
OF FORMULAS FOR THE MUTUAL INDUCTANCE OF 
COAXIAL CIRCLES AND FOR THE INDUCTANCE OF 
SINGLE-LAYER SOLENOIDS 


By Frederick W. Grover 


ABSTRACT 


This paper gives a classification of existing inductance formulas for the general 
cases indicated, and discusses the possiblity of additional formulas of each class. 
A number of new formulas are developed which can be used to advantage for 
certain cases. Still other formulas could be obtained, but on account of com- 
plexity or poor convergence they are not likely to be useful. It is shown by 
numerical examples that the inductance in any given case can be calculated by 
more than one formula and to a degree or precision far beyond practical re- 
quirements. 
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I. INTRODUCTION 


The two most important cases for which formulas for the calcula- 
tio! of inductance have been derived are those of single-layer coils, or 
solenoids, and coaxial circular filaments; the former because of the 
extended use of such coils in practice, and the latter because of its 
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importance for the derivation of formulas for more complicated 
circuits. 

Exact formulas in elliptic integrals have long been known for both 
cases, but to avoid the necessity of recourse to tables of integrals and 
to attain greater accuracy in numerical calculations, numerous series 
expansions have been developed by different investigators from 
time to time. More than a score of formulas for the mutual induc. 
tance of coaxial circles are included in the Bureau of Standards col. 
lection ®! of inductance formulas and nearly as many for the induc. 
tance of solenoids, and others have been recently added to the list, 
In fact, it is possible to obtain numerical values with any desired 
accuracy by more than one formula in any given case. 

However, the very abundance of formulas has been a source of 
confusion, rather than an advantage, to one unfamiliar with the 
subject. This difficulty has been very completely overcome by the 
tables of Curtis and Sparks, Grover™, and of Nagaoka and 
Sakurai“, in all of which the calculation of the inductance is reduced 
to simple arithmetic, making use of factors which may be taken from 
the tables by simple interpolation. 

But, although for practical purposes the matter is thus simplified, 
nevertheless the series formulas are useful for the purpose of obtaining 
formulas for more complex cases by integration, and are of interest 
because of the variety of methods of expansion which they represent. 

It is the purpose of the present paper to attempt a classification of 
existing formulas, to present useful formulas which have been here- 
tofore overlooked, and to discuss the question of further possibilities. 
Since the same fundamental theory underlies the treatment of both 
coaxial circles and solenoids, both cases are included here. The case 
of coaxial circles will be treated with some detail, so that it will be 
necessary to refer only to points of difference in the section which 
deals with the solenoid. 

The bibliography appended to the article can hardly claim to 
include all the work which has been published, but it is hoped that it 
is sufficiently complete to prove useful. 


II. MUTUAL INDUCTANCE OF COAXIAL CIRCLES 


1. ELLIPTIC INTEGRAL FORMULAS 


Maxwell “® derived a formula for the mutual inductance of two 
coaxial circles of radii A and a (fig. 1) with their planes separated by # 
distance D, by obtaining the Neumann integral taken around the 
circumferences of both circles. His expression involved complete ellip- 
tic integrals to a modulus k, defined in equation (1) below. On this 





1 The superior given in parentheses here and throughout the text relate to the reference numbers in the 
bibliography given at the end of this paper. 
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formula are based nearly all of the known series formulas. A second 
formula was obtained from this by Maxwell“® by applying the 
well-known Landen “” transformation to reduce the modulus k to a 
smaller value k,. By repeated application of the Landen transforma- 
tion, an unlimited number of elliptic integral formulas might be 




















i 


Fic. 1.—Diagrammatic cross section of two coaxial circles 
showing dimensions 


obtained with moduli both smaller and greater than those of the 
Maxwell formulas. The following are the equations connecting the 
series of moduli obtained from Maxwell’s k by use of the Landen 
transformation. The complementary moduli are, as usual, denoted 
by primes. 
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The moduli are arranged in order of decreasing magnitude, their 
complementaries in order of increasing magnitude. 

There follows a list of elliptic integral formulas for the mutual 
inductance thus derived in which are included for completeness the 
Maxwell formulas and the formula in k, also previously published. 
It is believed that there are included here all of the formulas which 
are likely to be of use for purposes of expansion. Here, as well as in 
what follows, formulas occurring in the Bureau of Standards collec- 
tion will be designated by the numbers there given them with the 
prefix I for Scientific Paper 169 and II for Scientific Paper 320”. 
Thus the Maxwell formulas are I (1) and I (2). Formulas believed 
to be new will be designated by an asterisk. 
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In each formula K and E denote, respectively, the complete elliptic 
integrals, the modulus being in each case indicated by the subscript. 

Unfortunately, the elliptic integral formulas are not well suited to 
numerical calculations, even when accurate tables of elliptic integrals 
are at hand. For small moduli, the mutual inductance is obtained 
| as the small difference of two much larger terms. For large moduli, it 
is impossible to obtain the value of K accurately by interpolation 
from the tables. This is illustrated by the following example for two 


circles such that k= v2. 


The two elliptic integral terms of the forumula are given for the 
modulus k and for the larger and smaller moduli k, and k,. 


Modulus k, 5. 08976 
— 4. 87061 


. 21915 


Modulus k& 2.781112 
— 2. 701288 


. 079824 


Modulus &; 1. 582566 
— 1. 559160 


. 023406 
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For the still smaller modulus, k, the difference is still more difficult 
to determine. With the modulus k,o, which is larger than ky, th 
difference between the terms is more favorable than in any of the case 
shown, but the elliptic integral K,, has to be found for the ang 
89° 34’ 20’’, and can not, therefore, be obtained by interpolation fron 
the tables. 

These difficulties may be avoided by series expansions of the elliptic 
integral formulas, and of the possible types of expansion three ar 
important, viz, hypergeometric, arithmetico-geometric mean series 
and the q series of Jacobi. 


2. HYPERGEOMETRIC SERIES EXPANSIONS 


Although existing formulas of this type have been derived by 
various methods, two principal methods may be regarded as espe 
cially useful. 

1. The elliptic integrals satisfy differential equations of the hyper. 
geometric type, so that each of the above elliptic integral expressions 
yields a different hypergeometric differential equation for the mutual 
inductance. By thus obtaining the equation corresponding to the 
Maxwell equation I (1), Butterworth ™ obtained five series expansions 
for the mutual inductance, four of them being essentially different. 
In general four such series could be found for each of the elliptic inte- 
gral formulas by the use of this method. 

2. A simpler procedure is to substitute the known hypergeo- 
metric series expansions for the elliptic integrals“ directly into the 
formulas for the mutual inductance. This procedure leads to the 
same formulas as the previous method. The four expansions de- 
rived from each elliptic integral formula are in powers of the corre- 
sponding modulus, the complementary modulus, their ratio, and its 
reciprocal. 

As already pointed out the expansions of I (1) are all known. 
The series in k is I (5), which was derived by the writer in 1910 and 
was later found by Butterworth®. The writer has discovered 
only recently that this formula was first given by Weinstein”, 4 
fact which seems to have been generally overlooked. That in -’ 
was first obtained” by Weinstein I (7) and was given by Butter- 
worth in the somewhat different form II (4A). The formula IT (34), 
also given by Butterworth, is readily obtained from the former by 4 

/ 


; ; ee es : . 
slight transformation. The series in 7% was first derived “®) by 


Havelock I (16) and later by Butterworth, in its general form II (5A), 
while the expression in Ls due to Butterworth, is given as II (iA). 


Only one of the expansions of the second Maxwell formula | (2) 
has been published, that which appears as I (6) and involves powers 
of k;. This was derived by the writer in 1910 and by Nagaoka” 
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at about the same time. The other three of the possible expansions 
which follow are of practical interest and were derived by the use 
of the second method. 
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This formula converges only for k’?<4 
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The formula (6) converges for circles at all distances, but especially 


well for small values 2 ; that is, for circles near together. 
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The expansion in powers of ae is closely related to this. 
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This formula converges only when 4, >1. 
None of the expansions of the elliptic integral formula (3) have been 
published. All are readily obtained, but from the standpoint of 


convergence only those in k, and rs are likely to be of practical use, 
2 


and these only will be here given. 
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in which 





Formula (9) converges only for ke <5, but (8) converges for 


circles at all distances, but especially for those where r, is nearly 
equal to 7; (distant circles). 

The expansion of the elliptic integral formula II (7A) in terms of 
k’, was derived by the author™ and published as ITI (8A), but the 
general term was not given. The complete expression may be 
written as 
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The general term for the even powers of k’, is 
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This formula converges for all values of k’,, but especially well 
when this quantity is small; that is, when the circles are far apart. 
Of the remaining three possible expansions of II (7A) that in 
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n= 4 ° only is likely to prove itself useful. It reads 
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1 
Formula (11) converges only for he <5" 


3. SERIES INVOLVING THE ARITHMETICO-GEOMETRICAL MEAN 


The use of scales of arithmetico-geometric means for the calcula- 
tion of the elliptic integrals was established by the work of Lagrange, 
Legendre, and Gauss. This method has been recently employed by 
L. V. King for the derivation of formulas for the mutual induct- 
ance of coaxial circles. King’s paper gives full references to the his- 
torical development of the subject. 

The formation of the series of arithmetical and geometric means is 
accomplished according to the following scheme: 


Ao b, 


a= (do + bo) b, ips Vaob, C1= : (do — bo) 


a“ 


1 / 1 
a2 5 (a, + 6,) b, = ya,b, C25 (a,—},) 


It is found that, even when a, and b, are far from equal, the successive 
values of the a’s and 6’s converge with extreme rapidity toward the 
same value, so that for small values of n, a,, and 6, differ by an 
amount which is negligible in numerical calculations, and the quan- 
tity c, differs from zero by an amount that is insensible. In what 
follows we will denote by a, the limit which is approached by the 
arithmetical and geometric means, as was done by King. 

If, as special values we choose a,=1, and b,=k’, the relation 
c,= -Va,'!—},? shows that c=; that is, c, and 6, are complementary 
moduli. It may be shown ('*) that the elliptic integrals are given by 
the relations. 


K® =5- 
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K(k)—-E(k) 1,, a 
ay =5 (ec? + 2c;? az 4c,” + aad + 2°c,* 4- “ +) 

King has shown that if, further, the convergent of the comple- 
mentary arithmetico-geometric mean (a. g. m.) series, a’.=1, 
b’,=k, be denoted by a’,, the equations for the elliptical integrals 
are also given by the formulas 
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Making use of the relations (12) and (13), two distinct formulas 
may be derived for the mutual inductance corresponding to each of 
the elliptic integral formulas. In general, those derived from (13) 
are less suited to numerical calculations than what may be termed 
the direct series, derived from (12). Since, in practical cases, the 
a. g. m. series converge so rapidly that only three or four steps of the 
series have to be calculated for a six-figure accuracy, the advantage 
of a change of modulus to gain convergence is not here of such im- 
portance as is the case with hypergeometric developments. It does 
not, therefore, seem worth while to present the complete list of 
formulas which have been found by this method. However, by a 
different choice of a. g. m. series King has developed formulas for 
the mutual inductance which are of great interest. 

Adopting the nomenclature (a, 5.) to denote an a. g. m. series, it 
is readily seen that if « be a constant, the series (ea,, €b,) converges 
to a value € times as great as the first series. Remembering that for 


‘ ° VoGe,. a ° 
coaxial circles the modulus aioe it is evident that the a. g. m 
1 


series (1, 72) gives a convergent which is 7, times as great as the 
value @, corresponding to the series (1, k’). Thus from (12) King 
derived * for the mutual inductance the elegant formula 


u-* : (of + 208+ 4e;+ - + 2"-I¢,2) (14) 


based on the series Bi To). 
For purposes of tabulation it is an advantage to write formula (14) 
so that the modulus appears explicitly. The equation then reads 


M 
ar 4nAa ba 


where the c’s and a, are now based on the a. g. m. series (1, k’). 

King pointed out that formula (14) may be derived from the 
second Maxwell formula I (2) as well as from I (1), and it is to be 
expected that it can be obtained from each of the elliptic integral 
formulas for the mutual inductance, a fact which it is not difficult to 
verify. This suggests however, that the a. g. m. series for the differ- 
ent moduli must be closely related. That this is so may be shown as 
follows: 

Suppose that for the a. g. m. series (1, k’) we write a,=1, b,.=k’ 


(c," + 2c," os 4c," = . “ 6? 4 a +) *(15) 
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Voi + Vo? + 
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whose limit A, is related to that of the first series a, by the equatioy 


Ay = Any o + 8. 
The Landen transformation to the modulus k,<k is accomplished 
by means of the equations 


Lk 2k’ 
k= 14K? es 1 +k’ 
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whose limit is ** ee - times that of the series (1, k’;). 


Comparing the two series for the different moduli, we note that 
1A, = Ai, 1B, = Bi, 1C, = Ci, so that they will converge to the’same limit. 
Thus it is proved that the a. g. m. series for two successive moduli in 
the Landen series differ only by a constant multiplier in their limiting 
values, although by the transformation the whole series is displaced 
one step, so that the initial terms of one series are the second terms 
of the other, and so on. 

Formulas (14) and (15) cover adequately the cases of all coaxial 
circles except those which are very close together. For such cases 
King obtained on substituting (13) into the Maxwell formula I (2), 
the following formula based on the a. g. m. series [(7;+72), (1—-12)] 


Bice De! 8 ew hie Be 50 
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which, written in terms of the modulus, reads 
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the a. g. m. series being (1, k). 
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It is to be noted that the series (7;, 72) employed in (14) and the 
series [(71 +72), (71—72)] of (16) converge to the same limit. 

The formula (16) may be obtained from any of the elliptic integral 
formulas, and it is easy to prove that in stepping down to a smaller 
Landen complementary modulus the same simple relations are found 
to exist between the complementary a. g. m. series as was found for 
the Landen transformation to a smaller modulus. In addition, the 
quantity Q, for the smaller complementary modulus, may be shown 
to be exactly twice as great as the corresponding quantity for the 
next larger complementary modulus of the Landen series. 

In the light of these facts it is thus evident that the two King 
formulas completely cover the calculation of the mutual inductance 
of coaxial circles, and that any other a. g. m. series formulas which 
may be derived by Landen’s transformation are not essentially 
different. 

Example 1.—The most difficult cases of coaxial circles to calculate 
are those where the relation between the radii and the distance be- 
tween the planes of the circles is such as to make the modulus 


Aa —av 2 
k= 2VAa — and its complementary modulus k’ = We - 7 - 5 


ished 







ap 




























nearly equal. Forthecasek=k’ = 2 formula II (4A) ink’ requires 11 
terms of the series to be included in order to give a seven-figure 
accuracy, and the formula I (5) in k is more unfavorable still. 

For this case the expansions in terms of other moduli are, therefore, 
useful. The values of other moduli of the Landen series are as 
follows: 







k, = 0.985171 =k’; 

k= 0.707107 =k’ 

k, =0.171573 =k’, 

k, = 0.0074697 






and in addition 








Mi = 0.174155 = v5 
He = 0.0074699 










The following summary shows the results by the available formulas 
exclusive of those in k and k’. 















Number of M 
Formul M — 
ormula odulus terms ‘onl da 



















4 . 1128885, 

(5) M 4 . 1 128885, 
(8) ke 2 . 1128885g 
(9) Ke 2 . 1128885, 
(10) Fr 9 . 1128883, 
2 . 1128883, 
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The formulas involving the complementary moduli are here not » 
favorable as what may be called the direct formulas. The agreement 
of the latter among themselves and with the known value (* 
0.112888542 is as good as the accuracy of seven-place logarithms yi 
allow. 

The a. g. m. series formula (15) gives for oe CASE Ay = A; = 0.847213) 


(cy? + 2cq? + 4¢,7 + + + +) =0.02152671, and - rea = 0.11288854. 


Example 2.—For the circles a= A= re) D=1, only the formulas 
involving complementary moduli are sufficiently convergent. The 
following summary shows the results obtained with the av vailabl 
formulas. 








Number of M 


Formula Modulus Value of modulus terms 


(10) k’. 0. 000099980 | 1, 036. 664, 
11) Ye . 000099980 1, 036. 664, 
II (4A) k’ . 0199960 1, 036. 664, 
II (5A) y . 02 $ 1, 036. 664, 
(6) k’ . 277270 1, 036. 664, 
(7) yy . 288585 3 1, 036. 664, 

















King has solved this problem by his complementary formula, a cal- 
culating machine having been used. The result, correct to eight 
significant figures, he finds to be M=1,036.6648,. 


4. EXPANSIONS IN q SERIES 


The expansions of the elliptic integrals in g series are well known. 
In their amazingly rapid convergence they resemble the a. g. m. 
series formulas, with which they are closely connected. Two for 
mulas for the mutual inductance of coaxial circles in q series were 
obtained by Nagaoka in 1903, by expressing the integral which 
gives the mutual inductance, in terms of the Weierstrass elliptic 
functions, and thence in terms of @ functions, which are readily 
expanded in g series. The same formulas are obtained if the q series 
expansions for the elliptic integrals“ are substituted in the Max- 
well formula I (1). 

No essentially new expressions are obtained, if the same methods 
are applied to the other elliptic integral formulas for the mutual 
inductance. Each change of modulus, according to the Landen 
transformation merely gives a new value of g, which for the smaller 
modulus is the square of the value corresponding to the next larger 
modulus. This may be proved from the relation between q and the 
modulus, or by noting that 


log ; =Q a.g.m. series (1, k) 


where Q is defined by equation (13a). As already stated, the Landen 
transformation to the next larger modulus doubles Q; that is, 1! 
changes g to a new value qo, such that q.=-q. The formula derived 
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by Nagaoka ®”, in 1911, from the Maxwell expression I (2), (mo- 
dulus k,) clearly illustrates this point, which is also discussed on 
page 188 of Scientific Paper, No. 169. 

Thus the two q series expressions of Nagaoka, formulas I (8) and 
I (9), are the only ones possible for the mutual inductance of coaxial 
circles. 


5, EXPANSIONS IN WHICH THE RADII OF THE CIRCLES AND THEIR 
SPACING APPEAR DIRECTLY 


Series for the mutual inductance of coaxial circles in which their 
radii and the distance between their planes appear directly, although 
not as convergent as those in terms of the moduli of the elliptic 
integrals, are especially useful for purposes of integration. Those 
which have been published have been obtained by various methods. 
It is, however, possible to obtain them directly and with no particular 
difficulty, by substituting in some one of the hypergeometric series 
expansions the relation between the modulus which there appears 
and the radii and spacing. The same expression may, of course, 
be obtained from a number of the formulas, but the work is much 
simpler in some cases than in others. 

The Maxwell ®” expression I (10), and its extensions by Rosa and 
Cohen , formula I (14), and vs ey @4) formula II (6A) give the 
mutual inductance in terms of 5 and © ac a A a a formula may 
be obtained from any of the sp lialmniasiias series involving the 
complementary moduli k’,, k’, or k’;. 


The Havelock formula I (17) in A “ and 4, may most readily be 


obtained from the formula II (1A) which involves »?= ~ ae 


In the Havelock“® formula I (16), which was generalized by 


Butterworth, II (5A), the three parameters rt rt and 2 all 


42 
appear directly in the variable r= = ; 


A further possibility of expansion in terms of 4 and a seems to 


have been previously overlooked. We find without difficulty from 
either the formula I (5) in k, or I (6) in k,, the expression 
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This formula converges well only in case 4 is small, (distant 


circles), unless one radius is very much smaller than the other. For 
the special case of coplanar circles, D = 0, and there results the remark- 
ably simple expression found by Curtis . 

An expansion of the mutual inductance of circles whose axes 
meet at an angle was given by Maxwell in a series of zonal harmonic 
terms. This can readily be adapted to the coaxial case, but on account 
of its poor convergence, in general, it is not suitable for numerical 
calculations. For the coplanar case the convergence is better, and 
it may be shown that the formula is the same as that of Curtis. 


Ill. INDUCTANCE OF SINGLE-LAYER SOLENOIDS 


Formulas for the calculation of the inductance of a cylindrical 
current sheet will be here treated. Methods for correcting this case 
to obtain the inductance of an actual single-layer winding of round 
cross section are well known.®” The recent formula of Snow ©® stands 
alone in that it takes into account the helicity of an actual coil. His 
formula is of greater accuracy than any other known formula. 

The classification of formulas for the inductance of a cylindrical 
current sheet follows quite the same lines as that for the mutual in- 
ductance of coaxial circles, so that what follows may well be read in 
conjunction with the corresponding portions of the preceding portion 
of the paper. For routine calculations the tables of Grover, or 
Nagaoka and Sakurai ®® should be used. 


1. ELLIPTIC INTEGRAL FORMULAS FOR SOLENOIDS 


In what follows let 
a= the radius of the solenoid, 
n=the number of turns, 
b=the axial length=n times the pitch of the winding. 

The only elliptic integral formula for the inductance of a cylindrical 
current sheet which has been published was obtained by Lorenz “” 
in 1879. Others may be derived using the Landen transformation. 
The following list includes with Lorenz’s “ne I (72) others which 


have been found useful. Writing Z,=472°n’? a the value of the 


inductance of an infinitely long solenoid, the formulas for finite 
coils may be written to show the expression for the factor which takes 
into account the effect of the ends. 

Arranged in order of the values of the moduli, the formula in terms of 


4a? _ (4a? + b?—b)? 
(4a? + 6?-+6)? 4a? 


e 2a\f (1—k,*)(1—3k,) (1—6k, + k,”) ve 
AO 4k, Vk; K(k) — 4k, Vky E(k) | 


k= 





* (19) 
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2a 
The modulus k of Lorenz’s formula is k rs and the induc- 


tance is given by 


4 (2aNl 2k?—1 1—k? 
Lok, HS) EQ) ++ Kh) - | I (72) 


The modulus k,>k is best obtained from the relation k, a 24%, or 
from its complementary 


_(V4@FB-20)? BP 


we b ~ (4a? + 68+ 2a)? 








The inductance formula corresponding is 


4 (2aVf (1—6k’, +k’,”) 
‘SABI ake Me) 





L=L, 


(3k’, — 2k’,? + 3k’,°) Sie ] 
Re +t * (20) 





There are, of course, an indefinite number of integral formulas 
which could be derived for the inductance, each with a different 
modulus, but, with the exception of those already given, they are 
not simple. The elliptic integral formulas, in general, as already 
pointed out in the case of circles, are not convenient for numerical 
calculations, which are more simply, and often more accurately, 
carried out using the series expansions which follow. 


2. HYPERGEOMETRIC SERIES EXPANSIONS FOR SOLENOIDS 





Butterworth ® obtained eight series expansions of Lorenz’s 
formula. These arrange themselves in pairs whose members are 
closely related, so that only four of the formulas are essentially dif- 
ferent. The following summary refers to those which are the more 
convergent. 





B. 8. formula 


Variable Source number 








k Butterworth @). 2-2... 22. II (20A) 
_& oo a ee I (79) 
we | peeeenweten... ..-..- 2... 2c... IT (21A) 
k’ DUcuerwuren. a a I. ek II (22A) 

yp =|{ Rayleigh ©) and Niven-_-___- I (69) 
aa Coffin () (extension)._..___-- | P71) 
Butterworth (general) -_-_-__- II (23A) 
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No expansions in terms of other moduli have heretofore been pub- 
lished. The following expressions were found from the elliptic inte- 
gral formulas (19) and (20). Although four expansions of each 
elliptic integral formula could readily be derived, those given here 
are believed to be sufficient for practical purposes. 

From (19) the expansion in fk, is derived. 


=, (7) : 1 _ky k,3 k,4 ke, k,° 


+= 


ahs +54 + jo8 tage 
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the value of k, being the same as in (19). 
This formula converges for all values of k,, but most rapidly when 
k, is small; that is, for relatively long solenoids. 


The expansion in wae is also obtained from (19) 
1 
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Formula (22) converges only for k’?< 4%. 
The elliptic integral formula (20), when expanded in terms of the 
complementary modulus k,’, yields 


4 (2a\ 3k’. ae . 2 
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Although (23) converges for all values of k’,, the formula is useful 
especially where k’, is small; that is for short coils. 


’ k’.: 
The formula in terms of Yo= 7 is found to be 
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and A, has the same value as in the preceding equation. 


cai 
Formula (24) converges only when k’,?< 5: 


3. A. G. M. SERIES FORMULAS FOR SOLENOIDS 


Just as explained for coaxial circles, each elliptical integral formula 
for the inductance of a solenoid will yield two a. g. m. series formula, 
the series being a,=1, and 6,=the modulus in the one case, and 
d,=1,b,=the complementary modulus in the other. However, by 
making use of the simple relations between the a. g. m. series for 
| different moduli, which have already been pointed out in section 3, 

two formulas may be derived which, between them, cover all cases 
| with any desired accuracy. These formulas, which may be derived 
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starting with any one of the elliptic integral formulas (19), (20), o 
I (72), are as follows: 


9 i 
L=L, Pe E a’ + 6? — 3 (a )ece + Qe? + 40,7 + +++ + 21 | 


_4 = (%) +95 


based on the a. g. m. series (4a?+6*, 6), and the complementary 
series 


—s £ (ye Pos 2. +59 (6a? +) 
4 Ga?— 6) 6?) 


a - a. (c’ 3? + 206? + ++ +27-'c’ | 


where a’, and c’, are based on the complementary a. g. m. series 
(/4a?+6?, 2a). The quantity Q is defined by formula (138), 
referred to the same a. g. m. series. 

For purposes of tabulation it is convenient to have expressions 


which involve the parameter “2, Such formulas are most simply 


obtained from the Lorenz formula. 


Placing a =v, and forming the series (1, k’), where k’= oa -» the 


inductance is 


“i Y+3_ °S 1) 12 2 Qn—Ip 2 
gaz, pre iE ra 2 (c,? + 2c,? + -- +» + 2°~'¢,?) 


while the complementary formula, series (1, k), k= 


Wee 


, 4 Ty=1 @, Q (8y?+1 


+2 (y?—1) (C2? +2c’2 + ++ +2°-c’,”) | *(28) 


The direct formulas (25) and (27) suffice for all cases except for 
short coils. For such an extreme case as y = 50, both complementary 
and direct formulas give the inductance as the difference of two 
large terms, and series formulas such as illustrated in example 5 ar 
more convenient in those cases. 

Example 3.—For a coil whose diameter is equal to its length the 


2 


modulus is k= k’ = “9” and to obtain the inductance with an accuracy 
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equal to that of seven-place logarithms it is necessary to include 14 
and 13 terms, respectively, in the series formulas II (20A) and 
[ (22A), which involve these moduli. The following table shows 
that the use of other moduli is advantageous. 















Number ze 
Formula | Modulus Value of terms ~~ 
included Lh 





















(21) 0. 1715729 7 0. 6884226 
(22) My . 1741554 7 . 6884223 
(23) k’. . 1715729 7 . 6884226 
(24) Vo . 1741554 7 . 6884226 





























The value obtained from (27) by the use of a calculating machine 
with eight places is 0.68842264. The agreement of the various 
formulas gives a check on their correctness. 

| Example 4.—For the coil of example 60, Bureau of Standards 
Scientific Paper No. 169, a= 27.0862, b= 30.5510. Using the a. g. m. 
series formula (25) 





6) 








ns 






do = 14a? + b? = 62.19335, b, = 30.5510 

ds = bs = 4, = 44.97022 

€;2 + 2eq? + 442 + + - = 250.3095 + 3.8708 + 0.0005 = 254.1808 
9 

; a? + b?=1911.5798, i) = 0.7525607 

2 <> 

3 

L 


as 1.3072567 — 0.7525607 = 0.5546960 
1 : 


ly 





18 





2 
; = )ler + Qe? + 4c,7+ - +) = 114.5591 







Solving the same problem by the complementary formula (26) 










a’, =62.19335, 6, =2a= 54.1724 
a’, = b’, = 58.11366 =a’, 
Q=4.059785, c’;= 4.01047, 


2_ 2 
—_ a’ an 0.7315658, c's 7” 0.06919. 














c’; = 0.00002 
I 2 
: ‘ "(60° + 5) = =28.58416, es * (c's? + 2c’? + + +) = 0.20259 
) 8a* 
Terms in 








Q = 1.0055124 


7 =(0.5546960 
41 
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The values found by a calculating machine using other formulas aye: 





| Number of I 
Formula | Modulus terms ee. 
| included i 





11 | 0. 55469621 
G | . 55469622 
| . 55469626 
| . 55469621 











| 
} 


Example 5.—If the a. g. m. series formula (26) be used to make the 


calculation for the very short coil a= 25, b= 1, the series to be formed 
is (./2501, 1), and the limiting value an lies very close to a’;. Hov- 
ever, the difficulties are met (a) that c’; can not be obtained directly 
with accuracy, and (5) that the first two terms of (26) nearly cancel, 
and that their small difference is of the same magnitude as the main 
term. 

The calculation may be made accurately by expanding the formuls 


b ’ 
in terms of the small quantity ony For the problem in question 


higher powers than 6‘ do not need to be retained, and the series are 


ae 5° ) 
‘=9 -_— — ’ ‘= _— _— 
a’; 2al 1 +Z ] c1=%5 (1 rl +3 


a’, = 2a) 1+- me > Y= 2log 54 = 13 54 
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ab 
Placing 6= = 56" the terms in Q are 0.003179208 and (#55 _ =a -|= 


- =(0.06910758. The term in c’; is here nearly 
1 


negligible, so that the value of c’, is of importance only in the calcul- 
tion of Q. 


The value for the same case, using the more convenient formula 
, 


I (71) or IT (23A), in terms of the modulus Cae. is 0.06910754, two 


_ 


— 0.000300052, so that 


terms in the series being sufficient to give this accuracy. 
4. q SERIES FORMULAS FOR SOLENOIDS 


Two formulas for the inductance of a solenoid in q series were 
derived by Nagaoka; these are formulas I (76) and I (77). For 
very long coils the latter may be put into the very convenient form 
I (78). Together these cover the whole range of solenoids, and havé 
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the advantage of very rapid convergence. As has already been 
pointed out in section 4, no other essentially different expansions in 
q series are possible. 


5. SOLENOID FORMULAS INVOLVING THE DIMENSIONS DIRECTLY 


The only parameter involving the dimensions as a simple ratio is 


a or its reciprocal. Since k 2a, the Webster-Havelock ® for- 
b P kb’ 0 


2 
mula I (79) gives the series in > and the Rayleigh and Niven °® 
formula I (69) and its extensions I (71) and II (23A) the expan- 
sion in Ls 

IV. SUMMARY 


Each of the different types of formula for expressing the mutual 
inductance of coaxial circles and the self inductance of solenoids has 
been reviewed with the object of obtaining further formulas where 
such are possible. The new formulas presented above are believed 
to include all the previously overlooked formulas for these cases 
which are likely to prove useful. 
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EFFECT OF CLEARANCE AND DISPLACEMENT OF 
ATTRACTED DISK AND ALSO OF A CERTAIN AR- 
RANGEMENT OF CONDUCTING HOOPS, UPON THE 
CONSTANT OF AN ELECTROMETER 


By Chester Snow 


ABSTRACT 


Formulas are here derived for the force upon the attracted disk of an absolute 
electrometer. These take account of the clearance between attracted disk 
and its guard plane, their relative displacement, and the separation of the plates. 
The effect of using a set of conducting hoops to compensate for the finiteness 
of the movable plate is.also computed. 


CONTENTS 


I. Introduction = 
II. Effect of clearance, displacement, and separation of plates__--_--_---- 
III. Effect of the circular conducting hoops which are used to increase the 
uniformity of field at the disk 
IV. Summary 


I. INTRODUCTION 


The density of electricity upon the surface of the attracted disk 
of an absolute electrometer is approximately uniform. This uni- 
formity is ordinarily achieved (when the separation between the 
attracted disk and the adjustable plate is small compared to the 
diameter of the latter) by the use of Kelvin’s guard ring in the plane 
of the disk and having an external diameter as large as that of the 
plate. 

If the diameter of the plate and of the guard ring be considered 
infinite, then it is evident that the distribution of electricity upon 
the attracted disk will depend upon its small clearance with the 
guard ring, its small displacement below or above the plane of the 
latter, and the separation of the two infinite plane conductors. 
The approximate expression for this density of electricity is obtained 
and, hence, for the total force on the disk. The latter and its guard 
ring are at the same potential v and are usually about 1 cm in thick- 
ness. If the clearance between the two is about 4% mm it is evident 
that very little field will penetrate this crevasse and that an exceed- 
ingly small number of lines of force will terminate upon the upper 


face of the disk. The distribution of electricity upon the sides of 
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the disk contributes nothing directly to the downward pull upon it, 
but it must be taken into consideration in order to find the distriby- 
tion upon the lower face of the disk. The fact that the quantity of 
electricity is negligible which would be found at a greater height 
than 1 cm upon the vertical sides of disk (or upon its upper face) 
enables one to simplify the electrostatic problem by assuming that 
the disk and its guard ring are infinitely thick. A second simplifica- 
tion comes from the fact that the clearance and displacement of the 
disk below the plane of the guard ring are small compared with the 
radius r of the disk, which is considered to be about 5 cm. The 
nonuniformity of charge will, therefore, be confined to the neighbor- 
hood of the edge of the disk, so that this distribution may be derived 
from the corresponding two-dimensional problem. The justification 
of treating the radius of the adjustable plate (and guard ring) as 
infinite does not lie in the fact that this radius R is always large 
compared to the separation of the plates (for this is by no means the 
case for measurements contemplated at this bureau), but rather is 
to be found in the fact that a second type of guard conductors is 
used. In the case of a large absolute electrometer now nearing 
completion at the bureau for measuring alternating voltages up to 
250,000 volts, it is necessary to use spacings as great as 110 cm to 
avoid danger of spark over. It is impracticable to make the radius 
R so large in comparison with this spacing as to insure a sufficiently 
uniform flux distribution by the use of the simple guard ring only. 
H. B. Brooks, of this bureau, has devised the further expedient of 
using an additional system of guard conductors. These consist of 
a set of NV equal, concentric, equally spaced, parallel hoops (of radius 
R), each of which is to be kept at the potential which would be found 
at its position in their absence, if the two conducting plates were 
infinite planes. They thus compensate for the finiteness of these 
planes and tend to produce a more uniform charge over the face 
of the attracted disk. A discussion of the effect of such guard hoops 
seems to show that the assumption of an infinite radius for the guard 
plane and the adjustable plate is justified. 


Il. EFFECT OF CLEARANCE, DISPLACEMENT, AND SEPARA- 
TION OF PLATES 


The aim of this section is to obtain an approximate formula for the 
electrical force acting upon a fairly thick, circular disk of about 5 cm 
radius when it hangs slightly displaced from the plane of its guard 
ring, and has a small clearance of the order of 4mm. The movable 
plate may be from 1 to 100 cm below them. The derivation of such a 
formula requires the solution of the electrostatic problem leading to 
a knowledge of the distribution of electricity over the surface of the 
attracted disk. 
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The method here followed is that explained and illustrated in 
J. J. Thompson’s Recent Researches in Electricity and Magnetism, 
third chapter. The problem here considered is somewhat more 
general than hitherto considered in that the lower face of the movable 
dick i is here considered to be displaced below the plane of its guard 
ring, both being infinitely thick. If this displacement, c—b, is 
placed equal to zero in the solution here obtained, it reduces to the 
solution given by Thompson. The approximations that are made 
below are somewhat unusual because the separation of the plates 
ranges from very small to very large values. 

To obtain an approximate solution we may consider first the fol- 
lowing two-dimensional case. 

Let a, 6, and c be positive reals. 

Consider the complex function z=a+iy of the complex variable 
(=t,+ it, defined by 


: — 
r2=b log t—c log B+ log * aa ia log =. @ 


— 


If the positive real quantities a and 8 are so cnosen that 


a?+ (b+c)? See 
- (Site = 8 that 1=b=+ 


tan a=-5 


then the derivative of (2) may be put in the form 
b i 1 : 4 
1—a(t-3) (t—e'@) (¢—e-ia) (4) 





This makes a= 0 when t= +1, and these points are then branch 


points of the multiple-valued function z defined by (1). This was in 
fact the object in choosing a and 8 in the manner described. 

Along with z we may consider a second complex function of ¢, 
namely w=u+w defined by 


w=u+t v=" log ome - 8), B ae (5) 


t (6+1)? 

To remove ambiguity, we shall specify that by the logarithms of 
the complex quantities occurring in (1), (4), and (5) shall be under- 
stood in every case that branch whose imaginary component vanishes 
when the point ¢ moves off an infinite distance to the right on the 
teal axis of t. This statement, together with reference to Figure 2, 
will show what branch is to be understood by the inverse tangents 
written below. 
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With this understanding we may now show that the point z traces 

the conducting boundary of the insulating region (shown unshaded 7 
in fig. 1), when the point ¢ moves along the real axis of ¢ (t.=0) from , 
t; =-— © to t;=—1, thence around the upper semicircle of radius |. ; 
center at origin to the point 4; =+1, t,=0, thence to #;=+ ©, and 
finally returning to the starting point by way of a semicircle of infinite 
radius (center at the origin). This description of the path shoul 
be qualified by the statement that the branch points t=+1 ar 
avoided by means of small quarter circles, and the singular points 
t =e'* and t=8, by means of semicircles as shown in Figure 2. 
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Fig. 1.—Conducting section in the z-plane 








To verify the foregoing statement we may consider the six cases 
into which this description of the path naturally falls. If we replace 
z by e+iy and ¢ by #,+7#, in (1) and equate reals and imaginaries, 
there result the two following equations: 

b 6 9 " t —6 2 f2 
TE = 5 log (t,? + #,7) —c log B +5 ey ; at 
ty a 


ier 
py th 


(4. /4—sin @ _,(f+sin a 
—da+a;tan —— j~ tan — 
| t;—cos a t;— cosa 


ry=b tan'(#?) +¢ tan"(5 = 5) tan ts i 
ae 

_a ie (t; — cos a)? + (ty -- sin a)? 

2°~© (t;—cos a)? + (t+ sin a)? 





Absolute Electrometer 517 


Snow] 
If the point ¢ describes the contour ABCDEFGHIJKA 
of Figure 2, the equations (6) take the following special forms in 
the six cases: 
Case Il. — ~<t,<—1,&=0 


os 7 = a= t 49 { _@_ | sin a 
rz =b log (—t,) +¢ log pt, 2a ar tan (cosa 


a ' sina ‘ 
—1 
0S25 to, *—-5 <tan ( \=n pies. 


.4,— cos & 








Fig. 2.—Corresponding region in the t-plane 


{t; = cos 0] 


» S c id 4 . 
Case I]. t <e or lt, = sin al 


x=0 


ax<d<r 


sin 6 


os 0—B/) © 


ry = b0+-e|tan (. 


bSySt+o 
Case IIT. Same as II except a>é@>0 


L -_ & 


. . sin 
= sin 6 i sin @ 
ry = b0+c|tan . —tan a Bay" log a 


os 6— é 
p cos 6— | sin 
p 


cS Tt Oo 
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Case IV. 1<t,<8, t, =0 


Re a0 B-t, ind sin a a 
rx =b log t, seoiihine, "den tan! je) 
ne 

B 


y=c, ~“aee -S 


Case V. B<t< + o, t, =0 


id ba Bad . - t:—B\ _ “1(,e_) S 
rz =b log t, bi | ) 2a \tan ctzeea +5 


i—-s 


y=0, —a<r<+o 
Case VI. t=Re®, R=, r>0>0 
0<y<b 
ry=b06 r=+ 


These equations show that the z-point traces the entire conducting 
boundary of the insulating region in the z-plane, when the point t 
describes the contour A B C HIJ KAinthet-plane. With 
the branches that have been specified for the logarithms, the equation 
(1), therefore, serves to define z as a single-valued function of ¢ at 
all points within this contour. The entire insulating region in the 
z-plane is conformally represented upon the area within this contour 
ABC....HIJ KA on the t-plane. 

Upon this same area in the ¢-plane is conformally represented 
an infinite strip of the w-plane, namely, {~ one a |, where 
w is defined by (5). To show this one may replace ¢ by t+ 7; in 
(5), and upon equating reals and imaginaries the two following 
equations are obtained: 

Vo 


| 1 
u= “2 5 log (t,?+1,”) +log Grpts log [(t: — 8)? + #27] 


1 1 
+5 log (1: ~ +) + t?| 
v= vel a tan~(7*) + tan~'(;-") + {ean 
re 


As special cases of these equations one finds the following expres- 
sions for u and v in the six cases previously considered: 


Case I. 
1 
(B-t)(a—-th 


—t * (+1)? 





V =U, 
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Cases II and Ill. 
_ ve 1 — 28 cos 0+ 6 
w= log | 57 
V =U 


Case IV. 





@-W)(t-3) 8 
ty (B+1)? 


Case V. 





h-O (4-3) 8 
ty (8+1)? 


U=o 


4 
y= veg— ¥ 
T b 


o 


Hence, at all points within the contour A BC....HIJKA 
in the t-plane, z and w are each defined by (1) and (5), respectively, 
as single-valued functions of the complex variable ¢. If it were pos- 
sible to eliminate ¢ between (1) and (5) and to obtain thereby an 
explicit formula for w in terms of z, then upon equating imaginary 
components of this equation one would obtain an explicit expression 
for the potential v at any point z, y, in the insulating region of Figure 
|, which potential vanishes at the lower conductor and assumes the 
constant value v upon each of the upper ones. It is harmonic at all 
points within the insulating region. 

It is not possible to make such an elimination of ¢, although it is 
easy, by eliminating ¢, to obtain z as a function of w. It is more 
convenient, however, to recognize in the equations (1) and (5) the 
solution of the electrostatic problem in the parametric form, and to 
retain the complex parameter ¢ in making all computations of density 
of electricity and ponderomotive force. 

The upper right-hand conductor will be regarded (with certain 
modifications) as the attracted disk of an electrometer, the upper left 
conductor its guard ring, and the lower conductor the adjustable 
plate. The principal value of interest is the downward pull upon 
the disk and to obtain this one need only find the distribution of sur- 
face density of electricity upon its horizontal face; that is, along 
the line B A which is Case I where 


(0<r< +o] 


~@<h<—1) 4-0, 0=tyy=band 19 << + 00| 
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“(S3- -tan ; s)} 6 


a a 
tan 5 ) ranges from zero to > as ft, ranges from 


Case I gives 


—t,—1 
feet -1 
where tan ae +1 
—-lto —o. Also 


(6=t,) (1 —6t,) “ 
—t (@+1) “) 


The surface density of electricity, o, at a value ¢, corresponding to 
the value z is given by 


u=~2 log 


bv du_du/fdx dw /dz 
jy 5x ~ dt; dt, ~ dt, dt, 


4nro = 


4 —~ eek 
ae ia yf hie ra A are 


by (4) and (5) 
This gives . 
_ % (t—e*) t,-—/¢ Dine We %, t?—2t, cos atl 
orb t?—1 ~ Ab t?—1 


and by (8), (9), and (10) 





my 
oaL _ au 


Similarly one finds from (8), (9), and (10) that 


dx 
2 = 2 . - 
2ro? dx = 21a? di di 


wttiel (735) {e- = ee e- a 


b 4 (é a — | at, 
| "  -B) (t— sate (1 en 





t; (4;— B) ror be 
=2r (725) 2 dt, |} +P P8008 a} | ! 


But from (2) and (3) it follows that 
B?’—28 cosat+1 5b 


B—1 _, 


4xrb 


Y y2 (,—e) @—e7 cB 
: a 
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Hence, the above relation becomes 
oe 18). 2 1 1 
ee Yo eee ted 
onotde = 25 (25 i (: ~, ) dt, (13) 
i-s 
B 
from which it follows by integration that 


x De 21h b? “7 om 
Qn f o? (x) dx, = 2x (75) F log (—t) +7 log (P=) (14) 


By elimination of the term log Pat Bt, - between this equation and (8) 
; 1 





there results the equation 
Pe ie q v, \2 c2— 
anf o” (a2,)dx, = 2r (72:) {2 nant ae og (—t,) 


2a \f{-h-1 s) 
+ tan™ ‘(= £1 tan 


The parametric equations (8) and (10) with parameter ¢, define the 
surface density o as a function of x. They show that o becomes 
infinite when & approaches zero, and in such a manner that the prin- 
cipal part of o is proportional to z~4. In fact, when z is small one 
obtains the expression 


(15) 


(2) ; _— 

+— (16) 
ha 9 +(2) 
in which terms of the order of z*® are neglected. The positive quan- 
tity h occurring in this formula is defined by 


h=3n (1+cos a) sin a+ 7 (1+cos a)| (17) 


The equations (16) and (17) may be obtained by noting that accord- 
ing to (8) and (10) the positive quantities x and r=—1—t, vanish 
together. The equation (8) may be put in the form 


i 
Té 2 


‘* cos 5 

me=b log (1+7) +c log ui —ia log} ———— 
i 
+ 3 1+ OFee 


2 cos 


in Ue 
ee 
_ na 
= it 


n=1 
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- The coefficient of 7 vanishes 
identically for n=1 and for n=2 since it is found from (2) and (3) 
that 


This series converges if 0< 7< 2 cos 


cB-—1.a sina 
Il +p att th ite a” (19) 





Consequently, the series (18) begins with the term n=3 so that 
if r* be neglected (that is, 2”) one may write 


OM. te (2) 
—~=73 or r=(— 
a a 


where h is defined by (17). 


The equation (10) becomes in terms of + 


sha iae “Oh * Trees a 9 
° 4b toutes: 2+7 (21) 
so that if the value of 7 from (20) be used in (21) the result is equa- 
tion (16). 

When a and c—b are both small compared to b, the equations (8) 
and (10) show that the density o very rapidly approaches its final 


Vo_ 


value nb when x takes on an appreciable value. 


Returning again to the consideration of (15) it is evident that when 
a and c—b are both small compared to } and to x (although the ratio 


r | : 
p may have any value) those terms in which ¢; appears in the second 


member of (15) are small correction terms. In the latter, t, may, 
therefore, be replaced by an approximate expression in terms of x thus 
leading to an explicit expression in x in place of the second member of 
(15). To obtain such an approximate expression we may note that, 


; 1. fit 
according to (2), gis small positive value, namely, 


1 : 
~ = E = 2 (to the first order) 
2c 


B V(b+e)?+a@ 





where 
p= Ve= De 
If (8) be rewritten in the form 
= +log 8 =log ery = 


ka 


2a ‘pat wits == 3 5) 
= tan (5 tans 


— b log (—t,) 





Snow] Absolute Electrometer 


then it is evident that the last two terms, which contain the small 
factors — and . , may be neglected and this leads to the approximate 
equation (when neither z nor ¢; +1 are small) 


a h(t th) 


** + log B=log © 
: — 
1 


B 


B= 1)(—1) _ agi 
Rip 


B 


which upon being solved for ¢, gives 
F( f mx 2 ax 
—t=5lee-1 (e Cm} +e? 


= 9 1) 


(very approximately) 





= 27? (e? 1) (25) 


This approximate value of ¢, is valid whatever value the ratio = 


may have so long as both x and c are large compared to a and to c—b, 
which is always the condition in the applications to be made. 
Replacing —t#, in the second member of (15) by the value (25) gives 


. Vo \?{ rh 2c( = 
2 4 = iB = Pome » So 
anf o (x,) da, 2a i) {2+© > xb log p 4 1 


(= 
C mm _ 
_, | 2c\e 1 Pian (26) 


a 
+7 tan = an 5 
2cLe°—1/+p 


The last term may be replaced by“ —“ for all cases that arise in practice. 





"x 
This is ev ident since +p is negligible compared to aclee ¢—} Its 
retention would simply give a correction to the small correction term 
and perhaps would not be justifiable considering the approximations 


already made. It is easy to see that the term aclee og 1) i is large 


compared to p even in the most unfavorable case where © i is very small 
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(although z is large compared to a orc—b). In this case it reduces to 
2c t —} += =p 5 (=) + - + |=2rax (approximately) 


Consequently, 


wx 
2c\e* —1)— 
ale he tan : =o= sat = b (approximately) 
aclee— 1) +p 





The equation (26) may finally be written in the following form 


ar f “o*(x) da, = 2r{ —° 2) |. + 2Em tog og seat on) 
+5 tan”! (+ 


a 
an! 
O< tan™ (5 <7 


where 


The physical meaning of (27) is to be found in the fact that the 
force which acts downward upon unit area of the conductor is 2 zo’. 
Hence, the force acting upon a rectangle of length J (perpendicular 
to the paper in fig. 1) and breadth xz, whose area is S =z, is therefore 


F, = 2al ‘0! (x) dz, 


a v \* 21 (c—b) 2e(es pn ‘re 
-2r(7.) wicae 2D -log Teche . tan =*;) 


The principal term in the second member of (28) is 2x(3*.) S 
that is, the force, computed upon the assumption of a constant 
density (7*.) The remaining terms, which are multiplied by / 


represent the small correction due to the nonuniformity of density 
along the edge x =0, whose length is /. 

With this interpretation in mind, we may now make application 
to the case of a circular attracted disk which is separated from its 
guard plane by a small horizontal distance a and displaced downward 
a small distance c—6 where c is the separation between the guard 
plane and the plate at zero potential. 

If the radius of the disk be x then its area S is rz? and its perimeter 
Lis 2rz, and if this is large compared to a and to b—c the edge correction 
will be that represented by terms containing the factor 1 in the above 
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equation. Using r for x (the radius of the disk) we obtain, therefore, 
the following approximate expression for the force upon the attracted 


disk: 


~ $e r mber 


$a log 2c ae 1)| 


provided a and c—b are each small compared tor or toc. (The ratio 
of r to c may then have any value.) In this formula 


T As c—b wv 
—9< tan ( 5 ii 


and the radius of the attracted disk is r, its height above the zero- 
potential plate is 6, its clearance from its guard plate is a, and the 
height of the latter above the plate of zero potential is c. The 
second member involves only the ratios of these lengths and will, 
therefore, be unaffected by the choice of unit of length. The poten- 
tial of the attracted disk and its guard plane is v, electrostatic ¢. g. s. 
units, and the total downward force F, which acts upon the attracted 
disk is measured in dynes. _ The distribution of electricity upon the 
sides of the attracted disk contributes nothing to the downward 
force since the field is horizontal at these sides. The disk and its 
cuard plate have been assumed to be infinitely thick, which means 
that they are so thick that no appreciable electrification appears 
upon their upper sides. This is evidently a good approximation for 
a disk 5 cm in radius and 1 cm in thickness when the aperture a is 
less than 1/20 em, which is approximately the case for the absolute 
electrometer under construction at this bureau. 

Since the equation (24) showing how the force F acting upon the 
attracted disk depends upon the clearance a between it and its guard 
plane and upon its displacement c— bd below the plane of the latter has 
been obtained on the assumption that these distances are each small 
compared to the radius of the disk, or to the separation of the planes 
c or 6, it is evident this equation still holds (and with increasing 
precision) when this separation is made very large. A separation in 
fact of 110 em is contemplated in the use of the absolute electrometer. 
It may be noted that the value of the first correction terms in (29), 


namely, 
a (=) + — log ((e— 6)? + «’) | 


a 


gy 292 y =? ae 
F, ol at oe 2) ¢ tan ory. =e log ((e-b)* +a") | 
(29) 


is not dependent upon this separation since (c—6)?+ a? is the square 
of the length of the line from the edge of the disk to the edge of the 


' a\. , aiiea 
guard ring and tan“'(—*5) is the angle which this line makes with 














526 Bureau of Standards Journal of Research [ Vol.1 


the horizontal. In case the disk is accurately adjusted to the plane 
‘ ; a 
of its guard ring this term reduces to a 


The last correction term is only important when the disk is dis. 
placed. This term depends upon the displacement c—b and also 
upon the distance c of the lower plate, and if the latter is fairly close 


aT 


(say 1 cm while r=5 cm) then ee = ets or bs large compared 
to 1 so that this correction term reduces to = ra Game log 20) 


On the other hand, when the lower plate of zero Le is lowered 


vs 


to a great depth e* —1 becomes very small and Pt i a 1) approaches 


afr-nsttes(tyen] 


or 2zr so that this correction term then becomes (for large values of 
c compared to zr) 
4(c—l 


7r 


6) log 2ar 


If it is possible to adjust the position of the disk so accurately that 
the correction terms due to its displacement (c—b) are negligible then 
the force upon it may be computed by the formula 


or “a vi(r +i +3) 
P= ea (14 *)- 8h2 


80? 


which shows that for this case the effective radius of the disk is the 
arithmetic mean of the inner and outer radii of the gap. However, 
it must be noted that this assumes that c—b may be made very small 
indeed, for the principal correction term is 


4c-0y 2ele 1) 
rf S Vc—b)' +a +a? 


Even if c—6 is small compared to a this becomes 


4. ort ily Be 423) 
Tv r 


which may be rather large and which has the same algebraic sign as 
c—b. This means that when the disk is displaced downward the 
downward force increases. Consequently, this term is to be con- 
sidered in estimating the amount by which the application of the 
potential decreases the stability of the system when the disk is hung 
from one arm of a balance. 





of 


Absolute Electrometer 527 


Snow} 


IJ. EFFECT OF THE CIRCULAR CONDUCTING HOOPS WHICH 
ARE USED TO INCREASE THE UNIFORMITY OF FIELD AT 
THE DISK 


Since it is desired to work with separation of the plates b, which is 
of the same order of magnitude as their diameter 2R, a number, N, 
of conducting hoops of radius approximately equal to FR are used to 
increase the uniformity of field in the neighborhood of the disk, 
which is situated centrally in the upper plate and has a radius r of 
about 5 em, whereas R is about 50 cm. A hoop whose height is y 
above the lower plate, is kept at a potential o=¥ V above that 
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Fig. 3.—Principal section of cylinder 





plate, where v is the amount by which the upper plate exceeds the 
lower in potential. To find the effect of these hoops upon the force 
acting upon the attracted disk, the conditions may be idealized as 
follows: 

Instead of hoops, it will be assumed that the cylindrical surface 

r=R, between y=0 and y=), is divided into N equal bands each 
| of width 2w over which the potential is constant. Thus if n is an 
odd integer, 1, 3, 5, the band for which (n—1)w<y<(n+1)w 


Vo 


has the constant potential nw b The potential function is 


(1) Harmonic within the cylinder 0<r<R, 0<y<b, 
(2) Vanishes for y=0, 
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(3) is equal to the constant » for y=), and, 

(4) reduces on the convex surface r=, to the discontinuous fun. 
tion of y described above. 
It may be constructed by ordinary methods and is found to be 


; ssn ee + (=) 
ge wR 
. k=l . | oR) 


where J, is the Bessel’s function of zero order. This gives for the 
density of electricity on the upper plate, y=), the value 


kinr 
1 2) sds +2 tis & ) 
~ de by] yap “a J. (22) 


krR . 
Since “a is large, even for k=1, the asympototic expansion of the 


(30) 


Bessel function in the denominator may be used with good approxi- 
mation. It gives 


wien te) Fe 


which shows that all but the first term (k= 1) of the series in (31) will 
be negligible so that 


ny fi+tn(B he s,(i#*) 

o= qi, {1+4"(5-) é J.(* 

oa( 8) [r480(2 fea. (i) 
WwW 


The total downward force upon a circular area in the plate y=), 
whose center is on the axis of the cylinder and whose radius 1s 7, 's 


Umnr 
22 _7R ndi(S ., 
St 1 + 16r(54 ye (35) 
2w 


f= anf o? 2rrdr= “gh? ® 


where J, is the Bessel function of order one and may be written 


oe 


—Js!(s+i1)! 
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The equation (35), therefore, gives the correction term to the 
force on the attracted disk of radius r due to the effect of the 2N 
rings which are maintained at appropriate potentials. As a matter 


of fact r is about 5 cm so that ~ is usually so large that one may 


also use the asymptotic expansion for J; in this equation. This 


gives 
j -—T =7 Re joo) 


Pao 148(F) Sa rey (37) 


where 2w is the distance between the hoops. Since the first term 


eee . . 
oe is the force on a circular area of radius a when both the planes 
fol 


y=0 and y=6 are infinite in extent, the correction terms AF’ due 

to their finiteness when shielded as described is just 
=F (R-r) 

Vo? r2 


AF = “8b? 


(38) 


IV. SUMMARY 


The equations (29) of Section I and (38) of Section II may now 
be assembled to give in a single equation the corrections to the 
force, which are due to all the circumstances that have been con- 
sidered. This gives for the downward force (in dynes) upon the 
attracted disk F = F, +A For 


y 2 2 iene a —~ 
pater @_ 20, oy! (‘ =”) +4 (c oe log 2c (ee 1) 


i mr at an an & ie—b' tai 


—x (R—-r) (38) 
+9(#)' : (: ay 
where 
vo = the difference of potential in electrostatic c. g. s. units, 
r=radius of the attracted disk, 
b=its height above the adjustable plate, 
= the height of the guard plane above the plate, 
a=clearance between disk and guard plane, 
R=radius of adjustable plate and of guard plane, 
2w=the distance between adjacent hoops of radius R which 
are equally spaced between the plates and kept at 


potentials proportional to their distance from the 
lower plate. 
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In deriving this formula it has been assumed that a and c—} ap 


each small compared either to ror c, although the ratio 7 may have 


any value. 
It has also been assumed in obtaining the last term in (38), 


namely, 
—* (R—-") 


(3) a 
3 (“") 
w 
that st is so large that the first term of the asymptotic expansion of 


the Bessel’s function in (35) is a sufficient approximation to that 
function. If this is not the case the general expression involving J, 
must be retained. However, this will never be necessary for the 
application here contemplated, for the asymptotic expansion here 
used for J, (tx) is in error by less then one-third of 1 per cent even 
for values of x as small as 10, as may be seen by reference to Jahnke 
und Emde’s “‘Funktionentafeln Mit Formeln und Kurven,”’ page 130. 
thar 


The smallest argument occurring here is in the case of J, ( = 


inr = ar. 
or de (=) when k=1. With r=5 cm and w=1 cm, yp so 


or 15.7. For this and all higher values of the argument, the asymp- 
totic expansions here used have a precision far beyond that attain- 
able by experiment. A high order of precision in the last term with 
the bracket of equation (38) is not needed since this term is itself 
a very small correction term. In fact, if w=1 cm, r=5 em, and 
R=650 cm, it reduces to 1.61 e~“*, which shows that the arrange- 
ment of hoops will produce practically perfect compensation if they 
can be maintained at the desired potentials. 


WasuHinaton, December 7, 1926. 
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MUTUAL INDUCTANCE OF ANY TWO CIRCLES 


By Chester Snow 


ABSTRACT 


A formal expansion is derived for the magnetic flux through any circle. A 
similar expansion is obtained for the magnetic potential due to a unit current 
in another circle. Combining the two gives a formal expansion for the mutual 
inductance of the two circles. Application is made to two cases (1) where the 
circles are parallel, (2) where their axes intersect. 


CONTENTS 


I. Introduction 
II. Symbolic expression for magnetic flux through a circle 
III. Symbolic expression for the magnetic potential of a circular current _- 
IV. Combination of II and III for the mutual inductance of the two 
cireles 
1. Case of parallel circles 
2. Special case where the axes of the two circles intersect 
(a) The axes intersect at center of one circle_.._______- 
(b) Circles coaxial 
(c) Circles concentric, but not necessarily coaxial 
V. Convergence of the expansion 


I. INTRODUCTION 


In certain absolute measurements it is necessary to compute with 
precision the electromagnetic forces exerted between two current- 
carrying solenoids, or the current induced in one by changes of that 
in the other. Both problems require a formula for the mutual 
inductance of the two, which is generally to be derived by integrating 
the expression for the mutual inductance between two circles. The 
fundamental importance of the two circular elements is evident. 
When the circles are not only parallel but coaxial, their mutual 
inductance is given exactly by Maxwell’s formula. 

In 1916 Butterworth! derived a formula covering (partially) the 
case of two parallel circles. In the present paper is presented a general 
formal expression for any two circles which leads readily to Butter- 
worth’s formula as a special case, and also to a fairly simple expansion 
in zonal harmonics for the mutual inductance of two circles whose 


em 


'S. Butterworth, Phil. Mag., p. 448; May 31, 1916. 
109850°—28 
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axes intersect at a finite point (equation (23) below). From it may be 
derived simple formulas for the mutual inductance and torque between 
two solenoids whose axes intersect, one lying entirely within the other. 
as in certain types of current balance. 

The starting point of these developments is a formal expression 
here obtained for the magnetic flux through a circle of radius az, the 
field being the negative gradient of a scalar potential 2 (x, yo, 2.) at 
the point P, (x2, y2, 22), which is the center of the circle. It is 


M=-SSf Da, QdS = —2xaz J; (a2D n,) Q (a2, Yo, Za) 


where J; is Bessel’s function of the first order, the symbol D,, des. 
ignating the space derivative in the direction normal to the plane 
of the circle—at the center. 


Thus 


= a,\*+! 
its (— 1)* (3) 2k+1 
J; (a2D,,) Q= ERASE: 2) Do, a 
k-o0 k! (k+1)! 
where 
Da, Q= (1,D,, + m2D,, - N2D 9) Q 


the direction cosines of the normal to the circle being l., m2, nz. 
If the field & (x2, y2, 22) is that produced by a unit current in a circle 
of radius a, center at P; (x, y:, 21), it is then shown that 


1 
Q (Xe, Yo, 22) = 2a; Jy (a,D,,) ? 


where 7 is the distance between centers. The mutual inductance 
between the two circles is then given (formally) by 


1 
M= — 49, deJ (a,D,,) J; (a,D,,) Tr 
By obtaining expansions for , which are suitable from the point of 


view of performing the infinite series of differentiations here indi- 
cated, a variety of series formulas may be obtained. 


II. SYMBOLIC EXPRESSION FOR THE MAGNETIC FLUX 
THROUGH A CIRCLE 


Let 2 (a, y, z) be a scalar point function which may be expanded by 
Taylor’s (three-dimentional) theorem about the point 2, Yo, Zo. This 
expansion may be written symbolically if we let 


L=Mote’, y=Yovy’, Z=2+2' 
9) (x, Y, 2) =) (ro+ 2’, Yo+y’, Zo+2') = et Ds, t¥'Dy,+2’Diae 2 +e Yo, Zo) (1) 
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Consider a circle of radius @ whose center is at %, Yo, 2 and whose 
ylane is perpendicular to the z axis. Let uw denote the surface inte- 
eral of 2 over this circle. Then 


five 
fe] nas Mate, tet Vs Sat €) 


ae 
—xi 


va —x/2 
[ al [x er Ds, tr Dr, 0) (Lo, Y Yo) Zo) 
y2—x/2 


: ‘ ° ° ’D, +-y’ Dy 
in this expression the symbolic operator e* ~*°'* ~% hej: May. Be) 


; merely the abbreviated form of the series of operations indicated 


. eae ty De. 7 
70 2 (Lo, Yo, 2a) = a a =‘ & (%e, Yo; Zo) (3) 
n=0 
where each term (x’D,,+y’Dy,)" 2 (®o, Yo) Zo) is to be expanded for- 
mally by the binominal theorem. The result of using this formal 
expansion equation (3) in the integral, equation (2), may be found by 
noting that the symbols D,, and Dy, behave like constants as far as 
integration with respect to x’ and y’ is concerned. It may be written 
out from a consideration of the formal analogy between it and the 


integral uw where 
ales 
ee ex Aty’B C, (4) 
— Vai—x" 


where A, B, and Q, do not involve x’ or y’ and are, therefore, con- 
stants as far as this integration is concerned. This integral may be 
readily evaluated by choosing a new pair of rectangular axes x’’, y’’ 


in the same plane as before and with the same center such that 


5. a 
7 VA+B ” VAT 


In terms of these axes the expression for Uo is 


va?—x? ai 
>* wna da’’ [ar ex” VA7+-B? = 2070, sin? Gea VA? +B cos @ dO 


vai—x’ 


Tv 


2 2\n 
= 2072, ra (a kes i cos® @ sin? 6dé0 
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7 


Now cos" 6 sin? 6d#@=0 if n is odd 


T (2s)! 9 9 
= — stl sl(s4 ‘ fyi is even; n= 2s; s=0, 1, 2, 3-- 
Hence 


ay. ‘. } RB ) 


Uo = ra? 5 Q, = 27a J, (iavA 1 B) 9 


ster! iV A? + B 


= | [evatyrn dS integrated over the circular area. J; 
e e 


is Bessel’s function of order one. 
A comparison of this equation with the symbolic equation (2) en- 
nables the latter to be put in the form 


ue a’ 9g } ; 
) | (S ) (D?,, + D*,,)° 
Q(x, y, 2) dS = ra? — / Q (ao, Yor 20) 


can s!(s+1)! 


ds (ia D*,, + D”,,.) 


: Q (x Yy 2 ) 
° 2 : 2 8“ \“oy Yo) “<o) 
iV D oe D Yo 


The meaning of /D*,,+D%, is merely an operator whose repetition 
is equivalent to the operator D’,,+D’,,, and since none but positive 
even ‘‘powers” of this operator occur here it need not be further 
defined. 

The expression (6) assumes a particular interest in case the func- 
tion 2 (x, y, 2) satisfies Laplace’s equation for in that case 


(IF. + B®, )°2(x0, Hoy Ze) = (— 1 PD Ba Yo: Fe) (7) 


and (6) becomes 


[ fos rey M(- L) (5 =) Q(z, Yos Zo) (8) 
S=0 s!( st 1)! 


The surface integral of any harmonic point function Q, over any 
circle of radius a, is thus expressed in terms of the values which 
are assumed at its center by the function and its normal derivatives 
of even order. If Q @, y, 2) is harmonic, then so is D,,2. Hence, 
if we replace 2 by D,,Q it becomes 


aD, 


28+1 
D, Qd8 = -200) (—1)* (° 2 =) (Loy Yor Zo) 


sl(s+ 1)! 


pie: 2rad (aD,,)Q(xo, Yo: Zo) 
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If @ represents the magnetic, scalar, potential whose negative gra- 
dient is a magnetic field, then the magnetic flux through the circle 
may be written in the symbolic form 


=- Sf S D,dS = — Qrdgd  (d2Dp,)Q(x2, Yo, 22) (10) 


where dz is the radius of the circle, P: (#2, y2, 2) its center and D,,0 
represents the value at P, of the space derivative of Q in the direc- 
tion of the positive normal to the plane of the circle, which is such 
that the positive direction of the current encircles it right-handedly. 
It is evident that M is harmonic in the variables x2, yz 22, if the orien- 
tation of the circle is held constant; that is, (D*,,+ D*,, + D*:,)M=0. 


Ill. SYMBOLIC EXPRESSION FOR THE MAGNETIC POTEN- 
TIAL OF A CIRCULAR CURRENT 


If there is a unit current in another circle of radius a;, whose plane 
is in the yz plane and whose positive normal is the positive x axis so 
that its center is at the origin of coordinates, then the (scalar) magnetic 
potential Q (a, y, 2) due to it at any point P(x, y, z) may be found 
from the fact that it is harmonic and is a function of the two cylin- 
drical coordinates only, namely, x and p=7y?+2, and reduces 
| whenz= +0 to 0if p>a, and to2 wif p<cq. (This is evident since Q 
is the solid angle subtended at P by the positive area of the circle.) 
From the known discontinuous function defined by the integral 


27a, f J\(a,8) J o(ps)ds =0 if p>a, 
0 


=27 if pa, 


(11) 


and from the fact that a function of x and p only, which is a particu- 
lar solution of Laplace’s equation, is e*™* J, (ps), it isreadily seen that 


Q(x, p) =2ra, fe“ J (a8) Jo(ps)ds if x >0 


= —2na,,f e* J, (018) Jo(ps)de if <0 
Oo 


where 


p=Vyt2 (13) 
The expression for 2 may be given another form by using the formula 


“oo —s la ve 1 \ 
| é ' m (s Vv iT 2”) ds ~ Vat y? + 98 (14) 
and by noting that, since 
(—a,D,)" e-8* = (a,s)" e~* 


—dJ; (Dx) e~*=d, (— aD, e~* =e-* J, (a8) 
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and consequently 


| Res J, (0:8) Jo (8) d2= —J; (aD, | “e-% Jy (p8) ds 


1 

= J; (a,D,) vVetyt+2 
Consequently, the two expressions (12) for 2 may be put in either 
of the following forms, each of which holds for both positive and 
negative values of x, namely 
Vx + y+ 2 
ys (15 

esl! J, (ps) ds 


0 


Q (x, p) —_ —27a Js (a,D,) 


= —27a, J (a,D,) | 


Remembering the special relation of this circle to the & axis, it is easy 
to write out from a consideration of equation (15) the expression for 
the value of the magnetic potential 2 at a point P» (x2, y2, 22) due to unit 
current in a circle of radius a with center at P; (a1, y1, 21), Whose plane 
has the positive normal nj. It is 


1 ; 
Q (L2, Yo, 22) = 2rd, J; (ADy,) > (16) 


V (L2— &1)° + (Yo Yu)? + (22 21)? 
where @,),, represents the directional derivative in the direction m, 
with respect to the variables 7, y;, 2:; that is,if l,m, are the direction 
cosines of the positive normal to this circle 


a,Dy, =a (L.D;, - m Dy, = i mD,,) 


IV. COMBINATION OF II AND III FOR THE MUTUAL IN- 
DUCTANCE OF TWO CIRCLES 


<quation (16) is purley formal, like equation (10), to which it 
bears a certain resemblance. Combining the two, leads to 
following symbolic formula for the mutual inductance of any two 
circles of radii a, and da, with positive normals n,; and np». 
‘ ,; 1 
M = — 4? a,d_J, (4,Dm1) J (d2Dn2) - ———— = (17 
V (2-1) + (Y2— ys)? + (22— 21)? 
where P; (a, y;, 21) and P»2 (x2, Yo, 22) are the centers of the circles, respec- 
tively, and 7m, m2 are unit vectors normal to their positive sides. 


1. CASE OF PARALLEL CIRCLES 


In the special case where the circles are parallel, the first one may 
be taken in the yz plane with its center at the origin, the center of the 
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second in the zy plane. Denoting the coordinates of the second 
circle by zy (or polar coordinate 7, @), the formula (17) gives 


1 
M=4n? a2 J; (4D) J; (2D) r 


=4r’? ares [ eS!) J, (ys) Jy (18) J, (a28) ds 
c) 


= F (=, —n+1, 2, : ) a 
— ali I» . 1 *. 
pies Dy 1) Ses (5 y L 
where F' denotes the hypergeometric function. But 
1 
nil (n+; 
+ Qn ( 5) 
D*®, —= oy Py (cos 8) =- 72 SY ae Px (cos 8) 
V7 


so that 


M= te) f+ -(2)" Pn, (cos 8) - 
1 -_ 


1 
(nt; 1) a 
r(- n,—n+1, 2, S) 
Vy 


“(n—I)! 


which converges for large values of r. This is identical with a formula 
obtained by Butterworth.’ 

Formula (18) is valid when r> a, + a». 

In the other extreme, where r< d,— 4», one finds 


- 3 
’ ‘3 It n+ 
_4n%a*, n ( 4 
a ay fat ae) 
. 1 3 2 
H(n+5 n+5, 2 7) Ca) P 2n (cos 6) 


This may be derived from (17) by writing the latter in the form 


(18’) 


M= — 47a,d2 Je (yD,) J (aD.) | * ee J; (a,8) ds 


=47*a, J, (yD;) J; (a, D,) Ve Paar 


by using the binomial expansion 


1 "(¥5) 2 2k+1 
(—1)* ( | 
vata ” wet ay 





* See footnote 1, p. 531. 
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together with the operational expansion 


J o(yD.) J; (a2D;) = = cy ee (3) D ’ 


r( ——% +2 1, 1, Ye" 
a's 


2. SPECIAL CASE Wi{ERE THE AXES OF THE TWO CIRCLES 
INTERSECT 


A considerably more general case (but not the most general) ; 
that in which the axes of the two circles intersect. Taking the plane 
of these two axes as the zy plane, with the origin at the point of inter. 
section of the two axes, the center of the first circle being on the: 
axis with abscissa x, (7; may be taken as never negative without los 
of generality), and that of the second circle having the plane polar 
coordinates r, 6, then (17) becomes (see fig. 1) 

M= _ QA, (a,D, ) Q(r, 6) 
1 (19 
= — 2rzJ, (a2D,) 2rayJ; (a,D,,) - : 
Vr; 2,—2x,r cos6+r? 
There is no loss of generality in taking for circle No. 1 that one of the 
two whose center is most distant from the origin. Hence, we may 
use the expansion 


co 


1 





is ‘ 
inslatart —s “ > ie 
SSS SSS P, (cos 6) since x, >r 
Vx", — 2a,r cos 0+ 7” ae a ( ) ne 


where P, is Legendre’s coefficient. Applying to this expansion the 
symbolic formula (16) one finds 


1 
29 — Pras Po) Ts Bayr cos 0 
1 


ih. 0 3 


ime Fl e+ ‘4 DT Vx? 1— 2ayr cos 9+ Pr? 
_™ (—1)*f (2k+s4 1 2) a, \% r\s ; er 
>i (k+1)T (k+2) 1 (s +1) a, (£ YP, (cost 
otk 1 oi 
eve >) 8 (ec Os 6) vat (s , 1) 
[yr sea y-sy 
aaa 2, 


c= r aad (k + 2) 


-- SYK: -) (s+1)P, (cos 6) F(* 5 





= 27rd 
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Ss = 
=—n sin? a ) (G) (s+ 1) P, (cos 8) res. 1 2, sin? a) 
1 
s=0 


where 


ay; 
tan a, se and r*;=27,+ a’, 
1 


Now by Gauss’s transformation one finds that 


(2t+s 1-8 ‘ia 2(1— cosa) 
F oo Se 2, sin*a; 2° yy if s=0 
2 2 sin 


2P’ s(COSa) ‘ 
ihe sot O4 2 
s(s-¥1) if s=1, 2,: 21) 
where P’, denotes the derivative of P, with respect to its argument. 
Using (21) in the preceding expression for 2 gives 


co 
* P,(cos 0)P’,(cos a) (22 
Q(r, 0) = — 2x (1 —cosa;) — 2msin? ay ) (Z) pene Os Gere) OR 
1 
s=1 


s§ 


a formula which holds when the origin is any point on the axis, 
to the left of the circle if r<cr,. Substituting this value of Q in the 
symbolic formula (19) gives 





mw ia D 2k+1 
. me ° (-) (3 . — 8P. (cos 6) P,(cos a) 
etitenie” * ili’ 1) 253) sri 


k=o0 


= 47 a.sin?ay ») > _ <i Rt (6— 2k) (ry P,(cos 0)P’,(cos a) 


eo (—1)* ¥ 
sina, >* 6 YP .(cos8)P’s(cosay)T Os =e) 


_ 4n°a*,a*, yi (2 2 Falcos DF Kos a) Palco Q2) 
rT s(s +1) = 23) 





a 
=77,+a*,, tan a! =— 
Ly 


(See fig. 1.) 
r’,=r*+a?,, tan a,=@ 


a and a are positive acute angles. 
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The formula (23) gives the mutual inductance between any ty 
circles of radii a, and a, whose axes intersect. The circle No. | j; 
chosen as that one of the two whose center is most distant from th; 
origin. The origin is the point of intersection of the two axes anj 
6 the angle between these axes and may be anywhere in the ran» 
from zero to x. The origin is taken as lying to the left of the circl 
No. 1 whose center is on the x axis at r=2,. The distance of th 
center of the second circle from the origin is r. (See fig. 1 wher 
r=00,.) 

(2) Tae Axes INTERSECT AT CENTER oF OnE CircLe.—A special 
case of (23) is that in which the center of the second circle C, coincides 


A 








B, 
Fig. 1.—A principal section of two circles whose axes intersect 


with O (fig. 1) so that r, becomes a2 and a, becomes 5 In this case 


P’, (cos a2) vanishes when s is an even integer, and if s is an odd 
P 3 
2 /_, (+3) 
integer, say 2n+1, reduces to 7{- 1) ion 
Es ni 
so that (23) reduces to 


r(n+5 ) 
2n+2 
M=2r; sin ay FY(- 1) (2 ’) . —Aait Pon+1 (C088) P’ on4.1008 04) 


(23a 





[ Vol, 
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1 js 
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(b) Crrctes CoaxtaL.—Specializing this still further by making 
he circles coaxial (so that u=cos 8=1) gives 


ho 1 
“i 2n+2 
M =27a, sin ave) (-1(2) (+5) p», (cos a,) (23b) 


n=0 . (n+1)! 
when 


a 
ie 


This is easily shown to be reducible to Maxwell’s formula involv- 
ing elliptic integrals. 
(c) CrrcLes CoNncENTRIC, BUT NOT NECESSARILY CoOAXIAL.— 


‘Specializing (23a) in another direction, by letting the circles become 


concentric (a2 being less than a), gives 


00 1 3 
4ra’, Ay mI(n+5 5)r( +3 a) P 
= - ))(2) 2 P on+1 (COS 4) 23c) 
n=o 


n'(n+1)! 





Thus, by considerations of continuity, we have arrived by trans- 
formations at a formula which is valid, where the original assump- 
tion with which we started is not satisfied, namely, that the field of 
a, is expressible by Taylor’s theorem over a sphere of radius a. 


V. CONVERGENCE OF THE EXPANSION 


Returning to a consideration of the general formula (23), it is 
readily seen that this series converges when 7r2<.7;, so that by inter- 
changing 7. and 7; a formula is obtained for the case when r.>r,. 
The proof of the absolute convergence of this series may be based 
upon the fact that P, is never greater than unity when its argument 
is the cosine of a real angle and upon the fact that 

Het UP, (cos ith ’st1 (COS @) 


o*e 2 sin’ a 
2 


P’ (cos a) = 


which shows that 


P,(cos 0)P’,(cos a) P’.(cos a) | __ 
s(s+1) si 





steo8 9) 


| = s—1(COS a) — Psii(cos =] [ Fees: Oy) — ‘Pon(cos a) 
ae +1) 


2 sin® ay 2 sin? ay 





rene De 
sin? a; sin? a, 
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Hence, if r2<c7, 


co 


8 24.2 
M=4r’'r, re = 4n'ry 
r; M—T2 


s=1 


No discussion of the convergence range of the symbolic formul, 
is possible without first choosing the type of coordinates suitable fo 
performing the series of differentiations. The convergence rang 
usually makes itself evident in the process of performing the 
expansions. 


WasHINGTON, May 19, 1928. 
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RECEIVING SETS FOR AIRCRAFT BEACON AND 
TELEPHONY 


By Haraden Pratt and Harry Diamond 


ABSTRACT 


Special light-weight radio receiving sets of high sensitivity have been designed 
adapted for the reception on aircraft of signals from radio beacons and ground 
radiotelephone stations. A statement of the important considerations involved 
in the aircraft reception of signals from Government-operated beacons and 
telephone stations along the civil airways in this country, such as frequency 
range, tuning means, volume control, vacuum tubes, amplifier characteristics, 
size, weight, and performance specifications, is given. 

Design details for three receiving sets of slightly different types, with numer- 
ous characteristic and performance curves, are discussed, with a brief discussion 
of the results of practical flight tests. 
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I. INTRODUCTION 


The conditions surrounding the use of radio receiving equipment 
installed on aircraft impose many special considerations of both design 
and performance. The specifications for aircraft sets, therefore, differ 
materially from those employed for other purposes. 

Such sets at this time are of three types. One type fulfills military 
requirements where a rather broad band of frequencies must be 
covered while in flight. Another type is required to receive the sig- 
nals from beacons and ground radiotelephone stations which the 
United States Government will supply along the civil airways under 
the air commerce act. The third type is adapted to the high-fre- 
quency (above 1,500 ke) field. Most of the activities of the past 
have, in this country, been confined to sets of the first type men- 
tioned. The other two fields are new. 

7846°-—-28-——1 543 
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European radio developments applied to commercial aviation haye 
been under way for several years. Resulting practice has centered 
around a narrow band of frequencies between 315 and 350 ke for 
aircraft services. Radiobeacons, particularly those erected in the 
United States for aiding marine navigation, have adopted adjacent 
frequencies near 300 ke. The 1927 International Radio Conference 
recognized these established practices and the International Conven. 
tion allocated the bands 285 to 315 ke for all radiobeacon services 
and 315 to 350 ke for aircraft communication services, 333 ke being 
adopted as an international calling and distress frequency for aircraft, 
The directive radiobeacons and weather broadcasting services 
planned for our civil airways will, therefore, be confined to these two 
bands. 

These bands being adjacent and covering a total range of only 
65 ke permit of simplifications in receiving-set specifications for 
this type of service. As part of its research and development work ' 
on directive radio beacons and radiotelephony for aircraft under 
the air commerce act, the Bureau of Standards has developed such 
receiving sets, the design elements of which are treated in this paper, 


II. REQUIREMENTS FOR BEACON AND TELEPHONE RE- 
CEIVING SET 


The dominating requirement in design is that of small weight 
and physical dimensions. . This refers not only to the set, but also 
to the batteries requisite for its operation. Every design element 
must be considered in the light of this requirement. 

The set must be capable of installation anywhere on the aircraft 
with simple remote controls when placed at an inaccessible point. 
The tuning system should, therefore, be of a uni-control type over 
the entire 285 to 350 ke band for the sake of convenience. 

As an aircraft is in very rapid motion, the distance over which 
signals are traveling is constantly changing. A simple and rugged 
volume control having a uniform action from zero to maximum 
signal strength and capable of remote installation from the receiving 
set is consequently necessary. 

Sufficient shielding of the set must be provided to limit interference 
from the engine ignition system to that induced in the antenna 
structure. 

Rugged construction to withstand the continuous mechanical 
vibration on aircraft must be provided. Vacuum tubes must be 
used that do not introduce microphonic noises, which, if present, 
effectively increase the already prevailing noise level. 





1 Development of radio aids to air navigation, J. H. Dellinger and H, Pratt, Proc. I. R. E., 16, pp. 8% 
920, July, 1928, 
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The set must be capable of operating a beacon course indicating 
instrument. Its output must efficiently supply a maximum of 10 
volts of audio-frequency power into a load impedance of from 4,000 
to 7,000 ohms, to provide an ample margin of signal strength. The 
direct current plate supply must be isolated from the output circuit 
to prevent the observer from receiving shocks when wearing head- 
phones, and to prevent the setting up of a polarization in the course 
indicator’s magnetic system. 

The audio amplifiers and output circuit must provide a nearly 
uniform amplification over a frequency range of 40 to 3,000 cycles. 
The beacon signals are modulated in the range 40 to 120 cycles, 
and a voice frequency range from 200 to 3,000 is needed for good 
intelligibility. 

Both the sensitivity and selectivity must be high. High sensitiv- 

ity is desirable to permit short vertical pole antennas to be employed 
because they eliminate direction errors and remove the danger of 
weighted trailing wires. Good selectivity is necessary to enable 
close spacing of frequency channels. 
‘ The choice of vacuum tubes has an important bearing on the 
total weight and bulk of the equipment. Three types of receiving 
sets will be described; two of which employ 1-volt and 3-volt tubes, 
respectively, where the total “‘A’’ battery current is of the order 
of 0.5 ampere; the third using 5-voli tubes where the “A” battery 
must supply 1.5 amperes. By employing the lower voltage types 
both the “‘A”’ storage battery can be reduced in size and the advan- 
tages of vacuum tubes having small physical dimensions secured. 
The standard low-voltage tubes offered on the market, however, 
are not sufficiently sturdy for aircraft use, being often mechanically 
weak and usually causing microphonic noises. Special tubes having 
these disadvantages to a less degree were employed, but owing 
to their special nature the third set equipped with the standard 
5-volt tubes was also designed. There is much need for better 
tubes for aircraft sets, and it is hoped that commercial designs will 
be improved. 


III. RECEIVING-SET DESIGN 


Figures 1, 2, and 3 show the circuit diagrams of the three receiving 
sets designed to meet the above requirements, and Figures 4, 5, 
and 6 are corresponding photographs. Their physical characteristics 
are tabulated below. 


TaBLu 1.—Weights and dimensions of receiving sets with associated batteries 
ot | Weight | 
Receiy ing set No. | 


Weizht of 
of set Dimensions (inches) | batteries 
| (pounds) (pounds) 
} 
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4.—Interior of completely shielded receiving set 














lia. 5.—Interior of partially shielded receiving set using 3-volt tubes 
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Interior of partially shielded receiving set using 5-volt tubes 
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Sensitivity, selectivity, and unicontrol features are met by employ- 
ing three or four tuned radio-frequency amplifier circuits with gang 
variable air condensers. Some regeneration in the detector circuit 
is provided. After many trials superheterodyne sets were eliminated 
from consideration owing to the presence of two tuning positions for 
each frequency. A few hours of flight would usually bring the air- 
craft within close range of stations having frequencies such as to 
create interference by beating with the intermediate frequency or its 
harmonics. <A pilot operating a radio-equipped airplane in bad 
| weather, when the radio services are needed, must devote all his 
attention to piloting, and the radio set must convey the information it 
| receives without attention and without interference from other signals 
or it will lose usefulness and possibly become a hazard. 


1. DESIGN OF RADIO-FREQUENCY TRANSFORMER (INTERSTAGE) 


Radio-frequency transformer theory has for some time been reduced 
to mathematical treatment.? A brief consideration of the analysis 


Ry 





E,=4 Eas | 
ee 





| 


Fic. 7.—Accepted approximate equivalent diagram of a stage of radio- 
Srequency amplification 





involved is necessary to a clear understanding of the actual design 
procedure employed. Figure 7 shows the commonly accepted equiva- 
lent circuit corresponding to a stage of radio-frequency amplification 
employing tuned transformer coupling between stages; R, represents 
the tube plate resistance plus the radio-frequency resistance of the 
transformer primary, L, the primary inductance, M the mutual 
inductance between windings, and R,, L., and CQ, the constants of the 
secondary circuit. 

In transformer design those values of the three-circuit parameters 
X;, X,, and M which will make the voltage gain per stage a maxi- 
mum at the desired frequency are of interest. If X, alone is varied 
(by means of the tuning condenser C,) the voltage gain is a maximum 
when 

X, w*M? 
» fom Zz; (1) 








: Victor G. Smith, “A mathematical study of radio-frequency amplification,”’ Proc. I. R. E., 15, No. 6. 
PP. 525-536; June, 1927. G. W. Pierce, Electric Waves and Oscillations, McGraw Hill Book Co. (Ince.). 
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If, now, either X; or M is varied, X, being simultaneously varied jp 
order to satisfy the condition expressed by equation (1) for each 
value of X, (or M), the voltage gain will reach an optimum value 
when 

R, w?M 

R, Ze @) 


Equations (1) and (2) may be combined into the simpler relationship 
w? M’*=Z,Z, (3) 


When this relationship is fulfilled the voltage gain K is given by 
equation (4) 
1 pu wl 
Be mum 5 ~ ° = 
et : VR, VR, ) 


and is the maximum amplification that can be obtained with a given 
tube and coil. 

The actual transformer design closely followed the above theoreti- 
cal considerations. 

Two secondary coils (single-layer solenoids) were chosen, having 
suitable values for _% 
vk, 
28 single silk enameled wire wound on a 234-inch diameter coil (wind- 
ing length 234 inches) and having a self-inductance of 1 millihenry, 
a radio-frequency resistance of 18 ohms at 290 ke, and a value for 
7 R, at the same frequency equal to 430. The second coil was of 250 
turns of No. 34 enameled wire wound on a 134-inch diameter coil 
(winding length 134 inches) and having a self-inductance of 2 milli- 
henries, a radio-frequency resistance of 70 ohms at 290 ke, and a value 


The first coil consisted of 135 turns of No. 


I, ’ 
for VE. equal to 435 at this frequency. It should be noted that to 
cover the necessary frequency range of 285 to 350 ke with a com- 
fortable margin on each side a tuning condenser of 0.00035 yf maxi- 
mum capacity is required with the first coil, and a condenser of 


0.00015 wf maximum capacity with the second coil. 


° wl ° . ° 
Since = is very nearly the same for each coil, the same optimum 
"v 402 


voltage amplification should be obtained using either coil in con- 
junction with a given tube. The second coil, however, has the 
considerable advantage of compactness. Furthermore, since its 
selectivity is less than that of the first coil (due to its greater resist- 
ance), it becomes somewhat more adaptable for use in a unicontrolled 
multistaged amplifier, 
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To determine the optimum value of mutual inductance between 
windings for each transformer suitable primary forms were chosen. 
and test amplifiers constructed comprising the particular trans- 
former under test together with a given tube. A known voltage of 
the desired frequency was applied to the input terminals of the test 
amplifier and the transformer secondary circuit tuned by condenser 
(, for maximum output voltage (as indicated by a tube voltmeter); 
these measurements being taken for a series of values of mutual 
inductance. For each measurement, therefore, equation (1) above 
is satisfied; while at the particular value of M which yields the opti- 
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Fic. 8.—Amplification v. mutual inductance, 114-inch diameter primary single- 
layer solenoid 
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mum output voltage, equation (2) is, in addition, fulfilled. This is 
the point of optimum mutual inductance. 

Curves A of Figures 8 and 9 show the variation of voltage ampli- 
fication with mutual inductance for the 134 and 234 inch diameter 
transformers, respectively. The amplification obtained with the two 
transformers is seen to be decidedly different despite the nearly equal 


wh, , Atop i. 
values of “3 in each case, and the exactly similar conditions of 
2 


test; the superiority of the smaller transformer residing in the rela- 
tively lower capacitive coupling existing between its windings by 
virtue of their smaller physical dimensions. That this is true may be 
seen from a consideration of curves B and C of Figures 8 and 9. 
Curves B were obtained with the primaries wound in single slotted 
disks inserted at the low potential ends of the secondaries, thereby 
reducing the effective capacitive couplings. The resultant increase 
7846°—28——-2 
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in amplification is greater for the 234-inch diameter transformer 
because of the greater reduction in its capacitive coupling. Dis. 
tributing the primary windings in two slots in the disk form causes 
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MUTUAL, INDUCTANCE IN MICROHENRIES 
1?) 100 200 00 400 0 0 
Fic. 9.—Amplification v. mutual inductance, 2\4-inch diameter primary 
single-layer solenoid 





a still further improvement in amplification, the percentage increase 
being again in proportion to the decrease in capacitive coupling 
between windings, 


AMPLIFICATION vs "C” VOLTAGE. 
SEC. 154" DIA. SINGLE LAYER SOLENOID. 
PRI. DOUBLE SLOT DISC. M=1020uh. 


TUBE '231-D (3- VOLT FILAMENT ) 


Us 


STAGE VOLTAGE. 
AMPLIFICATION 


"2" BATTERY 
-20 -30 -40 ~50 
Fic. 10.—Amplification v. ‘‘C”’ voltage 
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The curves of Figures 8 and 9 were taken for 90 volts on the plate 
with a grid bias of —6 volts. It was decided to reduce the plate 
voltage sufficiently to preclude the use of e ““C” battery and thereby 
to remove the need of filtering in the grid return leads. Figure 10 
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shows that the same amplification as in Figures 8 and 9 can be 
obtained using 45 volts on the plate and —1)% volts on the grid, 
A further reduction of the “C” voltage to zero results in but a small 
loss in amplification. 

Figure 11 gives the amplification-frequency characteristics for 
the test transformers; the optimum mutual inductance as found from 
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Fic. 11.—Amplification v. frequency 
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the curves of Figures 8 and 9 being provided in each case. Curve A 
is for the 234-inch diameter transformer with double-slotted disk 
primary; curve B for the 134-inch diameter transformer with single 
layer primary; and curve C for the 134-inch diameter transformer 
with double-slotted disk primary. All the important constants of 
these transformers are collected in Table 2. A study of the ampli- 
fication-frequency characteristics shows that they are highly satis- 
factory over the desired frequency range (285 to 350 kc). 
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In Figure 12 are shown the resonance curves of the above three 
transformers, used in conjunction with a 3-volt tube. Curves A, 
B, and @ correspond to the transformers of curves A, B, and (, 
respectively, of Figure 11. It is interesting to note the mutual 
inductance effect upon the selectivity. Figure 13 indicates how the 
selectivity varies for four values of M, using the 134-inch diameter 
transformer with double-slotted disk primary. 


2. EFFECT OF CAPACITIVE COUPLING 


It was shown above that the presence of capacitive coupling be- 
tween windings adversely affects the efficient operation of a trans- 
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FREQUENCY IN Ke PER SECOND 
270 280 290 300 
Fic. 12.—Amplification v. frequency 





former. When capacitive coupling exists, the approximate equiva- 
lent circuit diagram becomes as shown in Figure 14 rather than that 
of Figure 7. The conditions for optimum voltage gain and the 
actual magnitude of this.optimum gain as found from a solution of 
this circuit are also different. 

A close agreement between experimental results and the theoretical 
equations based on the circuit of Figure 7 can not, therefore, be 
expected unless the effect of capacitive coupling is minimized. As 
computed from equation (3) the optimum mutual inductance for 
transformer Nos. 1, 2, and 3 of Table 2 should be 315, 615, and 
615 uh, respectively: Actually, the values obtained in the laboratory 
are 450, 1,065, and 1,020 wh, respectively. 
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The effect of capacitive coupling between transformer windings 
is thus not only to reduce the magnitude of the optimum voltag 
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Fic. 13.—Selectivity v. mutual inductance 
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gain but also to require considerably more mutual inductive coupling 
in order to obtain the best operating condition. 


peaked sill 
Ry Co 

















Fic. 14.—Closer approximate equivalent diagram of a stage of radio- 
frequency amplification 


3. METHOD OF NEUTRALIZING 


The system of tube grid-plate capacity neutralization adopted de- 
pends considerably upon the type of transformer employed. The 
neutralizing schemes in common use are essentially bridge circuits in 
which two coils, the grid-plate tube capacity, and a neutralizing con- 
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denser constitute the four bridge arms. The bridge maintains a 
balanced adjustment for all operating frequencies, provided the two 
coil arms are tightly coupled. When the coupling between the two 
coils is small a leakage inductance is introduced into one of the bridge 
arms, thus making the balance dependent upon the frequency. 

With several neutralizing systems the primary and secondary 
windings of the transformer may be used as the two coil arms, pro- 
vided there is sufficient coupling between them. In the case of the 
134-inch diameter transformer with single-layer primary, a coupling 
coefficient of the order of 70 per cent obtains. The system employed 
can, therefore, be that indicated in the circuit diagram of Figure 1. 

In the case of the 134-inch diameter transformer with disk primary 
(used in the receiving set of fig. 2), however, the coupling coefficient 
between windings was about 35 per cent. The use of an auxiliary 
coil coupled either to the primary or secondary winding is therefore 
necessary. A simple solution consisted in placing the auxiliary coil 
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Fic. 15.—Approximate equivalent diagram of antenna tuning system 


in a third slot in the primary disk form thus obtaining nearly unity 
coupling to the primary. An alternative method, due to Miller, is 
also applicable in this case. In this method the four bridge arms 
are made up of the tube grid-plate capacity, a neutralizing condenser, 
and two auxiliary condensers, one of which may be the tube grid- 
filament capacity. The closeness of coupling between primary and 
secondary windings is here obviously immaterial. 


4. DESIGN OF ANTENNA TRANSFORMER 


No mention has as yet been made concerning the design of the 
antenna coupling transformer. The theory and procedure of design 
is essentially the same as for interstage transformers. The equiva- 
lent cireuit is that of Figure 15, where Ca is the antenna capacity 
and Ra the equivalent antenna resistance. Receiving set sensitivity 
of such order was desired as to make possible the use of a rigid 
antenna of about 10 feet in length, with the airplane itself as a coun- 
terpoise. The capacity of such a system is of the order of 25 to 59 








558 Bureau of Standards Journal of Research [ Vol, 


uf. Using these values, the same transformer as used for interstage 
coupling was found highly satisfactory. 


5. DESIGN OF REGENERATIVE COIL 


To obtain the order of amplification desired, it was decided to use 
three stages of radio-frequency amplification with regeneration on 
the detector. The circuit arrangement of Figure 16 was used in 
the design of the regenerative coil. A known modulated voltage £, 
(of the desired radio-frequency) was applied to the input circuit and 
the voltage E, measured first without regeneration and then with 
regeneration. The ratio of the second to the first value of EF, is the 
amplification due to regeneration. These measurements were taken 
for a series of values of regenerative coil turns, adjusting the shunting 
resistance £ to just below oscillation at each point (where necessary), 
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Fic. 16.—Test circuit arrangement for measuring amplification due to 
regeneration 


For the particular transformer considered, it was found that the best 
value of turns was approximately 40 per cent of the number of turns 
in the secondary winding. 


6. SHIELDING AND ARRANGEMENT OF PARTS 


Both complete and partial shielding methods were employed in 
the tuned amplifier stages. Reference to Figures 4, 5, and 6 will 
indicate the shielding arrangements. Completely shielding the stages 
as in Figure 4 was found to be difficult owing to the involved mechan- 
ical assembly. Aluminum was selected to reduce weight, but resulted 
in objectionable eddy-current losses. Partial shielding using copper 
containers housing the radio-frequency transformers, with proper 
care taken to make all high potential leads as short as possible, 
resulted satisfactorily. This latter method was applied as shown in 
Figures 5 and 6. 

The copper containers maintain an effective clearance of seven- 
eighths inch around the coil windings, and are of square cross section. 
The coil inductances are decreased by about 20 per cent without any 
material increase in resistance. 
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To confine the radio-frequency currents as far as possible to the 
shielded portions of the set, battery leads were filtered where neces- 
sary. The selection of a low-plate voltage served not only to reduce 
Pihe demand on the ““B” battery, but to permit the radio-frequency 
stage grid returns to be connected directly to the negative filament 
terminals, eliminating a common “C” battery impedance. All 
other precautions in arrangements and wiring used in good design 
practice were observed. A multiple conductor battery cable, 
equipped with a detachable plug connector, was provided to allow a 
rapid change of sets to be made when in practical operation. 

A small separate panel containing a combination “A” and “B”’ 
battery voltmeter, filament switch, head telephone jack, and volume 
control was provided for mounting near the pilot, preferably on the 
instrument board. The volume control consists of a rheostat 
connected in the radio-frequency amplifier tube filament supply 
circuit. 

The unicontrol tuning feature makes it possible for the operator to 
tune to any station frequency within the two bands. In this case an 
antenna coupling arrangement is needed which makes the setting of 
the antenna tuning condenser at a given frequency independent of 
the antenna length. This is taken care of by an antenna trimming 
condenser, 

_ Adjustable stops to allow the unicontrol handle to be rapidly 
turned from one predetermined frequency in the 285 to 315 ke band 
to one in the 315 to 350 ke band were provided. 

An alternative tuning arrangement was incorporated in one of 
the receiving sets built, applicable for the case where only one beacon 
and one telephone frequency would be encountered on any one air- 
plane run. Two sets of condensers connected in parallel were used 
in each tuned amplifier stage. Normally with both condensers in 
circuit the tuning adjustment is made for the beacon station fre- 
quency. When a switch is closed by the operator four small auto- 
matic relays respond, removing one condenser from each circuit, 
leaving the set tuned to the telephone station frequency which is in 
the higher band. 

7. DETECTOR 


In general, grid rectification has been found considerably more 
sensitive than plate detection, and was, therefore, used. Laboratory 
measurements gave 3 megohms as the optimum value for the grid 
leak and 0.00035 uf as the best value of blocking condenser at the 
frequencies used. These values are not at all critical. 

Sensitivity, however, is not always the deciding factor in the choice 
of the type of detection to be employed. When used in an airplane 
not excellently shielded, the ignition interference picked up by the 
antenna structure may be sufficient to block the detector, even though 











560 Bureau of Standards Journal of Research (Va 


| 


the incoming signal is small. By using plate detection a considerabj; 
greater interference would be necessary for blocking the detect 
Since the present form of course indicator suggested for the beacg, 
signals is practically immune to interference, it will operate satis 
factorily so long as the tubes employed are not blocked. It shou 
be noted, however, that plate detection precludes the use of a tray 
former in the detector output due to the large tube plate resistang 
with this form of detection. 


8. AUDIO AMPLIFIER 


The low amplification factor of the 3-volt tubes used in the fir 
two models (figs. 1 and 2) necessitated the use of transformer coupliyy 
to provide a degree of audio amplification sufficient to supply the de 
sired voltage to the power tube without overloading the detector: 
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FOR SINGLE AUDIO STAGE. 
CURVE. A. 23'+'D TUBE WITH SUITABLE. COMMERCIAL TRANSFORMER. 
———. CURVE B.2:23i-0 TUBES IN PARALLEL WITH SAME. TRANSFORMER 
CURVE. C. 201-A TUBE WITH SAME. TRANSFORMER . 
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| FREQUENCY IN CYCLES PER SECOND | 
60 ~—«‘100 200 300 = 500 1000 2000 50000000 
Fic. 17.—Amplification-frequency characteristic for single audio stage 





Due to the relatively high plate resistance of these tubes, however, 
the low frequency pitches are not amplified in the same magnitude 
as those of higher frequencies. This is indicated in curve A of Figur 
17, which represents the amplification-frequency characteristics for 
a 3-volt tube used together with a commercial transformer. A large 
number of commercial transformers were tested, the one finally 
adopted being chosen for its lightness as well as its electrical charac- 
teristics. A much more uniform gain over the desired frequency range 
is obtained by using two tubes in parallel in the first audio stage in 
order to reduce the net plate resistance. The amplification-frequency 
characteristic for this condition is given by curve B of Figure 14 
This arrangement was, therefore, used in both the 3-volt receiving 
sets. Curve C shows that when 5-volt tubes are used a satisfactory 
characteristic is obtained with one tube in the first audio stage. 
Using 5-volt tubes a resistance-coupled audio amplifier immediately J 
suggests itself. The third model (fig. 3) employing 5-volt tubes uses 
transformer coupling, however, chiefly for the sake of flexibility. In 
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this set it is feasible to use either 3 or 5 volt tubes throughout, requiring 
only a change in the size of the filament control rheostats. The oper- 
ator can, therefore, decide as to whether the cost of tubes or weight 
of battery is the chief consideration. 

Quite fortunately, the impedance of the visual course indicator is 
suitable for use with any of the power tubes available. The choice 
of the power tube is therefore controlled by the filament voltage and 
plate battery consumption. A filter arrangement consisting of a 
choke and condenser is used in the output circuit for reasons previously 
mentioned. In the case of a resistance-couplied amplifier this filter 
circuit would also tend to prevent low-frequency oscillation. 


9. OVER-ALL PERFORMANCE 


The performance of a receiving set may be indicated by means of 
three graphs; the first showing the variation of sensitivity with carrier 
frequency; the second showing the degree of its selectivity at several 
carrier frequencies; and the third giving a picture of its fidelity or 
response to audio frequencies which modulate the carrier to which it 
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Fic. 18.—Test circuit arrangement for measuring receiving set performance 


is tuned. The conditions under which these tests should be taken 
have been worked out by the Standardization Committee of the 
Institute of Radio Engineers for broadcast sets. Those conditions 
apply here also in large méasure, but some departures were found 
desirable in order to more closely approximate actual use. 

The sensitivity curve (fig. 19) was obtained with the circuit arrange- 
ment of Figure 18. For convenience, 100 per cent modulation at an 
audio-frequency of 60 cycles was employed. This more nearly ap- 
proximates actual conditions as low modulating frequencies of the 
order of 60 cycles are used in the beacon, and the modulation is 
constant and as near 100 per cent as can be obtained. The curve 
shows the relationship between the radio field intensity in microvolts 
per meter necessary to obtain 6 volts across the 6,500-ohm load 
and the carrier frequency to which the receiving set is tuned. 

The value of 6 volts was chosen, since this is the maximum voltage 
needed across the present type of course indicator. 

Figure 20 shows the selectivity curves for the set when tuned to 
290 and 330 ke. These are, respectively, the approximate beacon 
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and phone frequencies. These curves represent the field intensity jy 
microvolts per meter to give 6 volts across the simulating impedane 
referred to the carrier frequency. 




















SENSITIVITY CHARACTERISTIC. 
FIELD INTENSITY NECESSARY TO OBTAIN 6-VOLTS 
ACROSS SIMULATING OUTPUT IMPEDANCE .- 
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FREQUENCY IN Ke PER SECOND 
290 300 310 3a 330 


Fic. 19.—Sensitivity characteristic 





Figure 21 shows the fidelity curve. This was obtained using the 
audio portion of the receiving set only, and is plotted as the ratio of 
voltage across the simulating output impedance to that between the 
grid and filament of the detector tube against audio-frequency. 
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FREQUENCY IN ke PER SECOND 
280 282 as 28 290 292 24 
320 322 326 328 330 332 34 
Fic. 20.—Selectivity curves 





Twenty volts across the simulating output impedance was obtained 
before tube overloading occurred. 

It should be noted that the curves of Figures 19, 20, and 21 were 
obtained with one of the 3-volt sets. When 5-volt tubes are used, 
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measurements indicate that the performance of the radio-frequency 

amplifier is but slightly altered. The voltage gain in the audio 

amplifier will, however, be considerably increased due to the greater 
tube amplification factors. 


IV. CONCLUSION 


These sets were developed concurrently with the double modulation 
type of directive radio beacon, the reed type of visual indicator for 
aircraft, and the airplane verticaf pole antenna, all of which are parts 
of the bureau’s research program on aids to air navigation. The 
development of these receiving sets was found essential because of 
the special receiving requirements on airplanes peculiar to these air 
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FREQUENCY IN CYCLES PER SECOND 
60 100 20 CW Kt) 1000 2000 5000 10.00 
Fic. 21.—Audio system amplification-frequency characteristic 




















navigation aids. Without receiving sets of high sensitivity, the elimi- 
nation of the dangerous trailing wire antenna, and the reduction of 
night beacon course shift errors obtained with the short vertical 
antenna, would not be possible. 

The second set described was extensively used in flight tests for a 
period of six months. Satisfactory daytime beacon signals were 
received on an airplane at a distance of 100 miles with an antenna 
10 feet high, the engine ignition system being adequately shielded. 

The writers wish to acknowledge the assistance of L. L. Hughes 
and D. O. Lybrand in constructing these sets, including several 
preliminary models. 


WasHINGTON, June 19, 1928. 
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SENSITIZATION OF PHOTOGRAPHIC EMULSIONS BY 
COLLOIDAL MATERIALS 


By Burt H. Carroll and Donald Hubbard 


ABSTRACT 


Recent evidence indicates that photographic sensitivity is greatly increased 
y the presence of ultramicroscopice particles on the silver halide grains of an 
mulsion. Theories of this effect are discussed in some detail. Technique has 
een developed by which, without. altering other variables, it is possible to 
itroduce colloidal particles into the emulsion to test the possibility that these 
ay be adsorbed by the grains and function as sensitivity nuclei. The experi- 
ents were carried out with a number of types of emulsion, including emulsions 
‘ith the silver halide grains positively charged by adsorption of silver ions. 
mulsions of this type were particularly adapted to sensitization by negatively 
harged metallic colloids; they were made stable enough for experimental 
burposes by new technique. The presence of the colloids interfered with after- 
ipening to such an extent that the ultimate effect was desensitization, but the 
irect result with colloidal gold and silver was an increase in speed at constant 
r decreased contrast. .This may be explained, as proposed by Sheppard, by 
alization of the photochemical action in the grain around the nucleus, thus 
nereasing developability. The theory that the sensitivity nucleus is a bromine 
eceptor does not apply to this case. Colloidal! .ilver iodide produced a marked 
‘crease in contrast, on chemical development of the emulsion, and in total 
ensitivity, on physical development. The hypothesis of nucleus exposure 
hich has been used to explain similar results on bathing in iodide solutions 
an not be applied here; both effects are explained by increased rate of develop- 
ment, probably caused by increased adsorption of the developer. 


CONTENTS 


. Introduction 
. Experimental methods 
1. Preparation of the emulsion - - - - ~~ -- Ep betaine) ye ied Nee et oe 
2. Methods of testing 
. Sensitization by colloidal silver iodide___....--.---------------- 
. Sensitization by colloidal silver_____------_- 


I. INTRODUCTION 


The sensitivity of a photographic emulsion is the resultant of its 
hotochemical sensitivity, the chemical change produced by a given 
exposure, and of the developability of the photochemical change. 
‘ither or both of these may be affected by factors which are, over a 
imited range, nearly independent. These include, for example, the 
omposition of the emulsion in terms of the percentages of the three 
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silver halides, the size of the grains, the hydrogen ion concentration, 
and the presence of nuclei of ultramicroscopic dimensions adsorhej 
to the grains. The sensitivity as normally measured is a function of 
all these which defies exact formulation; but in the opinion of th 
writers, it approaches more nearly a product than asum. In the cay 
of the faster emulsions, the last-named factor, the nucleus, is perhaps 
the largest; it is the most generally accepted explanation of the larg 
difference which may exist between emulsions identical except {or 
the origin of the gelatin used in their preparation. This is the result 
of much indirect evidence,’ culminating in the discovery by the 
Eastman Kodak Laboratories ? of sensitizers in gelatin which almost 
certainly function by reaction with the silver halide to form nuclei of 
silver sulphide. Prior to Sheppard’s publication, the nuclei wer 
considered to be most probably metallic silver, and reasoning both 
from the conditions in the ripening emulsion and from the action of 
oxidizing agents on sensitivity, this still accounts for at least part of 
the nuclei.’ 

The mechanism by which the nucleus acts has been the subject of 
several hypotheses. In the opinion of the writers, the origina 
mechanism suggested by Sheppard‘ is the most satisfactory. The 
essential feature of this is that the nucleus adsorbed to the surface of 
a silver halide grain produces what may be described as a weak spot 
in the crystal structure. The photolysis of the silver halide utilizes 
the entire energy absorbed by the grain, but is localized or oriented 
to this spot. As a fairly definite minimum size of latent image is 
required to start development, the efficiency of the primary photo- 
chemical process, from the standpoint of the resulting developed 
density, is greatly increased if the product is gathered into a single 
center instead of scattered through the grains in much smaller units. 
If the material of the sensitivity nucleus is silver, silver sulphide or 
other substance capable of acting as a development center, the silver 
from the photolysis of the silver halide will build around it to form the 
latent image, and the extent of photolysis necessary to produce 4 
latent image of developable size may obviously be much reduced if the 
sensitivity nucleus was originally but little below this size. The 
orienting action would not necessarily depend on the composition 0! 
the sensitivity nucleus. It might be exerted by a material not in 
itself capable of acting as a development center. As Toy * has pointed 
out, the evidence is insufficient for Sheppard’s statement that the 


———— 








1 The following articles are of special importance: Svedberg, Phot. J., 62, p. 186; 1922. Toy, Phil. Maz, 
44, p. 352; 1922. Clark, Phot. J., 64, p. 91; 1924. Sheppard, Trivelli, and Loveland, J. Frank. Inst., % 
p. 51; 1925. 

2 Sheppard, Phot. J., 65, p. 380; 1925. 

3 Trivelli, J. Frank. Inst., 204, p. 649; 1927. Liippo-Cramer, Camera, p. 39; 1927. Weigert and Libr, 
Naturwissenschaften, 15, p. 788; 1927. Wightman and Quirk., J. Frank. Inst., 204, p. 731; 1927. 

‘ Sheppard, Trivelli, and Loveland, see footnote 1, above. Sheppard, Brit. J. Phot., 73, p. 33; 1926. 

5 Toy, Brit. J. Phot., 73, p. 205; 1926. 
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nucleus can not change the quantum efficiency of the primary 
photolysis. : 

Hickman ° has suggested that silver sulphide may act as an acceptor 
for the bromine from the photolysis of the silver bromide. Lambert 
and Wightman ’ have examined the energy relations and found this 
possible, even when the reaction is postulated to go to sulphur bromide 
and metallic silver. On this theory, the failure of halogen absorbents, 
such as nitrite, to act as sensitizers may be due solely to the fact that 
they are not adsorbed by the silver halide, and an efficient sensitivity 
nucleus must be a bromine acceptor. The failure of the adsorption 
compounds of thiocarbamides and thioanilides * with silver halides 
to sensitize for anything but the print-out effect, although they are 
halogen acceptors, is an argument against this theory. This failure 
of known bromine absorbents to sensitize is supplemented by the 
success of materials which can not react: with bromine during exposure, 
such as the metallic silver already mentioned. While it is possible 
for chemically inert nuclei to adsorb bromine, this is probably unim- 
portant because of their insufficient capacity; the nuclei are of the 
same order of magnitude as the latent image, and it seems necessary 
to assume a chemical reaction between the nuclei and the bromine 
to account for the quantity of the latter which must be absorbed. 

Most recently, Trivelli ® has proposed a mechanism which com- 
bines some of the features of the others with an entirely new idea. 
He postulates a sensitivity nucleus containing both silver and silver 
sulphide, which on exposure sets up a photoelectric current from one 
to the other through the silver bromide, liberating silver from the 
silver sulphide by electrolysis. The theory derives support from the 
results of Toy * that the spectral sensitivity of silver bromide is the 
same for photoconductivity and photographic exposure, and from 
the improvement in sensitivity by the combined use of the sulphur 
sensitizers and reducing agents." If correct, it follows directly that 
no single material can form an efficient sensitivity nucleus; although 
in practice silver will almost certainly be present to supplement a 
second substance. Silver sulphide would be expected to be an excep- 
tionally good sensitizer, according to this theory, since according to 
Tubandt ” it is by a very large factor the best conductor of the solid 
electrolytic type known. Silver iodide, which is one of the next best, 
has a conductivity not more than 10~ that of the sulphide. 





‘Hickman, Phot. J., 67, p. 34; 1927. 

‘Lambert and Wightman, J. Phys. Chem., 31, p. 1249; 1927. 
‘Sheppard and Hudson, Phot. J., 67, p. 359; 1927. 

‘ Trivelli, J. Frank. Inst., 204, p. 849; 1927; 205, p. 111; 1928. 
"Toy, Nature, 120, p. 441; 1927. 

"Sheppard and Punnett, U. 8. Patent 1623499. 

4“ Tubandt and Reinhold, Zeit. anorg. Chem., 160, p. 222; 1927, 
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Some experiments have already been reported on the effect of 
colloidal materials on sensitivity. Schwartz and Stock," following 
the photolysis of silver bromide by the liberated bromine, found that 
it could be catalyzed by various colloids, and followed this up by intro. 
ducing them into completed emulsions. They obtained some increase 
in sensitivity from Bredig method silver and from a proprietary silica 
sol (of unknown alkalinity). The metallic colloids in large amounts 
caused fog. Jenisch * added noble metal sols to the emulsion, 
. Introduced after washing, small amounts had no effect and large 
amounts caused fog, but when colloidal gold was added to the bromide 
solution used in mixing the emulsion, the sensitivity was much im- 
proved by the use of 3 mg. per liter. 

The primary object of this investigation was to determine the 
effect on sensitivity of nuclei adsorbed to the surface of the grains, 
the nuclei being prepared separately as a colloidal suspension, and 
introduced into an emulsion which should be reasonably free from 
ripening nuclei. To be certain that the presence of the nuclei should 
be the only new factor, they must be added to the emulsion after 
the end of the ripening, in the sense of change in grain size, 
Their presence during the mixing or ripening processes, especially 
the former, might very well change other variables, such as the 
structure or average size of the grains. An attempt to secure prac- 
tical improvements in sensitivity by the use of colloids would be very 
seriously restricted by this condition. The greatest difficulty is the 
poor adsorptive capacity of the grains in a completed emulsion. 
Reinders » proved directly that the adsorption of gelatin by silver 
halides greatly reduces the adsorption of other materials. Some 
evidence of this had already been obtained from the behavior of emul 
sions. Liippo-Cramer found that comparatively large amounts of 
colloid silver could be added to a completed emulsion with compara- 
tively little effect, but if it were introduced into the original mix it 
produced intense fog. We succeeded in improving the adsorption, 
or at least the sensitization, by the use of opposite charges on the 
colloid particle and emulsion grain, as will be explained in more detail 
below; but at best only a small part of the colloid introduced is 
adsorbed. If the colloid used is such that its particles can act 8 
precipitation centers for silver, the unadsorbed excess causes dichroic 
fog on development if allowed to remain in the emulsion; the dichroi 
nature of the fog indicates that it is the result of physical developmen! 
on centers outside the grains. A means for avoiding this difficulty 
was at hand, in the centrifugal washing of the emulsions, which we “ 
had already used for other purposes. The unadsorbed colloid re- 


13 Schwartz and Stock, Berichte, 54, p. 2111; 1921. Zeit. wiss. Phot., 22, p. 26; 1922. 
4 Jenisch, Zeit, wiss. Phot., 24, p. 248; 1926. 

156 Reinders, Zeit. Phys. Chem., 77, p. 677; 1911. 

46 Carroll and Hubbard, J. Phys. Chem., 31, p. 906; 1927. 
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mained in the gelatin when the silver halide was centrifuged out, only 
the portion adsorbed to the grains being carried with them. 

The material of the nucleus must be insoluble and not reactive 
with silver bromide. Silver and silver sulphide are obviously sug- 
vested by their occurrence in normally ripened emulsions. Other 
silver salts less soluble than.the bromide and metals more noble than 
silver also fulfill the necessary conditions. From these classes silver 
iodide and metallic gold were chosen for serious consideration. 


I]. EXPERIMENTAL METHODS 
1. PREPARATION OF THE EMULSION 


The emulsions were of both ammoniacal and neutral types. Those 
designated by the series No. 8 were made by the ammonia formula 
described in the first paper of this series,’ using ammonium bromide. 
The ammoniacal type was found to be more readily sensitized with 
colloids, as with dyes. The neutral, centrifuged, emulsions have the 
series No. 6. Their formula was generally as follows, or in the same 
proportions with increased amounts: 

Bromide solution Silver solution 
Water Tater 225 


Gelatin 


The silver solution was added to the bromide solution very slowly, 


over a period of 10 to 15 minutes, both solutions being at 65° C. 
The emulsion was held at 65° with stirring until centrifuged, the last 
batch normally bemg separated within half an hour from the end of 
the mixing process. The emulsions of series 1 and 4 were made, 
respectively, by ammoniacal and neutral formulas identical with those 
of 8 and 6, but were washed after the usual chilling and shredding, 
instead of by the centrifuge. The ripening of these emulsions was 
limited to a few minutes after the completion of mixing. Swelled 
gelatin, sufficient to bring the total to 50 g in a batch of the above 
size, was then dissolved in the emulsion, which was rapidly chilled, 
and washed the next day after standing over night at 5 to 8° C. 
The pH, after washing 7 hours in Washington tap water, was from 
7 to 8. Emulsions of all the series were also made with pure silver 
bromide, the formula being changed only by substitution of an 
equivalent amount of bromide for the iodide, without making any 
obvious difference in the effectiveness of the colloid sensitization, 
even by colloidal silver iodide. 

All the later emulsions were made with deactivated gelatin, to 
reduce as far as possible the nucleation of the grains before addition 








" Carroll and Hubbard, J. Phys. Chem., 31, p. 906; 1927. 
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of the colloid. The method of deactivation which we found mo 
satisfactory for our purposes in these experiments is based on th 
conversion by ammonia of the isothiocyanates, and probably of moy 
complex sulphur compounds, to the soluble thiocarbamides. Afte 
digestion with ammonia (approximately 20 minutes time at 45° with 
a normal solution), the gelatin was chilled, shredded, and washe 
for 24 hours in running water; 12 to 15 hours were necessary {q 
removal of the ammonia so that no Nessler test could be obtaine 
from the drainings. The final pH of the gelatin varied from 7 to §, 
The physical properties were noticeably injured by the rather drastiy 
ammonia treatment, but no serious difficulty was introduced. Th 
emulsions made with it were slow and very free from fog, but the 
“‘after-ripening”’ (either by digestion or by storage) was not reduced 
as much as had been anticipated. Expressed in terms of the ratiy 
of speed before and after digestion, it was of the same order as with 
untreated gelatin. 

As a means of improving the adsorption of negatively charged 
colloids (such as the metals), a large proportion of the emulsions wer 
prepared with the grains positively charged by adsorption of silver 
ions, instead of negatively charged by the normal excess of bromide 
ions. Gelatin emulsions with excess soluble silver salts were fr- 
quently prepared in the early stages of the development of dry 
plates,* and found. to be highly sensitive but very instable, fogging 
completely in a few days. This is still not to be considered a practical 
type of emulsion, but we find that if the hydrogen ion concentration 
of the emulsion is increased well above the isoelectric point (pH 
preferably 3.5 or less), and deactivated gelatin is used, such emulsions 
may be kept for at least a month without noticeable increase in fog. 
It is impossible to ripen in the presence of soluble silver salts so the 
emulsions were made by one or the other of the usual formulas and 
after the first centrifugal separation, the silver bromide was sus 
pended in acid gelatin, to which silver sulphate was added. After 
the second centrifuging, the silver bromide was suspended for coating 
in acid gelatin without further addition of silver sulphate, so that the 
final excess was limited to that adsorbed on the grains, and was ol 
the same order as the excess soluble bromide in a normal emulsion. 
The quantities varied slightly, but the following figures are typical: 
Excess bromide in the emulsion g equivalent__ 0. 044 
Silver sulphate added to first suspension g equivalent... 002 
Silver sulphate found in clear gelatin from first resuspension after centri- 


fuging out silver bromide . 001 
Silver ion concentration in first resuspension . 0025 





18 Eder, Ausfiihrliches Handbuch der Photographic, 3d ed., 3, p. 50. 
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No measurable amount of silver salts could be extracted from the 
plates coated with these emulsions. The traces of silver sulphate, 
which must have been present, were evidently adsorbed by the 
silver bromide. The above use of acid and silver sulphate is implied 
in the later references in this paper to “emulsions with excess silver.” 
The sensitivity of portions so treated, when compared with other 
portions of the same emulsion which had been washed and coated at 
the same pH, but without the addition of silver sulphate, had been 
at least doubled. However, digestion was impracticable after 
washing and addition of the silver sulphate; accordingly, the sensi- 
tivity produced by the use of the soluble silver salt was less than could 
be obtained in the same emulsion by after-ripening (by digestion or 
storage after washing), at the normal pH of 6 to 8 and in the presence 
of the usual trace of soluble bromide. The characteristics of these 
emulsions will be described in more detail in a later paper. 

Our regular procedure for washing by the centrifuge is to separate 
the silver halide from the ripening emulsion, resuspend in dilute 
feelatin (14% per cent), separate again, and suspend in the gelatin 
used for coating. The quantity given in the formula is sufficient 
for coating four sets of test plates, and the division into the four 
batches was regularly made in the first resuspension. While both 
separations are necessary for adequate washing, the concentration 
of soluble materials in the first resuspension is less than 2 per cent 
of the value in the unwashed emulsion. The corresponding change 
in the solubility of silver bromide is still greater, so that ripening, 
in the sense of change in grain size and structure, may be considered 
negligible. After-ripening can not be eliminated, but the treatment 
of the different batches at this stage could be standardized, so that 
duplicate controls on both types of emulsions were found to check 
to 10 per cent; the uncertainty thus introduced is thus much smaller 
than the 50 to 200 per cent changes produced by colloidal sensitiza- 
tion. The capacity of our centrifuge is not sufficient for an entire 
emulsion at once, but the resuspensions of the two or more portions 
necessary were carefully mixed. As already mentioned, if the silver 
sulphate was used, it was added at this point. The emulsion could 
then be divided into batches identical in concentration, size, ripening, 
pH, and soluble bromide or silver, to be compared against each other 
for the sensitizing action of the colloids. The colloids were introduced 
at this stage of the process. Then, taking care to treat the control 
and sensitized batches the same, the centrifugal separation was 
repeated, eliminating the excess colloid. Adsorption of the colloid 
apparently reached its full value immediately. There was no im- 
provement on allowing it to stand longer than a few minutes before 
centrifuging. Each batch was suspended for coating in 12.5 g 
gelatin in 180 to 220 ml volume, depending on the viscosity. 
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Unless stated to the contrary, all emulsions were coated withoy 
digestion after washing. After-ripening is very sensitive to materig) 
adsorbed to the grain, such as color-sensitizing dyes or the colloik 
Since digestion involved wide differences in the formation of sensitiziy 
nuclei in the control and colloid-treated batches, it was eliminatei 
as far as possible. The emulsions with excess lives were, of cours. 
liable to fog under digestion treatment perfectly safe for norm 
emulsions, and could not be after-ripened on this account. Th 
after-ripening in the presence of either dye or colloid is, to the best of 
our knowledge, invariably less; so much less, as a rule that th 
control ultimately becomes the faster either on digestion or storay 
ripening and any after-ripening which occurred before testing tendel 
to subtract from the apparent sensitizing effect of the colloid. Ny 
method of sensitization by externally prepared nuclei which we hay 
been able to devise is as efficient as the formation of the nuclei by 
reaction of the ripened silver halide grains with sensitizers, such as the 
thiocarbamides. 


2. METHODS OF TESTING 


The standard methods of the Bureau of Standards were used for 
testing, with modifications of the development to meet certain 
special cases. Exposure was in all cases on a nonintermittent time 
scale, at an intensity of one candle meter, of the spectral distribution 
of mean noon sunlight. The chemical development was by the brush 
method, at 20°. The appearance of three times of development (3, 6, 
and 12) indicates the usual pyro formula. As the emulsions with 
excess silver fogged excessively on prolonged development with w- 
bromided pyrogallol, a metol-hydroquinone formula ' was used for 
these. The acid emulsions were particularly sensitive to irregularity 
of coating. In cases of uncertainty, the 6-minute development was 
run in quadruplicate. 

A considerable number of the emulsions were also compared by 
physical development, *» before, and in some cases, after fixation. 


19 Eastman D-6la. Stock solution, diluted with an equal Volume of water for use: 
PE Nis sa chee doa p sans kbs nko nbdnb vcduabicnddsel <euandectd ant miatabar dea ml_. 
Metol 
Na2SO3_- mn AD. Mitten eet ae na ca preset ln Bo ace sat deta whaioiodeaduars wicacketates eae 
NaHS03_. ease as, AT eS Gk. hak ond Shae Se ibe Soa ose ekecen i ei ae 
NS EE AE CNT EOP TOSS | LEG LD EE: EE OS OEY FL EY 
NazC | RRO nates ne tte IT Re NE EE EE ES SRG tN PSE Meh. ewe 
Cc old: water to make... ‘ . ‘liter 

*% Stock solution; 50 mi méxed with 2 ml 10 per cent AgNOsz: 
Water ‘ : .. 240 
| RABE S.A SR Pee hate be ME . 5 
Citric acid_.......... Pees. den Sieeabaaksnaiaecad-e a otae my oe 
20 per cent gum arabic solution. bh deksed each onde LORS ml. 10 


Six minutes development at 15° or less. Fixation before development in 25 per cent NagSgOs, 5 per ceDh 
NazSQOs, followed by 30 minutes washing in running tap water, pH 7 to 8. 
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§ Physical development of gelatin emulsions is relatively unsatisfactory, 
but the acid emulsions in this case give less fog than the normal. By 
comparing only strips which had been developed together, and 
testing in duplicate or quadruplicate, the results were sufficiently 
reproducible. 

Physical development is commonly regarded as a simple deposition 
of nascent silver on the nuclei provided by the latent image. It is 
at least true that the reduction of silver bromide, by a developer 
such as we used, is negligible, but the physical development is more 
sensitive than the chemical to adsorption effects which do not appear 
to involve a change in the amount of latent image. Physical devel- 
opment after fixation should be the most free from complications, 
but according to Liippo-Cramer,”' bathing with iodide can accelerate 
development even in this case, indicating that the remaining latent 
image is not entirely metallic silver. There is the further difficulty 
that the inertia is invariably much larger for development after fixa- 
tion than for chemical development, so that it gives no information 
of conditions at small exposures. Bearing these limitations in mind, 
physical development is valuable for comparison with the normal 
method, as will be evident from the results on sensitized emulsions. 

One of the principal difficulties of sensitometry became especially 
obvious in the course of this investigation. The colloid sensitization 
commonly changed the shape of the characteristic curve, and under 
these conditions the speed and gamma numbers alone are insufficient 
for comparison of the sensitivities. The characteristics of the under- 
exposure period (the “‘toe’’) are also necessary, but in order to deter- 
mine then accurately, one must locate more points in the under- 
exposure region than is commonly done. Renwick ” has shown that 
the equation, D+c=—wu E, for the underexposure region, accurately 
expresses the results up to the beginning of the straight-line portion 
of the characteristic curve, where it becomes D=vy (log E-log i). 
Designating the exposure at this point by /,, and that for zero 
density by A), he further derives the equations: 


E, =0.434 y/u 
and 


E,/ Eo =(0.434 y/c3 


| With the limited number of points available in the underexposure 
region, it is impossible to obtain from our curves the excellent verifi- 
cation of these equations which was found by Renwick. However, 
the data from the representative curves in Figure 1 will illustrate the 
points which we wish to make. Referring to Table 1 and the figure, 





" Liippo-Cramer, Die Grundlagen der Photographischen Negativverfahren, p. 161. 
“ Renwick, Phot. J., 58, p. 127; 1913. 
* This becomes indeterminate for c=0, since E, then is also 0. 
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it is evident that curves 1 and 4 may be fairly compared on the basis 
of speed and gamma alone. 


TABLE 1 


Bureau| | Bk 
0 | } | | Mt] Lo 
Emulsion No. | Stand-| | 0.434 | from | 0.434 

ards } y/lu D-log | r/c 
E curve 











0.5 13 6.5 
1.9 28 22.0 
-6 16 1L.0 


In the case of curves 1 and 3, while one may calculate from these 
quantities (and the definition, B. S. speed=10/i) that the straight 


3 




















6-65 3 
4 








7 V4 


0.0 10 2.0 
Loc. E.cM.s. 


Fic. 1.—Characteristic curves, 12-minute development, for emulsion 6-65 
(1) Control; (3) sensitized with colloidal silver iodide; (4) sensitized with colloidal silver 




















line portions of the curves must cross at log H=0.25, D=0.58, it is 
impossible to predict that they will practically coincide throughout 
the underexposure region. There is no theoretical reason why the 
speed and gamma derived from curve 3 might not be combined with 
a much larger value of c, with correspondingly decreased densities in 
most of the underexposure region. 

We have not made complete determinations of the underexposure 
characteristics. The characteristic curves, made with a sector whee! 
of the conventional H and D form, did not regularly include enough 
points in this region. Enough are given to illustrate the types of 
change in the underexposure region produced by colloid sensitization. 
In interpreting the value of ¢ and wu, it should be remembered that, 
while u corresponds exactly to y in the equation for the straight line 
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portion, it is c/u (or E,), rather than c, which corresponds to log 7. 
Those values of ¢ and wu which are given correspond to the longest 
time of development. 


Ill. SENSITIZATION BY COLLOIDAL SILVER IODIDE 


The data on this subject have been divided into four sections. 
Table 2 gives the results with normal emulsions (excess bromide), 
and Table 3 those with the acid emulsions, with excess silver. Both 
of these represent immediate tests, without digestion. As most of 
the emulsions with silver iodide were made before we decided to 
make use of physical development, some of those which appear for 
the second time in Table 5, on comparison of the effects with chemical 
and physical development, had changed considerably by storage 
ripening since the tests recorded in Table 2. Since silver iodide alone 
is not capable of acting as a development center, it may be left in 
the emulsion without causing fog. A number of such cases are given 
in Table 4. The iodide was added before digestion, but after the 
washing was complete, both centrifugal and normal washing having 
been used. The quantities of silver iodide are in all cases expressed 
as molar per cent of the total silver halide in the emulsion. The 
second column of Tables 2, 3, 4, and 5 gives the amount of iodide in 
the original mix of the emulsion, and, therefore, present before addi- 
tion of the colloid; the amount of colloidal silver iodide is expressed 


‘AgI added.” 


TaBLE 2.—Normal emulsions, excess bromide; sensitized with colloidal silver iodide 





per |reauof 
Type of colloid Stand- clu 
ards 6|12}3|}6 12] | 
speed | 


5610. 30/0. 45 0. 50:0. 12/0, 22/0. 28,0. 04'0. 86 


3 per cent excess KI; undialyzed . 0) 27| . 63) . 80) .90) .31) . 36) . 4 -42 
5\43 per cent excess AgNOs; undialyzed_- ' 26] . 64] .72) . 78) .21' . 30) . 34) 
None. AgsSO4 greater than excess | 
AgNO; in colloid 


Mol | Bu- Fog | | 
| 

















Excess AgNOs3; dialyzed 


| Equivalent; undialyzed 





3 per cent excess KI; undialyzed 

\43 per cent excess AgN O3; undialyzed_ - 

AgeS O4 equivalent to 4 times the excess 
AgNO; in colloid 








|}3 per cent excess AgNO3; undialyzed _- i 16/1. 25/1. 50/1. 65) . 


i per cent excess KI; undialyzed . . 05/1. 27|1. 52! . 18 
Colloidal AgI in the final suspension. - 6 7\1. 50/1. 70)2. 13) . 


| | | 
Equivalent; undialyzed : | i canes, Hi 


| 
. 35 2.10) . 1 








5 per cent excess AgN O3; dialyzed. Ex- | 
posed to diffuse daylight a 11. 20/1. 82:2. 55} .17 

5 per cent excess AgNO;3; dialyzed. | 
Handled entirely under safe light__ ~f 











1 All batches of 8-96 digested 30 minutes at 45° before coating. 
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TABLE 3.—Acid emulsions, excess silver; sensitized with colloidal silver iodide 





Type of colloid 


Mol 
per 
cent 
Agl 


added 





Bu- 
reau of 
Stand- 

ards 
speed 








Ma 


1.0 i per cent excess AgNOs3; undialyzed-- 


2 per cent excess KI; undialyzed 


3 per cent excess KI; undialyzed- 
3 per cent excess AgN O3; undialyzed-- 


1.0 f per cent excess AgN 03; undialyzed_- 


4 
| 


2 per cent excess KI; undialyzed 


3 per cent excess KI; undialyzed 
3 per cent excess AgNO;; undialyzed_- 














‘37/2. 


. 57/1. 
10 
15 


95/1. 20)1. 35) . 06 


. 63 0. 75| .06 
sar oxy . 08 
'3. 07)... ‘ 








2. 20 2. 85 : 
2. 303.05) .10 


Ltt 





1. 98|.....|0. 30/0. 
7/1. 86|....| 22) .78)-..- 
2. 35|----| .28 : 


| | 
- 11/0. 22) . 05) . 68 
- 11) 24) .09) .5 
- 18) .37) .05) . 46 


114) 5 20! | 03) °: 


| 
i 





TABLE 4,—Colloidal silver iodide in final suspension of normal emulsion 





Emul- 
sion 
No. 


1 The silver iodide in : this case was added 


Origi- 
nal 


Agl | 
in | 
mol | 


eo ¢ 


So 


So 


|Added 


t. | 
ce 
f 
\ 
f 
i\ 
f 
| 
if 
i 


Agl 
in mol 


After ripening 


6-minute | 


M-Q 
development 














after digestion was complete. 


Physical 





° Ba ° 
. 95) 





5} . 68) . Of 


. 30} . 
. 98) . 
\1. 07) . 





development 


0. 68)0. 18 
. 35 


45 
72) 1 
. 63) . 
80 


Development 


after 
fixation 














~ ~* re - f&& 


“a 
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TabsLE 5.—Comparison of partial conversion to Agl, by bathing in soluble iodide,' 
with addition of colloidal AglI 





6-minute 
M-Q 
development 


Development 
after 
fixation 


Physical 
development 
After 


ripening Other treatment 





cs) 
S no 
So 
m | | me 








| 
, hi , et. | 
§-110-1 . 0} 7 months F . 30:0. 0. 61/0. 22) 


} storage. | 
1 | : 5 d Bathed in KI solu- . 25] . .27| . 23 





tion and washed. 
4 by lt Washed . 30). .61) .35 





8-109-1 - O}.- do . 30). 60) . 21 
1 0}. Bathed in KI solu- , ; } 21). . een 

tion and washed. | 
4 | Ae. yashed 61) . 3) . 55) .: 2 ees 
| 
$-125-4 | .0|N . 15} |. 78). . 23) . 52 
1 | .49 








; 0 5. 6 11.04). if 
$12-1 |} og . . 20) . | 62. . 30) . 44 


2) we 0|...d 3/1. 45) . 9} . 60) . .37| .47 





6- 64-1 . OL 5} . 84) . . 48). ‘ . 42 

, ‘ ie 34/1. 00) . 45) . 38) 20) . 46 

Cramer . ed 79}2. 4 , . 08} 3} 1. . 08 

Contrast}. .e<= : Bathed in KI solu- 2)3. 05) . ¢@ : YY .12 
tion and washed. | | 





























few: minutes in N/400 KI, followed by 15 minutes washing in running water. The volume of KI 
solution was such that complete reaction would have converted about 10 per cent of the AgBr to AglI. 





Silver iodide may readily be prepared in the colloidal state by reac- 
tion of dilute solutions of silver nitrate and potassium iodide. The 
charge on the particles is negative if an excess of iodide is used, positive 
if the silver is in excess.* We found it advisable to stabilize all our 
colloids with gelatin to avoid risk of coagulation on mixing with the 
emulsion. The silver iodide with excess iodide was made up at 
approximate neutrality, and that with excess silver at a pH less than 
4.7, generally at 3.8, to reduce reaction of the excess silver with the 
gelatin. N/100 solutions, with 1 per cent gelatin, were rapidly mixed 

t about 30°. The excess Agt or I~ in undialyzed sols never 
exceeded 3 per cent. In the absence of protective colloid, the sols 
with excess iodide are the more stable, corresponding to stronger 
adsorption of the iodide ion. We found that excess silver was liable 
to be completely removed by prolonged dialysis of the protected sols, 
reversing the charge on the silver iodide. Most of the sols were, 
accordingly, used without dialysis. In the case of the emulsions 
listed in Table 2, the soluble silver salt introduced along with those 
silver iodide sols containing excess silver nitrate, was never equiva- 
lent to the soluble bromide present in the emulsion at this point. All 
batches of emulsion listed in this table were coated with excess bro- 
mide, with the possible exceptions of 6-64-4 and 8-121-4. Silver 


* Lottermoser. J. pract. Chem. [2], 75, p. 293; 1907. 
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sulphate only was added to these, and it is evident that its effect was 
quite different from that of colloidal silver iodide. 

The characteristic effect of the colloidal silver iodide was ay 
increase in contrast. Under practical conditions, with digestion of 
the emulsion after washing, the addition of silver iodide at any point 
after the original mix of the emulsion produces desensitization” 
However, we found by testing the emulsions both with and without 
after-ripening, that this is explained by the marked tendency of the 
silver iodide to prevent after-ripening. The immediate effect was to 
increase the density over most or all of the straight-line portion of 
the characteristic curve, as compared to the control; the under- 
exposure region was slightly depressed, as a rule. When the iodide 
was added before the final centrifuging, the speed number was 
increased and decreased in an equal number of cases; if it was added 
to the final suspension (with either type of washing), there was an 
invariable decrease. Either on digestion or storage, the control 
batches reached higher sensitivities (by normal development), but 
the difference in gamma never disappeared. 

Figure 1 shows the characteristic curves of three batches of 6-65: 
Control, silver iodide sensitized, and silver sensitized. These illustrate 
the typical effects of the iodide in increasing density only for the 
larger values of EZ, and of the metallic colloids, which were most 
effective at the “toe” of the curve. 

All combinations of charge on the silver iodide particles and emu!- 
sion grains were tried out, without disclosing the expected improve- 
ment by opposite charges. In both types of emulsion the advantage 
was possibly with the colloid with the same charge as the grains, 
although the difference was not large enough to be determined with 
certainty. It is evident that the strong adsorption of silver iodide to 
silver bromide is specific and is not of the nature of a mutual coagu- 
lation of oppositely charged colloids. 

The colloidal silver iodide was never exposed to full daylight. This 
might have affected it, but there was no difference evident between 
the results with preparations which had been handled only by 2 
safe light, and those which were exposed to the artificial light or weak 
diffuse daylight of the laboratory. (8-96, Table 2.) 

The most striking effect produced by the colloidal silver iodide 
was the apparent sensitization when the plates were physically 
developed (Tables 4 and 5). This was accompanied by an increase 
in fog, which was greater when the excess colloid was not removed by 
the centrifuge, the average increase being 215 per cent (Table 4) 
against 87 per cent (Table 5, excluding the bathed plates). The 
changes in sensitivity and fog both disappeared on development after 
fixation, within the large limits of error inherent in this method. 


% Renwick, Sease, and Baldsiefen, Photo. J., 66, p. 163; 1926; also private communication. 
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With this evidence, it is possible to account for the results, and we 
believe that a similar method of attack will be useful in the study of 
the function of iodide introduced into the emulsion in the original 
mix. 

The acceleration of development by bathing in solutions of soluble 
iodide, with partial conversion of the silver bromide to silver iodide, 
has been known for a long time. The results are discussed at length 
by Liippo-Cramer.* His hypothesis of nucleus exposure (“Keim- 
hlosslegung’’) is the best known explanation of the phenomena con- 
nected with iodide bathing. It may be stated briefly as follows: 

Only the nuclei on the surface of the grains are effective in pro- 
aoting physical development. Those in the interior are relatively 
ineflective for chemical development, and totally so with the physical 
developers which do not reduce the grains but supply the silver of the 
developed image entirely from the solution. Conversion of silver 
bromide to iodide involves considerable change in volume and crystal 
structure, and, therefore, disintegrates the silver bromide grains, 
exposing the nuclei in the interior and making them available as 
development centers. This theory is apparently well substantiated 
where extensive conversion to iodide takes place, but Sheppard, 
Wightman, and Trivelli ” have pointed out that the marked selective 
effects, which are found when very dilute solutions are used, are 
better explained by increased adsorption of the developer to the 
iodide. In our experiments, silver iodide was introduced into the 
emulsion after practically complete removal of soluble bromide, or 
other silver halide solvents. No ‘replacement of bromine by iodine 
in the crystal lattice could take place, only adsorption of the silver 
iodide to the bromide, and the hypothesis of nucleus exposure is 
therefore inapplicable. The effects of the colloidal silver iodide may 
be attributed entirely to the acceleration of development. Speed in- 
creases even more than contrast, with increasing physical develop- 
ment, so that not only the increased contrast with chemical develop- 
ment, but the increased speed with physical, are accounted for in this 
way. The increased fog on physical development is logically ex- 
plained by adsorption of silver nitrate (or a silver nitrate-meto! com- 
plex)! All the silver nitrate in the developer is ultimately reduced, 
ad that adsorbed to the silver iodide in the emulsion produces fog 
instead of merely a suspension of silver in the developing solution. 
og and silver iodide present increase together in the order—develop- 
ment after fixation, development before fixation of emulsions with 
the unadsorbed silver" iodide eliminated, development before fixation 
of emulsions with all the silver iodide present. 





* Liippo-Cramer, Grundlagen der Photographische Negativverfahren, pp. 526-560. 
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On the orientation theory of sensitivity nuclei, it might be possible 
for the adsorption of silver iodide to increase the primary photolysis 
of silver bromide; in other words, to increase the amount of latent 
image rather than its developability, but we have obtained no evidence 
to this effect. 

It is not wise to attempt to draw analogies, from the results obtained 
either by bathing or by addition of colloidal silver iodide, to the use 
of iodide in the original mix of the emulsion. In the latter case the 
final product must be largely mixed crystals; while it has been 
suggested * that adsorption of the developer by iodide may account 
for the results obtained, there is evidence for a change in the primary 
sensitivity caused by distortion of the silver bromide crystal lattice 
on formation of mixed crystals with iodide.” Wiisey ® has actually 
found, by X-ray measurements, the predicted change in the space 
lattice of (fused) silver bromiodide mixed crystals, and Huse and 
Meulendyke* find an analogous change in the spectral absorption 
of the fused salts and in the spectral sensitivity of emulsions of 
corresponding iodide content. 


IV. SENSITIZATION BY COLLOIDAL SILVER 


Metallic silver is one of the probable materials of the sensitivity 
nuclei, as already mentioned. It is of further interest because it 


can not be considered as a bromine acceptor. There is no evidence 
that the photolysis of silver bromide and the bromination of silver 
reach any equilibrium in light, so that the first process could not be 
accelerated by the second even in the earliest stages. Bromination 
after exposure but before development, by local differences of bromine 
pressure in the grain, would be expected to reduce rather than increase 
developability, since the bromine would tend to migrate from the 
interior of the grain to the vital development centers on the surface. 

We were able to secure a very definite sensitization by colloidal 
silver of the acid emulsions with excess soluble silver salts. (Table 
6.) The adsorption of the negatively charged metallic colloids on the 
negatively charged grains of the normal emulsions was apparently 
too poor for definite results. Gelatin-protected sols gave by far the 
best sensitization. It was apparently a question of protection rather 
than particle size, since dextrin-protected sols, which were practically 
ineffective, were converted by the addition of acidified gelatin into 
the equivalent of the sols reduced by hydrazine in the presence o! 
gelatin, both in appearance and sensitizing action. The dextrin sols 
were prepared by the Carey Lea method, with a decreased amount o! 
sodium hydroxide, as suggested by Wiegel.*? They were purified by 


— 





% Sheppard, Phot. J., 62, p. 88; 1922. 

” Trivelli, Rec. des Trav. Chem. [4], 3, p. 714; 1923. 
80 Wilsey, J. Frank. Inst., 200, p. 739; 1925. 

$i Huse and Meulendyke, Phot. J., 66, p. 306; 1926. 
82 Wiegel, Zeit. wiss Phot., 24, p. 316; 1927. 
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alcohol precipitation. No difference was apparent between those 
precipitated once and twice. A number of these sols were treated 
with hydrochloric acid or sodium chloride, with the idea that, if the 
adsorbed OH™~ ions on the particles were replaced by Cl1-, the 
adsorption might be improved. There is no evidence that this was 
of any value. Commercial ‘argyrol,’’ presumably reduced and pro- 
tected by hydrolyzed albumen, produced only intense fog without 
sensitization. 

The data in Table 6 are all without after-ripening. The retests in 
Table 7 were made after two months storage, using both chemical 
and physical development. The colloid for some reason retarded 
the reduction of soluble silver salt in the emulsion, since on chemical 
development the batch with colloid fogged less than the control. 
The much greater fog on physical development is probably ex- 
plained by the presence of silver particles large enough to initiate 
deposition of silver, but not firmly enough adsorbed to accelerate 
reduction of the silver bromide grains. 

There is no evidence in this case of a development effect. The 
change in sensitivity is primarily a decrease in inertia, with practically 
constant gamma. The indication is an actual increase in latent 
image, although it is impossible to decide whether there is a real 
increase in the photochemical process or only an orientation around 
silver nuclei. 


TABLE 6.—Sensitization with colloidal silver; acid emulsions with excess silver 


| { 
| 
| 


| | | | Fog 

Emul- Mg Ag! | | Fog 
| 
La 


sion Preparation of colloid per |S aa Vamaes eee, Ce 
No. jg AgBr lie | 12 | 


3 | 6 12 
|-— 
| 


0.0 y 10. 32 630.750 050.680. of. 11/0. 22 
| Reduced by N2H, from ammoniacal AgCl, in | 
presence of gelatin -6] 3 . 63/1. 18 1. 35] . 07 LL. 10) 19) . S61. 61 
5 | Dextrin; aleohol precipitated and dialyzed 
after adding NaCl P 27 +| .30) .68) .85) .05) .68) . 14) . 21] . 44 

. 55 
2 | Dextrin; twice precipitated by alcohol; added | 
to final suspension - . 55)1. 60)2. - . 24] . 15] . .73 





. O} ‘ a . 20 
Dextrin, once precipitated by alcohol .6 . 80)1. . 07) . . 08} . 13) . 16 
| Dextrin, twice precipitated by alcohol ‘ a , s . 02} . 23] . 07] . . 16 
Reduced by N2Hy in presence of gelatin 6 . 55/1. - 06) . 38} . 07) . vee 


2 | Dextrin; once precipitated by alcohol 
3 | Dextrin; twice precipitated by alcohol 





2] Reduced by N2Hy from ammoniacal AgC] in 

presence of gelatin ‘ 

As in (2), dialyzed 

Dextrin; once precipitated by alcohol; plus 
gelatin and HCI to pH 4.- 

Dextrin; once precipitated by alcohol; dia- 
lyzed after adding 10-5 g equivalent HCI___- al -6 f . 42)1. 83) ...]. 

Dextrin; once precipitated by alcohol; dia- | | 
lyzed after adding 10-¢ g equivalent HCl 6 n we ae at , 
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TABLE 7 





a, 


Six minutes metol-hy- 

droquinone develop- | Physical development 
j ment 
Emulsion No. 





Speed Fog | Speed 





100 . 0 0. 78 10 
33 y 14 4 


47 . OF -4l 9.7 
52 2. 0£ wae 10 

















V. SENSITIZATION BY SILVER SULPHIDE 


We were unable to produce definite sensitization by colloidal 
silver sulphide in either type of emulsion. As the silver sulphide 
caused a considerable increase in fog, it is possible that the particles 
of the sol were too large. Our sols were prepared by two methods; 
first, by mixing 0.01 N solutions of silver nitrate and sodium sulphide, 
with 1 per cent gelatin in one or both solutions, and second, by the 
decomposition of silver thiosulphate in the presence of gelatin. 

As we wished to compare the results of chemical and physical 
development on- emulsions with silver sulphide nuclei, a number 
were sensitized with allyl thiocarbamide, 2 to 12 10° g/g of silver 
bromide. It is evident from the typical cases quoted in Table § 
that the percentage increase in sensitivity is nearly the same by both 
methods of development. The similarity is so great that a develop 
ment effect becomes highly improbable. The thiocarbamide sen- 
sitization must increase the latent image formed. 





TABLE 8.—Comparison of chemical and physical development of emulsions sen 
sitized with allyl thiocarbamide 





Six-minute develop- 
ment with metol- 
hydro-quinone 





Speed Fog | Speed 





Control_.....--- 30 . i 0. 03 
Sensitized 210 y . 08 


ER My soe s SP ae Oe eee 95 t 17 
Sensitized Y J 380 3 . 30 


- 02 
16 
1, 3: 02 
1, . 10 


























Metallic gold was found to be, under proper conditions, the most 
effective of the colloidal sensitizers. The optimum conditions for its 
use are so restricted that erratic results were obtained for a consider 
able time. They may be summarized as follows: 


a 





coll 


diti 
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The gold sol should be blue to purple in color (absorption maximum 
about 560 to 570 my); free from unreduced auric chloride; free from 
particles coarse enough to give a cloudy appearance; protected by 
gelatin. 

The emulsion should contain excess silver in a concentration of the 

order of 2X 10° N at the time the gold sol is added, and the pH at 
this time should be less than 3 (preferably not less than 2); the excess 
cold and soluble silver should be removed by centrifuging. 
Some sensitization of normal emulsions, with excess bromide, is 
probable, but we were unable regularly to secure effects larger than 
the experimental error by adding the colloidal gold to the fully 
ripened and washed emulsion as already described with the other 
colloids. A number of experiments were also made under other con- 
ditions which appeared to have possibility of greater effectiveness. 
The work of Jenisch * on addition of the gold to the bromide solution 
used in making the emulsion, was repeated with completely negative 
results, although we tried both neutral and ammoniacal emulsions with 
varying degrees of ripening and with three different gold sols. When 
the gold was added after the mixing was complete, but before wasbing, 
it usually caused fog, but the sensitization was within the limits of 
error. As the presence of the gold under these conditions may alter 
variables, such as the ripening process, these experiments were dis- 
continued when they did not show promise of practical results. 

The necessity of a low pH was entirely unexpected. It is probably 
connected with the increase in sensitivity of emulsions’ with excess 
silver as the pH of their first resuspension is decreased, an equally 
unexplained effect, to be treated in a later publication. The data in 
Table 9 permit direct comparison of sensitization of the same emul- 
sions by the same gold sols at different hydrogen ion concentrations, 
supported by results with comparable emulsions. The increase in 
sensitivity at pH 2.2 to 2.5 was 60 to 200 per cent, as compared to 10 
per cent or less at pH 4.5 to 5.2. The figures for the underexposure 
region show that the sensitizing effect of the gold was strongest there; 
as there was usually a decrease in gamma, it tended to disappear with 
increasing exposure. 

On any of the theories of sensitivity, there should be a minimum 
elective size for the sensitivity nucleus, and, assuming it to be either 
a portion of the subsequent development center or a bromine absorb- 
ent, the sensitization would, within limits, increase with the size. We 
made no direct determinations of particle size in the gold sols, but, at 
least in the case of sols prepared by the same general method, it seems 
safe to assume that the particle size increases as the spectral absorb- 
tion shifts to the longer wave lengths. We found that a series of sols 
tanging in color from red through purple to blue may be prepared by 


"See footnote 14, p. 568. 
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reduction of auric chloride with hydrazine in the presence of gelatin, 
varying only the hydrogen ion concentration at the time of reduction, 
Our results were similar to the much more comprehensive work su). 
sequently published by Beaver and Muller.** As will be eviden: 
from inspection of Table 10, the effectiveness of the gold sols increas 
from almost nothing with the red sols to a maximum with the blue. 
The regular change in the underexposure regions of 8-113 and 8-11; 
should be noted. It is peculiar that the neutral emulsions, 6-56 for 
example, were fogged by the gold more than were the ammonjaca] 
type. The pH given in the “description of colloid,’ Table 10, is that 
at which reduction of the gold took place; the pH of the differen; 
batches of emulsion was independent of this, and was approximately 
3.0. 

All our sols were made up quantitatively with equivalent amounts 
of standard solutions of auric chloride and hydrazine sulphate, and 
were generally dialyzed for several days in collodion sacks against dis- 
tilled water. Undialyzed sols with incomplete reduction (see 8- 150-4, 
Table 11) were generally desensitizing, because of the auric chloride, 


However, the presence of the gelatin interfered with analysis for pos- 


sible hydrazine in the sols. Accordingly, hydrazine sulphate was 
added to the emulsions under the same conditions used for the gold, 
and was mixed with gold sols on the possibility that the combination 
might be more effective than either one alone. Large quantities 
(0.001 mol per mol Ag Br) caused intense fog in the emulsions with 
excess silver. Smaller amounts, of the order used in preparation o! 
the gold sols, were quite inert, as will be evident from Table 11. 

As gold is attacked by the halogens, it might be considered an 
acceptor for bromine from the photolysis of silver bromide, provided 
that gold halides are inert to the latent image. Auric chloride solu- 
tion was found to be destructive to the latent image in high dilu- 
tions, as is evident from Table 12. It is even more destructive to 
sensitivity. There remained the possibility that halogenation may 
go through the aurous state. Aurous chloride is decomposed by 
water to gold and auric chloride, and the bromide is less stable. 
This is, in itself, probably a sufficient argument. However, it 1s 
possible to prepare moderately stable solutions of aurous gold * by 
reduction of auric chloride with sulphite in the presence of soluble 
chloride. These solutions are almost as destructive to the latent 
image as those of auric chloride. Because of their unstable nature 
it was difficult to reproduce results. They occasionally producet 
heavy fog, accompanied by more than the usual destruction of the 
latent image, and it was difficult to correlate this with their stability. 
An illustr ation of this 0 occurs in the last | section n of Table 12. Thes 





% Beaver and Muller, J. Am, Chem. "Soe. , 50, p. 304; 1928. 
35 Lenher and Diemer, J. Am. Chem. Soc., 35, pp. 546, 552, 733; 1913. 
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lutions evidently represent an equilibrium mixture. When sulphite 
sificient to reduce the auric chloride to the aurous state is used in 
the presence of small amounts of soluble chlorides, the yellow color 
of the solution is not completely discharged, nor is the use of excess 
suphite sufficient to do this, but it gradually fades out as the con- 
centration of chloride is increased. It will be noted in the last sec- 
tion of Table .12 that as the miolar ratio of NaCl to AuCl is raised 
fom 1 to 100, the reduction in density is less, while the addition of 
more sulphite has no such effect. In fact, it increases the action on 
ihe latent image, corresponding possibly to the maximum increase 
in the electrode potential of gold found by Diemer at the concentra- 
tion of sulphite corresponding to reduction to AuCl. The evidence 
is that the actual concentration of aurous ion in these solutions is 
infinitesimal, as a result of complex formation, and, altogether, that 
there is no possibility that the bromination of gold either to the 
aurous or the auric state could assist in the photolysis of silver 
bromide. We discovered a minor point which is not mentioned by 
Lenher and Diemer. The aurous solutions are much more stable if 
neutralized (pH 6 to 7) than if left at the naturally acid reaction of 
auric chloride solutions. The decomposition in the presence of low 
concentration of chloride becomes a matter of hours instead of 
minutes. 

Using physical development, the colloidal gold has a marked tend- 
ency to cause fog. (Table 9.) Probably because of this there is 
more often a decrease than an increase in the sensitivity measured 
this way. With chemical development the unadsorbed gold may be 
left in the emulsion without causing fog. This is illustrated in Table 
f 13. It is evident that the heavy fog of the gold-sensitized neutral 
emulsions is not due to unadsorbed excess colloid. 

The sensitizing action of collodial gold can not be ascribed to its 
absorption of bromine or to its ability to act as a development center 
independent of connection with a silver bromide grain or to its ability 
to accelerate development. It is uncertain whether a silver-silver 
bromide-gold photoconductivity cell could be set up or whether its 
action would increase developability. The theory of an oriented 
photolysis caused by the adsorption of the gold to the surface of the 
silver bromide seems to fit the case better than any of the others. 
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TABLE 9.—Effect of emulsion pH when colloidal gold was added, on the sensitiz. Ta 
tion produced by the gold 
| a - 
H Chemical develop- | ai 
on ment, 6 minutes | den aysical 
oa addi- metol-hydroquinone | “°*°0Pment : 
No. tion | . 
Speed] y lrog u |\Speed! y Fo d 
8-136-1 | Control 0. sa 2. 6.0. 73.0.2 
2 | Gold added to first resuspension 2.7) 72) «1 ai 
Control. 57). | 1 
Control 5. 
Gold added to first resuspension 5. $1 
Control 2. 
2. 
2. . 00) . 
2. 0 $1 
2. 2. 55 
2. 08)5. 0 
Control 4, ‘ ; .48 
Gold added to first resuspension 4. | 05) . 05} . 49 §-1 
Control 5. . 05) . . 52 
Gold added to first resuspension 5. | . 06) . 02) . 68) 7 
pce | a $1 
TABLE 10.—Comparison of sensitization by gold sols varying dispersion 
| | $1 
Emul- | fie 
sion Description of colloid 
No. | 
| 
Control__- .0 
4} Ree by NoHy in presence of gelatin. T 
2 
2 
- few -0 - 
2 | Reduced by NeHg, in presence of 0.1 per 
cent gelatin; pH 3.5. Orange____._- P 2 
3 | Reduced by NoHs, in — of 0.1 “per 
cent gelatin; pH 8.2. 2 
| Reduced by NoH, in Baan cn of 0.05 per 
cent gelatin; pH 8.5. 3 , 
| Reduced by N2Hsg in resepice of 0.025 per 
cent gelatin; pH 8.5. Blue 2 
5-1 | Control -0 
2 | Reduced by NoH, in presence of 0.1 per 
| cent gelatin; pH 3.5. Orange. -2 
Reduced by N2H, in presence ‘of 0.1 ‘per 
cent gelatin; pH 8.2. Purple ja E 
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Tape 11.—Test for sensitization by hydrazine; comparison of dialyzed and 
undialyzed gold sols 
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TaBLe 12,—Effect of gold chlorides on latent image. Strips exposed in the sensi- 
tometer were bathed in gold chloride solutions, 0.100 g. Au per liter, washed 
thoroughly and developed without drying. All results average of two strips 





Solution Total density at successive exposures— 





0. 93 | :. 

. 78 | 

f Water . . . 

\AuCl. YaCl, ; F ; 74 | 

: jWater ‘ , ‘ - 95 

Eastman “36”_|{;AuCl. 25 NaCl, pH 7 oad ft. . 5 . 83 | 
\AuCh, +K2COs to pH 7 120} 128} 243] :61 | 


00 | 


. 10 NaCl, pH 6 
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oR a 7 Sen 

Nas8 03 to reduce to AuCl 
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TABLE 13.—Colloidal gold added lo final suspension of emulsions; blue sols, reduced 
by hydrazine and gelatin protected 





| 


Emul- | Mg Au 
sion | perg Speed 
No. 


601 | 
| 





AgBr 





0.0 | Control 40 
a Gold added to first resuspension 135 
.02 | Gold added to final suspension 
.0 | Control 13 
a Gold added to first resuspension 20 

5 .06 | Gold added to final suspension 14 
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VII. SUMMARY 


1. Photographic emulsions, after ripening and washing, were treated 
with gelatin-protected sols of silver iodide, silver sulphide, metallic 
silver and metallic gold, under such conditions that the control and 
treated portions might be expected to differ only in the presence of 
particles of the colloid adsorbed to the silver halide grains of the 
latter, with the object of thus introducing sensitivity nuclei. Results 
were improved by the use of deactivated gelatin, to reduce nucleation 
prior to the addition of the colloid. 

2. Gelatin emulsions with excess silver salts may be developed 
normally, if the excess silver is reduced to a concentration of the 
order of the excess bromide in a normal washed emulsion, and if the 
hydrogen ion concentration is maintained at a sufficiently high value 
after the introduction of the excess silver. The grains of these emul- 
sions carry a positive charge, and they are particularly adapted to 
sensitization by the negatively charged metallic colloids. 

3. The effects produced by the silver iodide, and by the two metallic 
colloids, differ in type and in probable cause. The results with col- 
loidal silver sulphide were negative. All the colloids retarded after- 
ripening to such an extent that the practical effect, when the emulsion 
was digested after washing, was desensitization. 

4. Colloidal silver iodide produced a marked increase in contrast with 
chemical development of the emulsion; the immediate effect, without 
after-ripening, was an increase in density for the longer exposures. Using 
physical development, there was agreat increase inspeed. Both these 
effects may be explained by acceleration of development, and this 1s 
most probably to be attributed to increased adsorption of the devel- 
oper, since the conditions exclude the possibility of nucleus exposure. 

5. Colloidal gold and silver increased the speed of emulsions with 
excess silver. The effect was most pronounced in the underexposur 
region, and bears no resemblance to an acceleration of developmeni. 
The evidence is that these materials can not increase the photo- 
chemical sensitivity of the emulsions by reacting with bromine 
liberated in the photolysis of silver bromide. The results are readily 
explained in terms of orientation of the photolysis at the sensitivity 
nucleus formed by the colloidal particle. 


WasuHineoTon, May 29, 1928. 
m* 
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AN EXPERIMENTAL STUDY OF THE CORONA 
VOLTMETER 


By H. B. Brooks and F. M. Defandorf 


ABSTRACT 


Whitehead’s corona voltmeter (rating 140 kv effective voltage) was modified 
in order to improve control of pressure, temperature, and humidity. A new and 
highly accurate method of determining the 60-cycle crest voltage was used in 
studying this device, within a pressure range of three atmospheres and a tem- 
perature range of 15° to 45° C. Twelve corona rods of diameters from 0.12 to 
1.1 em were used in this investigation. One outer cylinder of 25 cm diameter 
was used. 

Increase in humidity was found to lower the corona voltage for a dusty or 
otherwise soiled rod, although it generally caused an increase for carefully 
cleaned rods. 

Maintenance and duplication of a given condition of the surface of the corona 
rod appear to be the factors that limit the repeatability in the present type of 
instrument. Further investigations of the effect of surface conditions would be 
of interest. 

Our experimental results have led us to propose the following modified law of 
corona formation in dry air between concentric cylinders: 


g= Ab+ Byé/r—C/r (6) 
for which our experiments gave 
A=27.95 B=11.18 C=0.365 


A nomogram has been devised with which the crest voltage for a given set of 
rods, pressure, and temperature may be rapidly determined without any calcu- 
lation. This particular nomogram has been laid out on the basis of dry air. 

The appendix contains a discussion of the relative effects of observational 
errors in the measurement of air pressure, air temperature, and the radii of the 
rod and the cylinder. 
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I. INTRODUCTION 


1. HISTORICAL DEVELOPMENT 


H. J. Ryan (1)! originally proposed the use of corona as a crest- 
voltage indicator. Later, J. B. Whitehead (2,3), after a careful 
study of the electric strength of air, suggested the initial formation 
of corona on clean, round wires as a means for the accurate deter- 
mination of crest voltage. He and his coworkers (3) subsequently 
devised and studied instruments making use of this phenomenon 
and called them corona voltmeters. 

Such an instrument consists of two concentric cylinders—one, an 
inner wire or rod, and the other, an outer inélosing cylinder usually 
grounded. The inner rod, which is insulated, is connected to the 
conductor whose crest voltage with respect to ground it is desired 
to determine. The cylinder and the rod are contained in a metallic 
inclosure so designed that the pressure and temperature of the 
inclosed air may be controlled. The initial formation of corona may 
be detected by the sound, or light, or ionization that accompany it. 

Many investigations of the phenomena of corona have been made, 
and an empirical law called the ‘“‘Law of corona” has been developed 
by Whitehead, F. W. Peek (4), and others, which gives the electric 
gradient at which the initial formation of corona occurs as a function 
of pressure, temperature, and radii of the cylinders. The law, as it 
has been developed, may be written 


g-A5+ Bya/r | (1) 





1 The figures given in parentheses here and throughout the text relate to the reference numbers givel st 


the end of this paper. 
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wherein g is the gradient in volts per centimeter calculated on the 
basis of potential theory to exist at the surface of the rod in the 
absence of space charge and contact potential, at which corona 
begins to form at the surface of the inner cylinder or rod. In the 
case of concentric cylinders 


a 
I~ loge(R/r) 


(2) 


inwhich V, is the crest voltage between the outer cylinder and the 
rod at which corona begins to form and r and R are the radii in 
centimeters of the rod and outer cylinder, respectively. 6 is called 
the density factor by Peek. It is defined by 


5_3:921P _ 3.921P 3) 
T 273.1+¢t , 
in which P is the absolute pressure in centimeters of mercury reduced 
to 0° C., and 7’ is the absolute temperature in degrees centigrade. 
Sis unity for standard conditions of P =76 cm of mercury at 0° C., 
and t =25° C. 

The law of corona as given by equation (1) is the result of the work 
of Whitehead and of Peek. While agreeing as to the form of the 
relation these investigators have differed somewhat as to the numeri- 
cal values of the coefficients A and B. It seems probable that the 
discrepancies are the result of the necessarily approximate methods 
heretofore available for the measurement of high voltages. However, 
for a given apparatus the nature of the imperfection is that of a 
constant relative error of unknown magnitude, and hence it has not 
prevented the establishment of the facts concerning the definitely 
reproducible formation of corona and the determination of suitable 
experimental means for detecting it. 

At the time this investigation was planned the sphere and needle 
gaps were both used as standard methods of measurement of crest 
voltage in accordance with A. I. E. E. specifications. The work of 
Whitehead and his associates indicated that the corona voltmeter 
had the following advantages: (a) It repeats its indications excep- 
tionally well, (6) its power consumption is low and transient effects 
are correspondingly negligible, and (c) since the corona electrodes 
are ordinarily inclosed in a grounded cylinder, measurements are not 
affected by the proximity of surrounding objects. These arguments 
indicated that a higher accuracy of measurement might be expected 
with the corona voltmeter than with either the needle or sphere gap 
aid led to the work described in this paper. The instrument used 
vas the large corona voltmeter (rating 140 kv effective value) which 
Whitehead and Isshiki had calibrated with considerable care over 
the greater portion of its useful range. 





592 Bureau of Standards Journal of Research [Volt 


On summarizing earlier experimental work on alternating-current 
corona it was found that considerable data had been accumulated 
using air, other mixed gases, and pure gases within quite wide ranges 
of pressure and temperature, with various diameters of rods and outer 
cylinders, for both continuous and alternating voltage; and it was 
found that Whitehead alone (and in one of his earliest papers) presents 
quantitative studies of the effect of moisture in air on initial-corona 
alternating voltage and that his results as to the effect of water 
vapor were negative. Some other investigators took precautions to 
eliminate the moisture content of their gases by using various drying 
processes but showed no measurements of moisture content and its 
effect on the alternating voltage necessary to produce corona. Far. 
well (5) showed that moisture content affected continuous-voltage 
corona in air. The present investigation includes a quantitative 
study of the effect of humidity. 

The objects of the present investigation were to determine with 
greater accuracy the electric strength of air at the surface of round 
rods, to determine how this property of air depends on humidicy, 
and to facilitate the practical use of the corona voltmeter for crest- 
voltage measurements. An incidental object of the investigation has 
been to simplify the computation of the crest voltage at the terminals 
of the corona voltmeter, in order to facilitate its use as a practical 
instrument for crest-voltage measurements, and to evolve a graphical 
means for avoiding all computation, as would be highly desirable for 
industrial applications of the instrument. In this connection it was 
considered desirable to investigate the effects on the accuracy of 
measurements of small relative errors in the observed data. Results 
of these investigations appear in the appendix. 

While considerable theoretical interest attaches to the question of 
the corona-forming intensities of positive and negative continuous 
voltages, and the relation between them and the intensity for alter- 
nating voltages, the immediate engineering need for more accurate 
jnformation concerning the latter was felt to be much the greater, 
and the present investigation has, therefore, been limited to alternat- 
ing voltages of practically sine wave form and of 60 cycles frequency. 


2. CORONA FORMATION 


The ideal corona voltmeter would consist of two perfectly smoot, 
clean, concentric metallic cylinders between which the voltage is 
applied, separated by a layer of pure simple gas. The precision of 
such a corona voltmeter should depend only upon the repeatability 
of initial formation of corona and upon the adjustable pressure and 
temperature of the gas between the concentric cylinders. Since other 
variables supposedly are absent, we need only to define initial forme- 
tion of corona before studying the effect of changes in the two val'- 
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ables, pressure and temperature, on the corona voltage. The name 
corona suggests that the phenomenon is a visible one and implies 
that it should be detected visually. However, the light emitted 
upon the initial formation of corona by a layer near the surface of 
the rod is too faint to be detected except in a darkened space and 
with rested eyes. As the voltage between the cylinders is raised the 
light emitted and the depth of the emitting layer at the corona- 
forming surface may be seen in the dark to gradually increase as 
voltage is raised above the initial corona voltage. Simultaneously 
with the emission of light, ionization may be detected and a char- 
acteristic sound produced by the corona may be heard. As White- 
head has shown, either of these latter methods of detection of initial 
formation of corona seems more readily adaptable for ordinary lab- 
oratory use than the visual method. Furthermore, Whitehead and 
others have shown that the aural, visual, and ionization methods of 
detection agree closely. It was customary in the work here described 
to depend upon the aural method for recorded observations and to 
check the stmultaneity of detection, using the ionization method for 
each run. For any one of the three methods of detection a sudden 
definite increase in signal intensity from a practically zero value is 
taken as the indication of initial formation of corona. 

When a continuous voltage of moderate value is applied between 
a pair of electrodes surrounded by a gas at approximately atmos- 
pheric pressure and room temperature, the resulting current through 
the gas consists merely of a feeble convection of charge by the normal 
ionization which researches on atmospheric electricity have shown 
to exist at all times as a result of radioactive material in the earth 
and of cosmic radiation. This current is of the order of 10~% am- 
pere, and when the applied voltage is 200 to 500 volts it reaches a 
saturation value fixed by the source of ionization. For this condi- 
tion the space charges present in the space between the electrodes 
are quite negligible in their effect on the electric-field distribution. 

As the voltage is increased a condition is finally reached at which 
the velocity acquired by such of the negative ions as are electrons, 
during an unusually long free path, is occasionally sufficiently great 
to enable them to ionize the molecules which they strike at the end 
of their path. Such ionization by collision has been studied in detail 
by Thomson, Townsend, and others (6) and may result in a value of 
current many (perhaps 10*) times the original saturation current. 
A little consideration will show that this phenomenon may produce 
a measurable ‘‘dark current,’’ which may even be sufficient to dis- 
tort the electric field slightly by the resulting space charge. It will 
be noted, however, that the “progeny” of any given electron will 
necessarily originate at points of more positive potential than did 
their “parent.” Hence, if the ionizing agency were completely cut 
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off, all the ions would ultimately be swept out of the field and the 
current would cease. Also, the current flowing is necessarily stil] , 
continuous function of the applied voltage. An additional proces 
is necessary to produce the abrupt change in régime which is char. 
acteristic of the beginning of a self-sustaining discharge, such 4s 
corona discharge or spark over. 

Townsend makes the hypothesis (which we may call No. 1) that 
this additional process consists in the beginning of ionization by 
collisions between the positive ions and the neutral gas molecules: 
and such a process would, indeed, account for the observed phenom. 
ena. Other workers have questioned Townsend’s assumption, hov.- 
ever, and have suggested alternative hypotheses: No. 2, that the 
impact of the positive ions may eject electrons from the cathode; and 
No. 3, that radiation emitted during or after the ionizing collisions 
between electrons and molecules may exert a photoelectric effect on 
(a) the gas molecules or (0) the metal of the cathode. 

Hypotheses No. 1 and No. 3 (a) would indicate that the discharge 
should depend on the gas only and be independent of the electrode 
material, and this was long thought to be the case. However, later 
work on the time lag in spark discharge and on spark over at low 
pressures or with impulses of short duration, indicates that the con- 
dition of the electrode surface does influence the discharge to some 
extent. The present work also indicates a similar effect. It ther- 
fore appears that the processes called for by hypothesis No. 2 or No.3 
(6) may also be occurring. In the case of discharges between a 
positive point and a plane, or, as in the present work, between a rod 
and a concentric cylinder, it is found that the discharge occurs when 
the electric-field intensity at the plane (or cylinder) is still far below 
that required for a discharge between planes or spheres. It is difl- 
cult to explain this fact on the basis of hypothesis No. 2, but No. 3 (b) 
may still be applied. 

Whatever hypothesis may be correct, it will be seen that any of them 
renders it possible for the process initiated by a single casual ion to 
yield a distribution of ions in which some may be situated even more 
favorably than the original one for producing other ions by collisions. 
When this stage is reached an unstable condition exists. The den- 
sity of ions increases with great rapidity to relatively enormous 
values. When the electrodes have a radius of curvature large con- 
pared with their spacing—that is, the field is nearly uniform—this 
increase in density occurs throughout the space between them and a 
spark results. In this case the current flowing is limited almost 
entirely by the characteristics of the external circuit. On the other 
hand, in the case of points or of a slender wire concentric with A 
cylinder of relatively large radius, the great density of ionization 's 
produced only in the region of intense field close to the point or wire. 
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The electric carriers originating there may be sufficient to supply a 
current of a few milliamperes per meter of wire, and this current 
flows as a convection of charge across the annular volume between the 
corona glow and the outer cylinder. Some carriers recombine at a 
rate which increases with the ionic density, and these do not partici- 
pate in the measured current flow. In any event, however, a state 
of equilibrium is reached for which the space charge present for this 
equilibrium condition serves to materially increase the field intensity 
close to the rod and to correspondingly reduce it in the outer parts 
of the field, thus making the transition, when instability is reached, 
even more abrupt. 

As long as we assume that the ions resulting from this process are 
of equal size and mass independent of the sign of their charge and 
require an equal gradient for formation, we may expect the process 
of corona formation to be as outlined above. If, instead of con- 
tinous voltage, alternating voltage is applied and gradually increased, 
an instantaneous value of voltage on the positive half wave is eventu- 
ally reached at which ionization begins, the positive ions being repelled 
from the rod while the negative ions are attracted and partly neutral- 
ized at its surface. The voltage passes through a maximum value 
while corona continues to form and decreases to’a value (somewhat 
higher than that for initial corona formation) at which corona for- 
mation ceases as a result of lowering of the gradient near the rod by 
space charge. The positive charge continues to move toward the 
outer cylinder for the rest of the positive half wave. When the 
voltage reverses, the positive ions reverse direction and move toward 
the rod and, because the direction. of the force acting for this entire 
half wave is toward the rod, are almost completely neutralized. 
Since the rod is now negative, the positive-ion space-charge effect is 
such that it increases the gradient near the rod to a higher value than 
it would have at the same applied voltage in the absence of space 
charge. Therefore, on the negative half wave the ionizing gradient 
is reached earlier than it would be had the ionization of the positive 
half wave not preceded it. Consequently, negative corona begins to 
form earlier in the wave, or at a lower applied voltage, than it would 
in the absence of space charge. Those negative ions not neutralized 
by positive ions are forced toward the outer cylinder. As a result of 
recombination or neutralization of the incoming positive space charge 
by negative ions, the negative space-charge distribution is such that 
corona continues to form until a lower voltage is reached than that 
at which positive corona ceased. Similar effects are produced by the 
negative and positive space charges in succeeding half waves. After 
several cycles a steady state is reached which continues as long as 
the applied voltage is held constant, if the pressure and temperature 
remain the same. As a result of space charge the corona formation 
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and cessation voltages for this steady state are slightly lower than 
the corresponding voltages for the first positive half wave for which 
corona began. 

However, if the ionization gradient is lower for positive corona 
than for negative corona, then for a voltage just sufficient to produce 
positive corona on the following negative half wave all positive 
charges reach the rod and are neutralized, since they form at the 
crest of the positive half wave, travel outward for the rest of the 
positive portion of the wave, and are then forced back toward the 
rod during the complete negative half wave. If the mass of the ion 
increases (mobility decreases) due to association of other molecules, 
the ions may not reach the rod. In any event, the positive ions, 
before either reaching the rod while it is still negative or disappearing 
through recombination, produce a space-charge effect. If the posi- 
tive ions have not increased in size before the crest of the negative 
half wave is reached, their effect is to increase the gradient near the 
rod, as they approach closer and closer to the rod. As the voltage is 
increased to higher values the combined effect of returning space 
charge and applied voltage is also to produce the ionizing gradient 
for negative corona before maximum a. ¢. voltage equivalent to 
negative d. c. corona voltage is reached. The negative ions move in 
a direction opposite to that of the positive ions which they do not 
neutralize and produce an effect, although of opposite sign, similar to 
that of the positive ions. Actually, the positive and negative space- 
charge effects are of unequal magnitude, as reference to experimenta! 
observations to be given shortly will show. 

The preceding discussion assumes that discharge forms for alter- 
nating voltage applied to the corona voltmeter as soon as the maxi- 
mum instantaneous voltage reaches a value corresponding to the 
minimum voltage for initial formation of positive or negative corona 
for continuous voltages. Using the electroscope for detecting ioni- 
zation resulting from corona formation, Whitehead and Brown (3) 
observed that initial formation of a. c. corona coincided with nega- 
tive d. ¢. corona, which occurs at a higher value of voltage than 
positive d.c. corona. Willis (7) working with a. c. corona on a cylin- 
drical electrode about 1 mm in diameter, separated at adjustable 
distances from a plane wire-gauze electrode with a sensitive gal- 
vanometer and polarizing battery for detection of ions passing through 
the gauze electrode, found that the initial positive discharge or loniza- 
tion current could not be detected at atmospheric pressure for separa- 
tions greater than 8 cm. For greater separations, the positive ions 
produced on the positive half wave supposedly return to the rod on the 
next or negative half wave, unless corona forms on the negative 
half wave, in which case space-charge effects alter the gradient so 
that positive ionization currents may be detected. For smaller 
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separations some of the positive ions reach the gauze within the 
remainder of the positive half cycle. If the voltage is further in- 
creased, at separations less than 8 cm ionization sets in on the negative 
half wave,” and its presence is indicated by a sudden break or increase 
in the positive ionization curve, of which the first portion is nearly 
a straight line. For separations greater than 8 cm, at atmospheric 
pressure the straight portion of the curve is missing. At pressures 
somewhat below atmospheric with our larger spacing of 12 cm we 
have observed a corresponding break in the straight portion of the 
positive ionization-current curve. Willis has suggested that a 
corona voltmeter could be designed to use the straight portion of 
this curve that would permit very precise measurement of voltage, 
but unfortunately such a design would limit the range of the corona 
voltmeter to lower values than the present design of concentric 
cylinders with about 12 cm separation. 

Our own observations gave the same initial corona-forming voltage 
for visual corona for either positive or negative half waves (observed 
with stroboscope) for the particular conditions under which visual 
observations were made. Simultaneous observations in this particu- 
lar case, using also aural and ionization methods of detection, showed 
that the three methods gave the same corona-forming voltage within 
the limits of observation (0.02 per cent). These observations were 
made only on rod D over a fairly restricted range of pressure (25 to 
150 em Hg). These results seem to support Willis’s belief (7) that 
other observers of a. c. corona have for the most part observed the 
sudden increase in positive ionization and called it initial corona. 

Apparently, in our case detection at atmospheric pressure con- 
sists in observing the light or noise incident to recombination of ions 
resulting from successive half waves, the one set returning to the rod 
and the other leaving, probably with a different velocity, while 
galvanometer detection usually corresponds to the beginning of 
negative corona which by its space-charge effect rapidly increases the 
positive ionization current which is observed. 


II. DESCRIPTION OF APPARATUS AND METHODS 
1. ALTERATIONS IN THE CORONA VOLTMETER 


The corona voltmeter described by Whitehead and Isshiki (3) was 
used in these experiments. To obtain more convenient control of 
atmospheric conditions within the instrument and more accurate 
measurements of these conditions, the instrument has been modified 
by adding an extension to the bottom of the outer steel casing in the 
form of a chamber within which the control and measurement devices 





It should be noted that positive corona forms at lower voltages than negative for large rods at atmos- 
pheric pressure. For smaller rods and different pressures, negative corona may form at lower voltages. 
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are located. Figure 1 shows a cross section of this chamber or sub. 
base, while Figure 2 shows a cross section of the corona voltmeter 
with the subbase attached. The subbase is formed of a short piece 
of 16-inch steel pipe A with a flange at the top by which it is bolted 
to the bottom of the original instrument and another flange at the 
bottom for securing it to a cast-iron base B carried on three legs made 
of 114-inch iron pipe. In the center of the base is a cast-iron vessel 
C with a central column D through which passes a shaft carrying a 
fan for circulating the air. This fan is belt-driven by a motor not 
mechanically supported by the corona voltmeter. This precaution 
avoids the transmis. 
sion of the hum of 
the motor to the tele- 
phone transmitter, 
The air is driven up- 
ward through a row 
of holes £ around the 
base of the pedestal 
insulator, is guided 
into the grounded 
electrode cylinder by 
means of a micanite 
tube F, and after 
flowing along the 
corona rod _ returns 
down the walls of the 
outer steel cylinder 
and reenters the base 
Hh section through the 
Loseatrsee tetra tis tis tisiitcenmerers fii holes G. Here it 
toiticisisiitinenes fil flows over a set of 
| resistors H, which 
may be used to heat 
it, then over a cool- 
ing coil J, through which cold water may be circulated, and the 
reenters the fan. Either the heating coil or the cooling coil may be 
used, as conditions require. 

The iron vessel 0, which may be called the desiccator, is designed 
to contain five glass beakers for holding calcium chloride. A shutter 
arrangement covers the top of the desiccator, and by turning an ex- 
ternal handle (not shown) the air may be allowed to pass over the 
drying egent, or be kept from it, as desired. This may be done 
while the corona voltmeter is in operation. The degree of opening 
of the shutter is indicated by a pointer and scale. 
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Fic. 1.—Subbase of corona voltmeter 
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When it becomes necessary to renew 
desiccator C, the desiccator is lowered, 
grews O. Three guide rods, which are 
inserted in place of the first three screws 
to be removed, make it possible to lower 
the desiccator easily, while keeping it 
parallel to its original position, and to 
replace it in similar fashion. 

When it was desired to humidify the 
air, water in measured quantities was 
evaporated in a small electrically heated 
metal cup inserted through a handhole. 

The equipment provided by the new 
base section thus makes it possible to 
circulate the air, to heat or cool it, and 
todry it. A small motor-driven com- 
pressor was used to vary the air pressure 
in the corona voltmeter above or below 
atmospheric pressure. On the delivery 
side it was connected to a pressure tank 
fitted with a stopcock at the bottom to 
draw off condensed moisture. On the 
suction side it was connected to a tank 
to steady the flow of air from the corona 
voltmeter to the pump. 

In order to dry the air for the corona 
voltmeter it was passed through a dry- 
ing tube filled with lump anhydrous 
CaCl. It could be by-passed around 
the drier tube, when desired, by proper 
manipulation of valves. The pipe line 
to the corona voltmeter passed near the 
manometer. At this position a needle 
valve N (fig. 3) was located in the pipe 
ine for coarse control of pressure by the 
manometer observer, who also had for 
fine adjustment of pressure a small 
needle valve n, used as vent cock. 
This valve was connected by heavy 
tubber tubing on the corona voltmeter 
side of the large needle valve. 

The importance of having dust-free air 
Was soon recognized, and, in addition to 


the calcium chloride in the 
after removing the holding 
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Fic. 2.—Corona voltmeter with 
subbase 


the air strainers provided in the drying tube, another air strainer was 
provided in the compressed-air pipe line near the corona voltmeter. 
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This strainer consisted of a 2-inch tube 18 inches long, filled with 
absorbent cotton to remove any traces of oil, calcium chloride dust, 
or other dust. Its operation proved quite satisfactory. 

For the sake of direct comparison with the work of Whitehead and 
Isshiki it was desired to use the same rods, but this was not feasible, 
because they had become corroded. A series of 13 rods was used 
that included 9 of the 11 sizes of Whitehead and Isshiki and 4 ney 
ones chosen to give nearly a constant ratio of 1.2 between the diameter Harz 
of each rod and that of the next smaller one of the series. The rods Mert 
were made of Stubs steel drill rods carefully lapped to improve their 
degree of roundness, smoothness, and uniformity of diameter. The 
progress of this work was repeatedly checked by microscopic exami- 
nation and measurements of the diameter. After attaching the brass 
ends the rods were gold plated to make them lesssubject to corrosion, 
and were polished in the lathe with chamois skin. After this the 
diameters were measured with an accurate micrometer caliper, which 
was checked by setting it on Johansson gauge blocks of thicknesses 
closely corresponding to the diameters. Each rod was calipered at 
10 equidistant points along its working length—that is, that part of 
its length which in use is surrounded by the grounded electrode 
cylinder—and at each of the 10 points the measurement was made 
on 2 diameters at right angles. Each recorded value was entered J 0"™ 
after from three to six settings of the micrometer, which usually 3° 
agreed to 0.0001 inch. The degree of roundness and uniformity may i °! u 
be judged by the following illustrative data: suri 








| 
Rod designa- Range of observed 


values of diameter 


Inches 
0. 0446 to 0. 0450 
. 0849 to . 08515 
. 1797 to . 1800 
.3131 to .3133 
. 4998 to . 5001 








SOS AE INES resent 





ROE tts tb 


1 Corroded, and was not used in later observations. 


After applying the small corrections for the errors of the micrometer 
caliper the final values for the radii of the rods in centimeters, rounded 
to four significant figures, are as follows: 
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Radius -| 0. 0566} 0.0797) 0. 1082, 0. 1369) 0. 1607) 0. 1961) 0. 2285, 0. 2765) 0. 3176| 0.3976) 0.4761) 0. 5545, 0. 630k 
| | | | | | 


It is believed that these figures are correct to 1 in the fourth decimal 
place. 








prador Corona Voltmeter 601 


The inside diameter of the grounded electrode cylinder was meas- 
ured at eight points along its axis and on four diameters 45° apart at 
each point. The 32 values obtained ranged from 9.699 to 9.764 
inches, the average being 9.727 inches. The correction to the microm- 
eter used was — 0.0006 inch. The value of the radius of the cylinder 
has, therefore, been taken as 4.863 inches (12.352 cm). 

The cylinder was centered with respect to the axis of the rod of 
largest diameter, as well as could be done. It is estimated that the 
error of centering is probably not over 0.02 inch. The operation of 
centering is quite difficult, partly on account of the holes in the 
cylinder, which interfere with the use of the micrometer, and also 
because the cylinder is slightly elliptical. 

It should be borne in mind that the grounded electrode cylinder 
in this corona voltmeter does not have the continuous surface which 
is implied in the simple theory of the instrument, but is perforated 
with about 2,900 holes 9.5 mm (0.375 inch) in diameter. In previous 
work with this corona voltmeter the effect of these holes upon the 
gradient at the surface of the corona rod has been tacitly assumed 
to be negligible. Because no formula was known to us by which 
an exact allowance for the effect of the holes could be made, we also 
have made no allowance for this effect. Dr. C. Snow * has derived 
formulas for the analogcus case of a cylinder having n narrow, 
equally-spaced slits of equal width which are parallel to an element 
of the cylinder. From his work we estimate that the gradient at the 
surface of the largest rod we used is lower than the theoretical value 
for a cylinder with unbroken surface by about 0.14 per cent. In 
the construction of future instruments of this sort for research work 
when corona must be detected by the galvanometer method it would 
be advantageous either to perforate the cylinder with a sufficient 
number of considerably smaller holes; or better, to cut a large number 
of equally spaced narrow slits in the cylinder, parallel to an element 
of its surface. This latter construction would make it possible to 
compute the correction to the gradient by Snow’s formula. 


2. TEMPERATURE MEASUREMENT 


Aside from the introduction of the micanite tube for guiding the air 
current, the upper or original part of the corona voltmeter was left 
substantially unchanged, save in the use of thermocouples to obtain 
an accurate measurement of the temperature of the air near the corona 
rod. A set of six thermocouples was installed with the six “hot 
junctions” just above the holes E (fig. 2) and the “cold junctions” 
between the outer casing and the inner cylinder (that is, near the upper 


end of the mercurial thermometer 7). Thus, one set of junctions is 





. Electric Field of a Charged Wire and a Slotted Cylindrical Conductor, Chester Snow, B. S. Sci. Paper 
NO, 42, 1926, 
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in the air stream as it leaves the fan and is about to flow up through 
the ‘‘working space”’ around the corona rod, while the other set ig jn 
the air stream which has just left this space. The two terminals of 
this battery of thermocouples extend to the potentiometer. The 
potential difference between these terminals is a measure of the ten. 
perature difference of the air stream at the two points. By running 
the fan the temperature difference could be kept down to a small 
value (usually less than 0.2° C. and often less than 0.1° C.), thus 
insuring a very uniform temperature of the air along the corona rod, 

Another set of six thermocouples is installed with three of the hot 
junctions just above the holes £ (fig. 2) in the air entering the working 
space, and the other three in the air which has just left the top of the 
working space. The six cold junctions are brought outside the coron 
voltmeter and are located in melting ice in a thermos bottle. (Se 
fig. 3.) These thermocouples were accurately checked by the heat 
division of the Bureau of Standards before they were installed in the 
corona voltmeter. 

Another set of thermocouples with cold junctions in melting ic 
was distributed along the length of the tube and scale of the mercurial 
manometer, and their electromotive force gave an accurate measur 
of the average temperature of the mercury in the column. 

The potentiometer used with the thermocouples was made up for 
the purpose by reconnecting a Wolff precision rheostat and mounting 
it and all necessary keys, galvanometers, etc., on a baseboard. It is 
designed so that thermal emf’s resulting from the friction of the 
dial brushes are excluded from the measurement circuit. Its reading 
is approximately in °C., with a range of 0° to 50° C., which may on 
occasion be doubled by doubling the auxiliary current and using two 
standard cells in series where one is normally used. If the relation 
between emf and temperature for the copper-constantan ther 
mocouples used were strictly linear with temperature, the potention- 
eter could readily have been designed to read very exactly in °C. 
Since there are small second and third degree terms, the potentiometer 
has been designed on the basis of the slope of the temperature-thermal 
emf curve at average room temperature ‘of 25° C. Thus, one cat 
tell the approximate temperature by a glance at the dials, while to 
reduce the readings to exact values a curve of corrections is used. 

To give maximum convenience and speed in operation, the poter- 
tiometer was designed to use a Weston pivoted moving-coil galvanom- 
eter of short period and to operate on either the null or the defle- 
tion principles, as may be necessary—that is, if the operator is not 
otherwise engaged, he can read the temperature to the nearest 
0.01° C., by successive adjustment of the dials until the galvanon- 
eter deflection is zero. But if he isso busy that he can not keep the 
dials adjusted for this condition, he can leave them alone and note 
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the number of divisions deflection to right or left of zero. The poten- 
tiometer circuits are so compensated and related to the sensitivity and 
resistance of the galvanometer and the resistance of the thermocouple 
circuits that each division of galvanometer deflection corresponds to 
0.1° C., and since the position of the pointer can be read to 0.1 divi- 
sion, it is possible to detect a change of 0.01° C. This deflection 
feature is of especial convenience when a definite temperature is to 
be maintained in the corona voltmeter. In this case, the potentiom- 
eter dials are set to the e. m. f. corresponding to this temperature 
and left so. Then the operator can tell, from the position of the 
pointer, whether the air is above or below the desired temperature and 
how much, and he can apply heating or cooling as may be necessary. 
For example, if it is agreed that a deviation of, say, 0.1° C. either 
way (corresponding to 0.03 per cent in corona voltage) may be 
ignored, he need only see that the pointer does not get more than one 
division away from zero. 


3. PRESSURE MEASUREMENT 


The manometer U, shown in Figure 3, is of the open-tube type, 
arranged to read the pressure of the air in the cylinder above or below 
atmospheric pressure. The left-hand branch of the U tube is con- 
nected to the corona voltmeter, and the right-hand branch is open to 
the atmosphere. When the air in the voltmeter is in equilibrium with 
the atmosphere the mercury half fills each branch, and. its level coin- 
cides with the central zeros of the two scales. These scales are 3 m 
long, divided in millimeters. When the pressure of the air in the 
voltmeter is greater than atmospheric pressure the mercury rises.in 
the right-hand branch and sinks in the left, and the sum of the read- 
ings of the two scales gives the pressure above that of the atmosphere. 
Readings on the right-hand scale below the zero and those on the 
left-hand scale above the zero are considered negative, and with this 
convention no error will be introduced by failure to adjust the zeros 
of the seales initially to coincide with the mercury level. 

When the pressure of the air in the voltmeter is below atmospheric 
pressure the mercury rises in the left-hand tube and sinks in the right, 
and the sum of the two (negative) scale readings gives the amount 
by which the pressure in the voltmeter is lower than atmospheric pres- 
sure. The range of the manometer is from a vacuum to 300 cm 
above atmospheric pressure. Our barometer was checked against 
the standard barometer of the Bureau of Standards, and the correc- 
tion was found to be less than 0.1mm. The readings of the manom- 
eter and barometer were reduced to 0°C. and latitude 45°, using 
data from the Smithsonian Physical Tables. 
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4. DETERMINATION OF HUMIDITY 


The humidity of the air was determined with a dew-point hygrom. 
eter (fig. 4), which may be used over a wide range of pressure, 
Necessary cooling was obtained through the Joule-Thomson effect 
by expanding compressed carbon dioxide in copper tubing within the 
copper shell. The hygrometer was designed with its parts concentric, 
so that uniform heat flow could be expected from the observed central 
spot of the cooling coil. The observed field of view consisted of two 
semicircles—one, -A, the dew-forming surface of chromium-plated 
polished silver; and the other, B, a comparison field of chromiun- 
plated polished metal, maintained at a temperature slightly above 
that of the other surface. The two observed mirror surfaces were 
illuminated by four flash-light lamps provided with screens of green 
glass, S, to intercept heat radiation, while specular reflection to the 
eye from the mirror surfaces was that of a black velvet surface prop- 
erly located in front of the mirror surfaces. (Black velvet reflects 
about 2 per cent of incident light.) The first formation of dew or 
frost on the cooled mirror surface, A, is readily visible because of 
diffuse reflection by the tiny particles of moisture .which show up 
quickly in contrast with the warmer mirror surface, B, which reflects 
only a portion of the light diffusely reflected from the black velvet. 

The design finally adopted employed a single small thermocouple 
soldered on the back of the cooled mirror disk at its center. The cold 
junction was kept in an ice bath. The resistance of the thermocouple 
circuit was adjusted for convenience in reading temperatures directly 
on the Paul microvoltmeter. The combination was calibrated, using 
certified mercurial thermometers. 

A small heating coil on a copper cylinder mounted concentric with 
the mirror disk facilitated removal of dew from the surface at high 
humidities and thereby shortened the time necessary to take dew- 
point readings. 


5. DETECTION OF CORONA FORMATION 


Because of its inferior sensitivity to higher audible frequencies, 
the ordinary telephone transmitter or microphone shown in Figure 2 
was replaced by a condenser microphone. Aural observation of 
corona consisted in picking up the faint corona sound by means of 
this condenser microphone and, after vacuum-tube amplification, 
listening for the amplified sound with head phones. In order to use 
the condenser microphone T' (fig. 4), devised by A. Hund, a special 
housing, A, (fig. 3), was made to fit one of the flanges on the corona 
voltmeter. The leads to this transmitter entered the corona volt- 
meter through commercial gas-engine spark plugs. It was necessary 
to shield this transmitter and its amplifier electrostatically. In 
Figure 3 the resistance-coupled amplifier and storage cells used inits 
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operation are shown. In order to eliminate leakage difficulties at 
high humidities, it was found highly desirable to heat the grid-lead 
spark plug and the condenser transmitter by a heating coil attached 
to the lighting circuit. 

Ionization detection of corona formation was accomplished as 
follows: A 100-volt battery (fig. 5) in series with a galvanometer 
was connected between the outer (perforated) concentric cylinder 
(fig. 2) and a third insulated cylinder surrounding it. Passage of 
ions through the perforated cylinder to the insulated cylinder was 
indicated by a deflection of the galvanometer. A Leeds & North- 
rup “portable lamp and scale” galvanometer of 325 ohms resistance 
and 27 megohms sensitivity was used. In the case of very high 
humidity, leakage across the insulation of the insulated cylinder 
of the corona voltmeter became troublesome. To reduce the initial 
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Fic. 5.—Diagrammatic plan of connections of corona volimeter, supply trans- 
former, voltage transformer (10A) and potential-dividing condenser 


deflection produced by this leakage current to zero, recourse was had 
to the usual method of shunting the galvanometer with a very high 
resistance circuit containing a small ec. m. f. from an auxiliary dry cell. 
This procedure produced a calculated decrease in sensitivity of 10 per 
cent. It was customary to maintain the insulated cylinder S (fig. 2) 
at 100 volts negative, except in the case of low pressures and small 
rods, for which case S was maintained at 100 volts positive. 

For one set of observations it seemed desirable to check visual 
detection of corona against the aural and ionization methods. ‘To do 
this, a small glass window capable of withstanding the pressures 
used in the corona voltmeter was made for one of the handhole blank 
flanges. By means of a mirror cemented to the upper corona-rod 
fitting so as not to disturb the function of the rod, it was possible to 
observe the corona glow along the entire length of the rod. The 
111896°—28——-3 


























































606 Bureau of Standards Journal of Research [Vol 1 


stroboscope disk placed in front of the window was cut away for 
180°, so that, when mounted on a two-pole synchronous motor, 
reversal of the d. c. field permitted observation of the corona glow hes 
either half wave. Because of the very faint luminosity resulting 
from initial corona, it was necessary to darken the room and keep 
extraneous light from reaching the observer by the use of black cloth. 


6. TEMPERATURE CONTROL 


In order to reduce the heat transmission through the walls of the 
corona voltmeter, it was covered with a layer of cork board 1.5 inches 
thick. This greatly facilitated the maintenance of a definite air 
temperature within, especially when this differed considerably from 
that of the air in the room. 

One may also see in Figure 3 that heating coils have been wound 
around exposed metal parts of the corona voltmeter. The supply of 
heat in this manner proved highly desirable when it was necessary 
to make runs at temperatures well above room temperature. With- 
out it, air-temperature differences within the corona voltmeter wers 
excessive for runs above room temperature, and one had to waste 
much time waiting for the temperature to reach a constant value. 


7. PROCEDURE IN CLEANING RODS 


At the beginning of this work it was not realized that an extremely 
slight contamination of the surface of the rod had a marked effect 
on corona voltage. The effect of surface contamination on initial 
formation of corona is discussed on pages 611 to 616. After the im- 
portance of the surface condition of the rod was realized, the follow- 
ing procedure was adopted for subsequent observations: (a) Grease 
and oil were removed by wiping the corona rod with a clean rag; 
(b) the rod was washed with high-grade benzene; (c) it was polished 
with crocus paper; (d) it was washed with redistilled ethyl alcohol; 
and (e) it was wiped with specially cleaned chamois skin from which 
tanning residues had been removed by washing with soap, distilled 
water, and washing and drying with redistilled alcohol. An attempt 
was made to keep all dust off the wiping surface of the chamois. 
The chamois itself was touched only by hands which had been 
thoroughly washed with soap and water, and an attempt was made to 
handle the chamois skin without touching the wiping surface with 
the hands. The corona-forming surface of the “cleaned”’ rods was 
not touched between the cleaning process and use in the corona 
voltmeter; (f) at times the rod was again sprayed with redistilled 
alcohol and allowed to dry, but this additional treatment did not 
seem to alter the behavior of the rod treated as in operations (@) 
to (e). 
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Defandor, 


UI. PRODUCTION AND MEASUREMENT OF VOLTAGE 
1. SOURCES OF VOLTAGE 


The General Electric Co. motor-generator set used in this investiga- 
tion was of a recent type specially designed to give as nearly as pos- 
sible a sine wave form of terminal voltage under all conditions of 
load. It consists of two three-phase machines driven by a d. c. 
motor, with means for shifting the stator of one of the alternators 
through 360 electrical degrees. To facilitate the work of tracing the 
wave form, an accurately divided arc was put on, with a vernier 
reading to 0.1 electrical degree. Preliminary trials with the oscillo- 
eraph showed that the voltage wave form of these machines is very 
nearly sinusoidal, even for the very unfavorable case of full rated 
volt-amperes at zero power factor, current leading. To facilitate the 
work of tracing the wave form accurately, this set of machines is 
located in the same room with the corona voltmeter and the apparatus 
for obtaining the wave form. 

Considerable difficulty was experienced in obtaining the desired 
constancy .of voltage and speed of the above-mentioned machine. 
Several improvements of both mechanical and electrical natures 
were made before measurements were undertaken. The desired 
constancy of speed was finally obtained by running another motor- 
generator set with very large moment of inertia from a storage bat- 
tery to supply one of the generators of the three-phase set run as a 
synchronous motor. Using this arrangement, the voltage at the 
motor terminals was found not to fluctuate by more than about 0.01 
per cent. The other three-phase generator was used to supply the 
transformers connected to the corona voltmeter and high-voltage 
wave-form apparatus. 


2. MEASUREMENT OF EFFECTIVE VOLTAGE 


The methods used by previous investigators in measuring the 
effective value of high alternating voltages have usually involved 
the assumption that the secondary (high) voltage of a transformer is 
equal to the product of the primary (low) voltage multiplied by the 
ratio of secondary to primary turns. The use of the so-called volt- 
meter coil or tertiary coil is a variant and has some comparative 
advantages, and shortcomings. However, both of these methods 
neglect the rise of voltage at the secondary terminals due to the 
capacitance of the sections of the high-voltage winding with respect 
to each other and to the grounded core and case. Furthermore, 
the corona voltmeter is a condenser, and the leading current taken 
by it adds its effect. The result is an error whose direction is known, 
but whose magnitude can only be guessed at. In the average case, 
as far as previous work is concerned, it probably amounts to several 
per cent at 60 cycles and may become excessive at high frequencies. 
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Investigations at this bureau over a period of years have shown 
that the step-down ratio and phase angle of certain transformers are 
not sensibly affected by the capacitance currents between their high- 
voltage windings and from them to the grounded parts. The partiecu- 
lar transformer used in this investigation has high-voltage ranges of 
25, 50, and 100 kv. Its ratio and phase angle have been repeatedly 
checked by the potentiometer method up to 30 kv with natural cool- 
ing of a shielded resistor (8), and up to 50 kv with forced ventila- 
tion; that is, it has been tested with its high-voltage coils in parallel, 
and also two parallel, two series up to rated voltage; also in series 
connection up to 50 kv. By means of supplementary methods, values 
of ratio and phase angle have been obtained up to the maximum 
voltage of 100 kv with an accuracy which is estimated to be only 
slightly inferior to that obtained by the absolute (potentiometer) 
method. The extrapolation of ratio and phase-angle curves for these 
100 ky transformers over the range 50 to 100 kv has been carried 
out on the following principles:. First, assume that both the primary 
and the secondary windings were of such low voltage that capaci- 
tance-current effects would vanish. In this case the ratios for the 
three cases—(a) primary coils all in parallel; (6) two in series, two 
parallel; (c) all four in series—-will be precisely in the ratio 1:2:4, 
since the four coils are very accurately alike both electrically and 
magnetically. Also, if the ratio factor (quotient of actual ratio 
divided by nominal ratio) be plotted as a function of secondary 
voltage at any given frequency and given load (expressed in voit-am- 
peres at a stated power factor), its deviation from a constant value 
will be due solely to the varying magnetic permeability and core 
losses with flux density; and furthermore, the ratio-factor curves and 
the phase-angle curves for the three methods of connecting the 
secondary coils will coincide. In such a case, if means were at hand 
for accurately determining the ratio and phase angle of the trans- 
former on only one range (for example, with the four sections of the 
primary winding in parallel), the ratios of the other two ranges could 
be taken as being accurately twice and four times the ratio as 
measured with the coils in parallel. 

Now, let the four primary coils be assumed to be wound with many 
turns for high voltage, so that capacitance currents of appreciable 
magnitude flow in a rather complicated manner from turn to turn, 
layer to layer, section to section, and between each one of these many 
elements and the grounded core and case. Although the magnitude 
and the distribution of these currents are unknown, it can be seen 
that the various elements of electrostatic capacitance with the re- 
sistances and the self and mutual inductances of the parts of the 
winding constitute a network, and that the effect of the capacitance 
currents on the secondary voltage will be a constant relative amount, 
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regardless of the magnitude of the voltage; that is, if the capaci- 
tance-current effect is an increase of 0.2 per cent in voltage with a 
secondary voltage of 50 kv, it will still be 0.2 per cent at 100 kv. 
This applies to the case of a given manner of connecting the four 
sections of the secondary winding and neglects second-order terms 
such as may enter because of the variation of the dielectric con- 
stants of the insulating materials as the gradient varies. Since theory 
and experiment show that the entire effect of capacitance currents on 
ratio and phase angle is small, these second-order terms may be 
neglected. Consequently, if the relative effect of the capacitance 
currents can be determined at one voltage, it may be taken to apply 
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Fia. 6.—Ratio of voltage transformer 10A as a function of secondary voltage 


The change at 150 volts is caused by the change in secondary load when the voltmeter range is 
altered 


to higher voltages for which the means at hand do not permit a 
direct determination. 

In Figure 6 the ratio of transformer 10A is plotted for the case of 
the particular secondary burden resulting from auxiliary apparatus 
used in conjunction with the corona voltmeter. The sudden shift 
of this curve at 150 volts is the result of changing from 150 to 300 
volt ranges of connected instruments. 

The secondary voltage of this step-down transformer was meas- 
ured with.a precision electrodynamic voltmeter, V (fig. 5), of the 
reflecting type. It embodies several novel features, including a device 
for obviating the usual uncertainty caused by drift of zero, compen- 
sation for the effects of varying room temperature, and an optical 
double-lever arrangement which gives such sensitivity of reading that 
a change in voltage of 1 in 100,000 can be detected. It is checked from 
time to time during the progress of a set of observations, by reference 
to a standard cell and resistances of known value. This voltmeter 
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will be completely described in a forthcoming Bureau of Standards 
publication by F. K. Harris. It may be seen that with such a degree 
of refinement in the measurement of the secondary voltage the 
determining factor is the accuracy with which the step-down ratio 
of the transformer is known. 


3. DETERMINATION OF WAVE FORM AND CREST FACTOR 


In obtaining crest voltage the determination of crest factor is of 
no less importance than the measurement of effective voltage and 
the determination of ratio of transformation just mentioned. 

Previous methods of determining the wave form of the alternating 
voltage applied to the corona voltmeter are open to certain criticisms 
which it has been the object of this research to avoid. In some 
instances earlier observers have assumed the high-voltage wave form 
of the transformer supplying the corona voltmeter to be identical 
(to have the same crest factor) with that of the low-voltage winding, 
or of a tertiary winding carefully located in the transformer. Hov- 
ever, at higher voltages the distributed capacitance becomes of increas- 
ing importance, for the insulation is under greater stress and greater 
dielectric Josses exist. The distributed capacitance currents which 
increase with voltage may be expected to produce distorting effects, 
since in the high-voltage windings greater insulation is necessary and 
consequently the leakage reactance is higher. We may, therefore, 
rightfully question the constancy of crest-factor transformation for 
high secondary voltages, and the doubt is the more pronounced the 
higher the voltage. 

Recognizing the necessity of experimental proof of all assumptions 
regarding constancy of wave-form transformation, Whitehead and 
Isshiki (3) carried on an extended investigation with the synchronous 
commutator and with kenotrons in conjunction with a guarded air 
condenser on the high-voltage side of their transformer. By careful 
work their two methods were shown to be in good agreement. The 
method used is this work differs from the above methods in that it is 
a null electrostatic point-by-point method and has the essential 
advantages of null methods over deflection methods. The condenser 
BAD (fig. 5) is a voltage-dividing condenser which is shown con- 
nected to the secondary of transformer /0B. By means of this con- 
denser a small portion, say 100 volts, of the high alternating voltage 
(8,000 to 95,000 volts) is obtained. It is evident that the wave form 
of this portion is identical with that of the total high voltage, because 
there is nothing in the voltage-dividing arrangement to introduce 
distortion. 

A point-by-point ‘method of opotaining wave form consists of 
balancing the instantaneous voltage for selected points against an 
accurately known continuous voltage. Using these carefully deter- 
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mined values and their corresponding angular settings, we may plot 
the wave form, using as many points as we care to observe; or, if 
we make our observations at the proper angular interval, we may 
calculate the crest factor directly from the settings without plotting 
the entire wave form. One should realize that the above balance of 
instantaneous values refers to an average instantaneous value of the 
same relative location in many successive cycles, and that for the 
duration of balance the effective voltage must be kept constant, and 
that the effective voltage must be the same for all balances in any 
one wave form. This method of high-voltage crest-factor deter- 
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Fic. 7.—Crest factor of high secondary voltage applied to the corona volt- 
meter, as a function of the secondary voltage of the step-down transformer 


mination will be described in a forthcoming Bureau of Standards 
publication. 

It is important to mention the fact that the secondary voltage 
wave form is dependent upon the nature and magnitude of the load 
on the machine. For this reason, in order to simplify computations 
and experimental work, it was decided to use only two transformer 
connections, namely, 255 to 100,000 and 255 to 25,000, to connect 
the supply-machine windings always in series, and to use only two 
instrument ranges, of 0 to 150 and 0 to 300 volts, respectively. 
Wave-form data were therefore taken for these connections for dif- 
ferent voltages and crest factors and are shown plotted in the case 
of the 255 to 25,000 volt connection in Figure 7. The curves as 
plotted are crest factor of the high voltage against voltage as measured 
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by the precision voltmeter V (fig. 5) on the low-voltage side of trans. 
former 10A. The 50, 100, 150, 200, and 250 volt points were first 
taken and plotted. Since the 50- volt point appeared inconsistent 
with the rest, repeat runs on the 50-volt point were made and found 
to check each other closely (the average deviation of four runs from 
the mean for this point being 0.03 per cent). The 25 and 75 volt 
points were then taken and found to fall on the curve through the 
50-volt point. 

From this ¢urve, through observed points, the values of inter- 
mediate crest factors were taken. Harmonic analysis seems to indi- 
cate that the change in crest factor is due to a change in magnitude 
and a change in location of a third harmonic, relative to the funda- 
mental 60-cycle wave. 

In the case of data taken at the higher transformer ratio, 255 to 
100,000, the observations were not so satisfactory as at the lower 
ratio, as a result of the more difficult operating conditions that 
existed. The 255 to 100,000 volt step-up transformer, as a result of 
distributed capacitance of its windings and connected capacitance of 
the corona voltmeter, leads, and potential-dividing condenser, was 
nearly in resonance with the inductance of the generator armature 
at 60 cycles. Under this condition the field magnetization was sup- 
plied largely by the leading armature current and the relative loca- 
tion of the voltage wave was particularly sensitive to slight changes 
in the load circuit or in frequency. The field current was reduced 
by a factor of about 10 in this condition. To avoid difficulties attend- 
ing work under such unstable conditions a heavy-current air-core 
reactor was connected to the generator terminals through a 240:6 
volt step-down transformer. Although the data taken with this 
connection were not as satisfactory as those taken with the lower 
ratio connection, the values obtained are well within the accuracy 
obtainable with the corona voltmeter. Since the same connections 
are used in each of the two cases—dry and humid conditions within 
the corona voltmeter—the relative effects of humidity are quite 
accurately obtained, while the absolute accuracy of the data is greater 
than the accuracy obtainable on repeating observations of initial 
corona formation. 


IV. OBSERVATIONS ON THE CORONA VOLTMETER 
1. DESCRIPTION OF OBSERVERS’ DUTIES 


It was found expedient to use four observers in most of the runs. 
The first observer, who was provided with head phones for aural 
detection of corona, was also provided with a slide rheostat in the 
generator field circuit to permit very fine control of the supply voltage 
over the range of initial formation and cessation of corona, and he 
observed the effective value of the corona-forming voltage on the 
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precision voltmeter previously described. In what we have des- 
ignated as a ‘‘run’”’ in this discussion the procedure was to take 
at least three consecutive readings of voltage for initial formation of 
corona while air pressure and air temperature were maintained at a 
constant value. If the individual values of voltage did not agree to 
within a few hundredths of 1 per cent, additional points were taken or 
the cause of disagreement was remedied and a new set of three voltage 
readings was taken and recorded. The average value from three or 
more consecutive readings taken in this way gives the formation 
voltage for corona for that particular run. Between corona runs 
the first observer calibrated his voltmeter and ascertained that the 
connected load corresponded to that previously used in determining 
crest factor. The second observer, who recorded observations of his 
own and those of the first observer, made the necessary major adjust- 
ments in supply voltage, maintained nearly constant frequency of the 
supply, checked aural observations of the first observer using the 
ionization-detection galvanometer, and as a safety precaution was in 
position to cut off the power supply in case of spark over. The third 
observer was primarily concerned in manipulating the air supply for 
the corona voltmeter. By constantly adjusting needle valves, he 
maintained the pressure constant within the corona voltmeter while 
other observations were being made. He also made dew-point 
observations. The fourth observer, who recorded his own readings 
and manometer readings for the third observer, also measured 
temperatures by means of the thermocouple potentiometer, observed 
the dew-point temperature and the barometric pressure, and assisted 
in maintaining desired temperatures within the corona voltmeter by 
regulating the heating current. For runs at atmospheric pressure a 
single observer replaced the third and fourth observers. 


2. SOURCES OF ERROR 


Transformer-ratio, primary-voltage, and secondary crest-factor 
measurements have been discussed. The frequency of the supply 
was kept constant to within about 1 part in 300. Experiments show 
that a change in frequency of this magnitude will alter the crest 
factor by an amount which, though definitely observable, is less than 
we need consider. Observations of others indicate thaf such a slight 
change would not alter the corona-forming voltage appreciably, and 
our observations show that a change in frequency of this order does 
not affect the transformer ratio or the primary voltmeter readings. 
It is estimated that the over-all accuracy of our determination of 
crest voltage is better than 0.1 per cent. 

The method of temperature measurement has been discussed. 
Potentiometric readings of the air-temperature difference indicate 
that, although our electrical sensitivity enabled us to observe readings 
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corresponding to an accuracy of +0.01° C., we do not know the 
actual air temperature or air-temperature difference with corre. 
sponding accuracy, especially if the corona-voltmeter temperature js 
somewhat above or below room temperature, for it is impossible to 
bring all parts of the corona voltmeter to a common temperature, 
On the average, temperature measurements are probably good to 
0.1° C. The circulating fan was extremely useful in reducing the 
temperature difference between the air in the top and bottom of the 
corona voltmeter. If allowed to stand overnight without fan cirev- 
lation, the air-temperature difference would sometimes amount to 
more than 1.0° C. Fan circulation would soon reduce this figure to 
0.01° C. Heating or cooling could not be uniformly applied to the 
air and to the corona-voltmeter parts, and one might suppose that, 
although the air was continually stirred, certain small volume 
elements leaving the heating coils would have temperatures much 
higher than the average. On the other hand, the corona-forming 
surface was well insulated electrically and, therefore, thermally from 
any artificially warmed metallic surfaces. It was also sufficiently 
removed from the heating units that the heated portions of air 
should be well mixed with other portions of the air before reaching it. 
Since the air flow is not restricted in the region near the corona rod, 
the air velocity there is low and the layer adjacent to the rod in 
which corona forms must have substantially the same temperature 
as the rod. Fortunately, a deviation in temperature of 0.1° C. 
corresponds to a difference in corona voltage of but 0.03 per cent. 
It was customary not to take corona runs unless the air-temperature 
difference was low. In any event, air-temperature difference is 
recorded for each run, and those readings for which this difference 
seems excessive have been excluded from consideration. A discussion 
of desirable accuracy of temperature measurement is given in the 
appendix. 

The principal source of error in the measurement of the pressure 
was the error in reading the manometer. Although the menisci 
varied in shape somewhat, the internal diameter of the manometer 
tubing was 1 cm, so that the maximum error in pressure measure- 
ment by the manometer was probably less than +0.07 cm. There- 
fore we may state that at the lowest observed pressures our accuracy 
of pressure measurement was better than +1 per ceat and increased 
linearly to better than +0.1 per cent at atmospheric pressure. A 
discussion of the accuracy desired in pressure measurement is give) 
in the appendix. 

Dew-point observations could be made with an accuracy of about 
+(0.2° C., which seems amply sufficient for this work. 

A discussion of the effect of errors in observed values of the radii 
of the corona rods and cylinder, and of air pressure and temperature, 
is included in the appendix. 
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3. COMPUTATIONS AND CHECKING 


The necessary small corrections were applied to the readings of 
the precision voltmeter. These corrections were in general less than 


0.1 per cent. 

The quantity of saturated water vapor in grams per cubic meter (9) 
was taken from a graph of that quantity as ordinates against tem- 
perature as abscissas, the temperatures used being those of the dew- 
point hygrometer and the air within the corona voltmeter. Absolute 
humidity or ratio of water molecules to air molecules present is used 
as the basis of presentation of the effect of moisture, since the relative 
humidity basis of consideration of water vapor present apparently 
did not lead to better correlation of results. It was usually possible 
to detect errors in computation by plotting the deviation of a set of 
corona runs from some arbitrarily chosen smooth curve. If certain 
computed values did not fall reasonably close to a smooth curve 
plotted through most of the points, then these computations were 
rechecked. Since over 30 distinct computations were necessary for 
each run, and there were in the neighborhood of 500 runs, the need 
for guarding against errors in computation was particularly great. 


V. RESULTS 
1. METHOD OF PRESENTING DATA 


The data were originally computed on the basis of the law of corona 
g= Ai + By6/r (4) 


It was found convenient to check observations and computations in 
a simple way by using residuals obtained by subtracting a quantity 


g’ /6 =30+ 9/-Vér (5) 


from the observed values of g/5 obtained experimentally—that is, 
A was arbitrarily chosen equal to 30 kv/cm, and B equal to 9 in 
equation (4). For experimental values of 6 and r, valiies of g’/6 were 
computed. The difference between these values of g’/é and the experi- 
mental values g/6—that is, the residuals—was plotted against 1/-ér. 
This method of plotting provided a fairly powerful tool for checking 
purposes, as it is equivalent to plotting g/é on a very open scale. If 
the plotted values of residuals against 1/-/ér did not lie fairly close 
to smooth curves, they were inspected for computation errors. 

For any one rod, the above law (4) did not give a single straight 
line. Evidence of this fact may be observed in the original work of 
Whitehead with the corona voltmeter. In this work Whitehead also 
found that the data on all rods were approximately satisfied by two 
intersecting straight lines. More accurate measurements were pos- 
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sible with the equipment at our disposal, and our resu!ts indicate that 
a smooth curve fits the observed data for a single rod somewhat 
better than a straight line when plotted on the above basis, and that 
the envelope of values for different rods appears to be a smooth curve 
rather than two straight lines. In a later paragraph an equation js 
presented which fits experimental data more closely than the above 
relation (4). However, it has been found expedient to show the 
effects of contamination of the surface of the rod and the presence of 
water vapor and other impurities in the air, using residuals deter. 
mined as above with regard to equations (4) and (5). 

The actual observations and computations are so numerous that 
they may not be presented in entirety. We have, therefore, so far 
as possible, presented our results in the form of graphs. 


2. EFFECT OF CONTAMINATION OF ROD SURFACE 


It is well known that dust on the corona-forming surface lowers the 
corona voltage. The following experience with the rod A shows that 
it is desirable to have entirely dust-free air: A run on rod A was found 
to give a value for full corona sound lower than the “dry-air”’ value 
of corona voltage. The normal corona sound was preceded by a 
characteristic intermittent sound. The rod was removed and on 
examination found to have a slender fiber about 1.5 mm long sticking 
out perpendicular to the surface of the rod. After removing this 
fiber and polishing the rod with chamois skin the corona voltage 
increased. It should be noted that in some cases for which the inter- 
mittent sound preceded full corona sound the voltage recorded for 
the full sound was only slightly higher than that for the former. 
The necessary voltage to produce full sound in cases where the inter- 
mittent sound occurred first was often considerably lower than the 
value of voltage for the same rod for conditions such that the initial 
corona sound was loud and continuous. 

In one instance, after replacing the CaCl, in the drying tube, 
considerable portion of CaCl, dust was evidently blown into the corona 
voltmeter, for on resuming operations it was found that a proper 
continuous initial corona sound could not be obtained until the wad 
of cotton in the air strainer was replaced and the pipes and corona 
voltmeter were blown out with compressed dry air to remove the 
dust. 

The combined presence of humidity and soiled condition of the 
surface causes greater lowering of corona voltage than is produced 
by either separately. This combined effect will be discussed under 
the effect of humidity. 

Further evidence of the importance of surface condition was ob- 
tained by cleaning a rod in the usual manner and then carefully 
fouling it by spraying with a solution of two drops of machine ol 
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‘n 50 ml of C. P. high-test gasoline. The gasoline, after evaporating, 
left a coating of cylinder oil having an average thickness of 60 mole- 
cules. Curve f of Figure 8 was then taken and did not coincide 
with the corresponding curve e for the cleaned rod. The shapes of 
these two curves were sufficiently different to confirm the belief 
that discrepancies between values corrected for humidity for about 
the same pressures taken at different times may well have been the 
result of differences in surface condition. As an example of such 
deviations in the case of rod D, we have plotted Figure 8. It should 
be noted that several 
series of points, the rod 
not being disturbed 
during any given 
| series, lie very close to 
smooth curves a, b, ¢, 
etc., while different 
series are not in close 
agreement. Curve 6 
was taken at a tem- 
perature of about 17° 
C., which is somewhat 
lower than the usual 
25° C., the tempera- 
ture of the set of runs 
for curve a. 

Dubois (10), work- 
ing with continuous 
voltages and at much 
lower pressures (0 to 2 3 4 5 6 
2 cm Hg), observed Ver 


that fouling the cath- Fis. 8.—Residual values of g/5 as a function of 1/Vér 
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The failure of these curves (taken on different days) to coincide is 


minute amounts of presumably because of changes in surface condition of the rod. 
impurities produced a Curve f was taken after intentionally coating the rod with a very 
difference of as much 
as 40 per cent in the disruptive voltage and that this difference 
diminished decidedly with pressure. Extrapolation of one of his 
curves to higher pressures indicates that the effect should still be sig- 
nificant in view of the accuracy of our observations and may explain 
the failure of repeated observations to agree closely. His method of 
surface cleaning by heating the electrode to a red or white heat is 
not practicable with the present corona voltmeter equipment but 
certainly has its advantages. It was not felt when this research 
was in progress that such minute quantities of soiling material as he 
used (for example, 1 microgram of KCl per square centimeter of 
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surface) could have any effect, for the degree of polishing of the rod 
surface is in no wise comparable to the thickness of such a film. 

If a carefully cleaned rod be inserted in the corona voltmeter cop. 
taining dust-free air, the voltage may be raised gradually until corona 
begins. If the voltage is now lowered until corona ceases and they 
raised again until corona is detected, the two measurements, «ll 
other conditions remaining the same, usually agree to within a few 
hundredths of 1 per cent. In some instances greater differences 
have been observed. In such cases it was customary to take at 
least four more readings of the corona voltage for each run, the 
average of all readings being taken as the corona voltage. After 
inserting a cleaned rod, successive corona readings at the same pres- 
sure, temperature, and humidity have in some instances indicated a 
successive slight increase in the corona-forming voltage. On several 
such occasions it was found that if the voltage was raised a few per 
cent above corona-forming voltage and held at that value for av 
interval of four or five minutes, the succeeding readings of initial 
corona voltage, which were somewhat higher than the first, showed 
no definite tendency to increase further. This effect may be attri- 
buted to some type of cleaning action of the corona at the surface 
of the corona rod. 

3. EFFECT OF HUMIDITY 


Our results show that the effect of humidity may be twofold. If 
the rod is dry and the air is dust free, the presence of water vapor 
usually increases the initial corona voltage; however, if the rod is not 
especially clean or if the air is not dust free, the initial corona voltage 
may be considerably lowered. The following experience was instru- 
mental in bringing out the latter conclusion. Several runs had just 
been made at high humidity, and, as an additional precaution, it was 
decided to polish the rod with a newly purchased chamois skin before 
taking further runs at reduced humidity. On attempting to check 
the runs at high humidity after polishing with the new chamois skin 
and prior to reducing humidity, it was found that the corona voltage 
was from 2 to 5 per cent lower than for corresponding runs pre- 
viously taken. The humidity was then reduced, and for one-fourth 
of the moisture present the corona voltage was found to be but 0.5 
per cent lower than for values obtained previously for about the 
same humidity. The rod was therefore removed, polished slightly 
with crocus paper, washed and dried with redistilled ethyl alcohol, 
then rubbed with the chamois skin, which in the interim had been 
washed with ether and redistilled ethyl alcohol to remove all traces 
of tanning oil and tanning products. A new run was taken with 
almost dry air, and the corona voltage was found to nearly coincide 
with earlier values for dry air. The lowering in corona voltage noted 
above is ascribed to the combined presence of water and surface con- 
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tamination. Undoubtedly the newly purchased chamois skin con- 
tained tanning products that soiled the rod surface when the chamois 
skin was used in an attempt to further clean the surface. This expe- 
rience led to the above-described definite procedure in cleaning corona 
rods before use. 

In order to ascertain the effect of high humidity with dust present 
on the corona rod, rod K was left in the machine shop on a high shelf 
for several days after it had been previously cleaned. It was in- 
serted in the corona voltmeter without disturbing the accumulated 
dust on its surface and corona readings were made for several different 
pressures. The air within the corona voltmeter was then humidified 
and additional runs were made. In the latter case there were, 
roughly, six times as many water molecules present in the air, accord- 
ing to dew-point measurements, as in the former case, and the corona 
voltage was found to be approximately 20 per cent lower. The rod 
was then cleaned, and the corona voltage was found to be about 30 
per cent higher than in the last case; in other words, for the dusty 
rod in dry air the corona voltage was about 10 per cent lower than 
for the clean rod in dry air. 

Rod C was cleaned and inserted in the corona voltmeter, and a run 
was made with the air fairly humid. The rod was then soiled by rub- 
bing it with a sweaty but otherwise fairly clean hand. As a result 
the corona voltage was found to be about 6 per cent lower. The air 
was then dried and the corona voltage increased, but was still slightly 
lower than the original dry-air value. The same rod, after cleaning, 
vas wiped with a hand covered with machine oil. Subsequently the 
corona voltage was found to be several per cent lower. 

Humidity runs were made on rods A, D, and K at room temperature 
and are given in Figure 9. It is much less difficult to control humidity 
and air-temperature difference at room temperature than at higher 
or lower temperatures. Figure 9 is plotted using the dry-air corona 
values as a basis of comparison. The differences between dry-air 
values and values taken at different humidities have been plotted for 
several values of 1/-ér. In order to avoid confusion, all points have 
not been plotted on the curves. Points have been plotted in the case 
of rod A for 1/ér=4.20, rod D for 1/-/ér=2.69, and rod K for 
\/yér=1.45. Inthe case of rods A and K the plotted points are 
seen to be fairly close to the curves. Each set of points represents a 
set of humidity runs taken without removing or handling the cleaned 
tods after their insertion. In the case of rod D it is seen that the 
points are well scattered on either side of the plotted curve. This 
group of points represents several sets of runs, between which the rod 
had been removed, stored, or cleaned. This scattering of points is 
ascribed to the differences in surface condition. In the case of the 
other curves plotted on Figure 9 the points fell uniformly on smooth 
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curves, and if the surface of the rod had not been disturbed the corong 
voltage would repeat closely on returning to a value of humidity 
previously observed. Where several sets of runs with the same rod 
for the same value of 1//5r were made at different times, scattering 
was observed, as illustrated by the plotted points of rod D. 

The values plotted in Figure 9 were obtained with certain selecte 
rods and at selected values of 1/-/ér in the attempt to derive a basis 
for correcting observations on all the rods to the dry-air condition, 
Since for most of these runs the humidity was quite low, it was 
thought that this basis of correction would be sufficient. In order 
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Fic. 9.—Effect of humidity on g/é for various rods and density factors 


to use the observed data for this purpose, several sets of derived 


curves were plotted, giving the humidity correction in per cent corona 
voltage plotted against 1/-/ér for a definite ratio of water to air mole- 
cules present. Interpolation between these curves serves as a meals 
of obtaining corrections to be applied to the various rods. Unfor- 
tunately, this method of humidity correction is not entirely satisfac- 
tory. Its application to earlier runs in which less careful cleaning 
methods were used was found to cause successive points which orig 
nally fell on smooth curves to depart appreciably from smooth curves. 
It therefore seems desirable in future work to take sets of humidity- 
correction runs for each rod and possibly at several different tempers- 
tures. Our present program would not permit this investigation. 
Although the previously mentioned special precautions were 
employed in cleaning corona rods before use, the work of Dubois and 
our own observations with deliberately fouled rods suggests that 
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possibly even our careful cleaning was insufficient. If such be the 
case, our disagreement between runs on different-sized rods may be 
explained on the basis that the rods were differently soiled and that 
the humidity effect at a given air density depends on the nature of 
the fouling of the surface. It is interesting to note that under our 
experimental conditions the correction required as a result of humidity 
has been as much as 8 per cent in extreme cases. By using reasonable 
precautions to control humidity the correction could be greatly 
reduced. 
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Fia. 10.—Residual values of g/é as a function of 1/-Vér, showing 
the effect of temperature 


























Curve ¢’ is plotted from the data of Curve c, but with the temperature arbitrarily 
taken as 25° C. instead of 44° C. 


4. EFFECT OF CHANGE IN TEMPERATURE 


Temperature enters the law of corona through the density factor 
‘. In operating the corona voltmeter it is not desirable to alter the 
temperature as a means of increasing the range of the instrument, for 
itis much simpler to alter the pressure. In fact, it is desirable to use 
the corona voltmeter at room temperature, so that corrections would 
need to apply only for a small range of temperature. Others have 
investigated the use of the density-factor correction and have found 
it to agree within experimental accuracy within the range with which 
We are concerned. It seemed desirable, however, in view of our 
increased accuracy“®f measurement, to make several*sets of runs at 
temperatures other than room temperature to determine whether 
luther corrections should be applied. Results of such runs, corrected 
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as usual for humidity, were plotted as residuals for rods C, D, J, ang 
K, of which the runs on rod D alone appear in Figure 10. Only thes 
runs are presented, because they alone were taken consecutively 
without removal or handling of the rod and should show the effec 
of temperature only. Curves a, 6, and ¢ are for different temper. 
tures, while c’ represents the curve which would have been obtained 
if the data of curve c had been plotted on the assumption that they 
corresponded to a temperature of 25° C. instead of their actusl 
temperature of 44° C. The difference between c and c’, therefore, 
shows the extent of the correction for temperature resulting from its 
use in 6. The deviations of the various temperature runs, on con- 
parison with Figure 9, are seen to be about of the same order of 
magnitude as those attributed to differen@es in surface conditions, 
so that additional temperature correction does not appear to be 
warranted, at least until the variation in surface-condition effect js 
eliminated. 


5. EMPIRICAL EQUATION TO FIT OBSERVATIONS 


The observed data for all rods have been corrected for humidity, 
and residual curves representative of the average of the best data 
for individual rods have been plotted in Figure 11. This exaggerated 
basis of presentation shows that at higher pressures the curves are 
located for the most part in the order of their radii; that for the 
lowest pressures the order remains almost the same; while the shapes 
of the individual curves differ considerably. These curves show that 
the empirical law of corona as given in equation (4) should be modified 
to fit experimental data more closely. The authors, therefore, 
propose the following law: 


g=Ab+Byi/r—Olr (6) 


This equation fits the experimental data corrected for humidity 
more closely than equation (4). It is shown plotted as curve 2 i 
Figure 11, using A=27.95, B=11.18, and C=0.365. The same 
equation (6) has been plotted in Figure 12, and a large number 0! 
points observed under good experimental conditions have beet 
plotted in a self-explanatory manner. Points that fall within the 
envelope have not been designated on the graph. This grap 
illustrates the accuracy of our proposed empirical equation in expres 
ing the law of corona as determined experimentally. Figure ‘2 
should bring out the fact that the empirical relation above is not al 
that can be desired in the way of a law to express corona formatio!, 
for it indicates that some further function of the radius r might bring 
the experimental observations into closer agreemgnt. 
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Figure 13 represents a plot of residuals against radius of rod for 
constant values of 6 and is derived from the experimental curves of 
Figure 11. These point-to-point plots should probably be smooth 
curves, and the fact that they are not may be because of improper 
humidity correction and slightly differing surface conditions. 


6. A NOMOGRAM THAT SIMPLIFIES VOLTAGE DETERMINATION 


Although the primary objects of this research have been to deter- 
mine accurately the law of corona and the effect of humidity on the 
value of corona-forming voltage, it was also felt that for factory 
test-room use a procedure should be devised to give the result (crest 
voltage at the terminals of the corona voltmeter) from the pressure 
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Fic. 11.—Residual values of g/é as a function of 1/-ér, forall the rods, after 
correcting for humidity 














Dotted line is plotted from law of corona as modified by the authors to represent as well as possible 
the average performance of all the rods 


and temperature readings quickly and without any computation. If 
we denote the crest voltage applied to the corona voltmeter by V,, 
the critical gradient at the surface of the rod by g, and the radii of 
the rod and surrounding cylinder by r and R, respectively, we have 
the relation 
vi 
I~ Tog. (R/r) 


from which the crest voltage is 


V.=gr loge (R/r) 
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The empirical equation for the critical gradient is 
g=Ai+ Byé/r—C/r 
Inserting this value in equation (8), we have 
V.=(A6+ By6/r— C/r) r log, (R/r) 
= (Ab + By6/r— C/r) 2.303r logy (R/r) 
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Fia. 12.—Plot of g/é as a function of 1/Vér, showing how nearly the modified 
law of corona given the authors, equation (6), fits the observed data 


The quantity r log, (R/r) =2.303r log, (R/r) depends only on the 
radii of the rod and outer cylinder. Calling it F,, the subscript de- 
noting the radius of the rod, equation (11) becomes 


V.-F,(45+=V- Cir) (12) 
vr 
The coefficient of -/6 in equation (12) is constant for any given rod. 
Denote it by D,, the subscript being the radius of the rod. Then 
V.=F, (Aé+ D,V6— C/r) 
=F, (3.921 AP/T+D,7V3.921 P/T— C/r) 
= M,(P/T)+ N,VP/T-Q, 


M,=3.921 X 2.303 Ar logo (R/r) 
=9.03 Ar logy (R/r) 
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N,= 73.921 X 2.303 Byr logy (R/r) 
=4.56 Byr logy (R/r) (16) 
Q,.=F, O/r=2.303r logio (R/r) X C/r (17) 
=2.303 CO logy (R/r) (18) 
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For a given cylinder the values of M,, N;, and Q, for the rods to 
be used may be computed and tabulated. With a given rod in use, 
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Fia 13.—Plot of residual values of the quantity g/é as a function 
of the radius of the corona rod, for three values of density factor 6 


























the crest voltage at the instrument terminals may then be found by 
substituting in equation (14) the quantity P/T; that is, the quotient 
of the observed absolute pressure divided by the observed absolute 
temperature. The form of equation (14) adapts it to convenient 
calculations with a slide rule. 

The next step in reducing the labor of computation is to plot a 
family of curves giving V, as a function of P/T, having a curve for 
each rod used. This reduces the calculation to merely division of 
observed absolute pressure by observed absolute temperature. Such 
a family of curves is given in the upper part of Figure 14, 
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All computation may be avoided by combining with the above 
family of curves a nomogram of the form shown in the lower part 
of Figure 14. It is necessary only to lay a straightedge so that it 
crosses the temperature and pressure scales at points corresponding 
to the observed temperature and pressure. It then crosses the “quo. 
tient’’ scale at the corresponding value of P/T. The ordinate of this 
abscissa, read on the curve for the rod in use, gives crest voltage on 
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Fic. 14.—Nomogram for use with the corona voltmeter to obtain 
values of crest voltage (or equivalent sine-wave effective volt- 
age) without any calculation 





the left-hand ordinate scale and equivalent sine-wave effective volt- 
age on the right-hand scale. 

In making this nomogram one may take advantage of the fact 
that the relative change in magnitude of the absolute temperature 
is small compared with the relative change in absolute pressure and 
in the quotient P/T. The quotient scale and the pressure scale may 
therefore be arbitrarily laid out with divisions of uniform length 
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throughout, leaving all of the nonuniformity to occur in the tem- 
perature scale. 

A modification of this method, suggested by R. H. Marvin, con- 
sists in using a nomogram of which the top and bottom lines are 
the pressure scale and the temperature scale, while between them 
isa family of scales, one for each wire to be used, on which the crest 
voltage is read. 

The scales of either nomogram do not need to be marked in terms 
of the absolute pressure and temperature upon which they are based 
but may be marked in ° F. or ° C. (or both, if desired), and in any 
pressure units, such as in centimeters of mercury above atmospheric 
pressure, in pounds per square inch gauge pressure, etc. 


VI. ADVANTAGES AND DISADVANTAGES OF THE CORONA 
VOLTMETER AND SUGGESTIONS FOR ITS IMPROVE- 
MENT 


As a device for measuring the crest value of alternating voltage, 
the corona voltmeter may be compared with the sphere gap. In 
1925 one of the authors had occasion to review sphere-gap literature 
in connection with work on the International Critical Tables and 
was forced to conclude that the average accuracy to be expected 
from individual sphere-gap measurements was not much better than 
+5 per cent. Aside from inherent time lag, some portion of this 
inaccuracy was undoubtedly a result of insufficient attention to the 
sphere gap itself and to its surroundings. A graph in an article by 
Hayden and Eddy (11) shows 500 breakdowns for air between 2.54 
cm. spheres. They conclude: “The maximum error of test does not 
exceed 4 per cent, and the average error is 1 per cent. In the aver- 
age of six successive tests the maximum error decreases from 4 per 
cent to 2.9 per cent and the average error decreases from 1 per cent 
to 0.6 of 1 per cent.” In the case of the corona voltmeter, it has 
already been noted that successive readings of the same point usually 
vary less than 0.05 of 1 per cent. Agreement for the same rod sub- 
sequent to handling and cleaning is considerably poorer, and indi- 
vidual points may deviate from the average curve by as much as 1 
per cent. This difference is probably the result of alteration of the 
surface condition. If measurements are made over a period of a 
few hours, during which time nothing occurs to change the surface 
condition of the rod or the humidity, the individual points may be 
expected to lie within 0.1 per cent of a smooth curve for that rod. 

It should be remembered that the concentric-cylinder construc- 
tion of the corona voltmeter eliminates one indeterminate disturbing 
clement encountered in the noninclosed sphere gap, namely, that 
arising from the proximity of other objects. Properly designed and 
inclosed, the corona voltmeter is unaffected by surrounding objects. 
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The operation of either the corona voltmeter or the sphere gap 
consumes only a negligible amount of volt-amperes which is purely 
reactive until corona starts or the gap breaks down. At breakdown 
the sphere-gap transformer circuit is likely to oscillate in a manne 
that is often injurious to insulation unless sufficient resistance js 
placed in series with the gap. Since the voltage applied to the coron 
voltmeter should never be raised to spark over, transients resulting 
from its use are of no consequence, and the power is negligibly small 
even when spark over is impending. 

In corona voltmeters it has been customary to use an outer cylinde 
of fixed diameter and to alter the inner cylinder or rod diameter and 
air pressure as a means of changing voltage range. These methods 
of change in range for the corona voltmeter are not as convenient as 
the change in range of the sphere gap by altering its length. 

It is well known that sphere-gap spark over may be readily observed 
either visually or aurally. Observations of initial formation of corona, 
however, make auxiliary apparatus desirable or even necessary, 
except in the case of the visual method, which is unsatisfactory for 
laboratory or factory use. Aural detection is applicable to advantage, 
except in very noisy surroundings. We found this method quite 
satisfactory for use in our laboratory in which the supply motor 
generator set was running, if we used airplane-head-set phones in 
conjunction with a resistance-coupled amplifier. Unless extraneous 
noises striking the microphone are largely eliminated, the advantage 
of amplification may be considerably reduced. The ionization 
method, although readily applicable, requires either one more 
observer, as in the case of the visual method, or additional apparatus. 

Spark over within the corona voltmeter produces a deafening 
noise that may not be tolerated in the case of aural detection, and, in 
addition, it is injurious to the surface of the corona rod. On several 
occasions spark over occurred while readings were being taken with 
the larger rods above atmospheric pressure. Since it is highly 
desirable from an observational viewpoint to have the voltage 
difference between initial formation of corona and spark over large 
in order to avoid accidental spark over, it appears desirable that the 
regions over which corona and spark over occur separately be deter- 
mined. Our observations indicate that at atmospheric pressure the 
ratio of the cylinder radii should be greater than 20:1 and that the 
region previously referred to is a function of air pressure or density 
as well as humidity. Further study of these limitations of the siz 
of the corona voltmeter should prove interesting. 

It should not be overlooked that greater accuracy in crest-voltage 
measurements with the sphere gap might be obtained by inclosing 
the gap in a container which would permit the control of air pressurt 
and humidity. With any practicable size of inclosure, the effect of its 
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walls would be to modify the electrostatic field and, consequently, to 
aiter the law of spark over as a function of the gap between the 
spheres. This law would have to be redetermined for definite 
selative dimensions of inclosure and spheres and a given arrangement 
of these parts. ' 

If the corona voltmeter is to share the duties of the sphere gap or 
replace it as a commercial measuring device, in addition to its superior | 
accuracy and freedom from tendency to produce circuit disturbances 
it must afford comparative ease of operation. 

The present corona voltmeter offers room for improvement from 
the standpoint of design. From Figure 14 one may observe that two 
rods, a large one and a small one, would be sufficient to cover the 
entire range covered by the larger number of rods used in this inves- 
tigation, provided the pressure may be varied over a sufficiently wide 
range. The use of a wide pressure range requires that the pressure 
container and insulating bushing be mechanically independent of 
the corona rod, so that alteration in pressure will cause no change 
in relative location of the corona rod and the outer cylinder. (In 
the present instrument we found it necessary to introduce a tension 
spring to hold the rod taut and thus counteract a shift of the metal 
fittings of the insulating bushing.) If rods must be changed, a 
simpler, quicker, and more direct method of insertion of a cleaned 
od is highly desirable. 

The thermal design of the corona voltmeter could be’ improved 
if it is desired to use it at its highest attainable precision. Since it 
would usually be operated at room temperature, the use of a circu- 
lating fan to keep the air well stirred would be sufficient, and the 
recision which one desired would determine whether measurement of 
ur temperature would be desirable or simply measurement of the 
ontainer temperature would be sufficient. The effect of temperature 
difference on the accuracy of measurement is discussed in the 
appendix. 

The method of pressure measurement used in these experiments is 
00 complicated for ordinary work. If the use of commercially 
available pressure gauges would not provide sufficient accuracy for the 
ork, a sylphon type of instrument might be designed for the purpose 
that could be calibrated directly in absolute pressure. If it were 
iesired to apply humidity correction rather than avoid the necessity 
or it by providing thoroughly dry air, a dew-point hygrometer 
ught well be located in the inclosed chamber. It might be con- 
nent to provide air circulation for the corona chamber by circu- 
ating the air by a small fan through an auxiliary smaller chamber 

which pressure-measuring, humidity-measuring, and temperature- 
heasuring instruments, as well as apparatus for air drying or humidi- 
ying could be located. By removing the air from the top of the 
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corona voltmeter, passing it through the auxiliary chamber and the 
back into the bottom of the corona voltmeter, good air circulati, 
could be provided with minimum alteration of the corona chamby 
itself. 

By properly locating the measuring and detecting instruments aj 
controls of the corona voltmeter it should be possible for a sing) 
observer to carry on all the manipulations needed to determine crest 
voltage. " 

It has already been emphasized that future investigations relative 
to increase in accuracy and repeatability of the corona voltmete 
should begin with a careful study and control of the condition of th 
surface of the rod. The condition of the surface of the outer cylindy 
is presumably of lesser importance, because the gradient at its su. 
face is much lower. A more thorough study of the mechanism of 


corona formation is suggested. 
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VIII. APPENDIX 
1. EFFECT OF ERRORS IN OBSERVED DATA 


The individual effects of small relative errors in the observed dati 
were investigated analytically to determine the relative accura! 
required in each in order to attain a given degree of accuracy in the 
measured value of crest voltage. Assuming the constants A, B, atl 
C as known, the four observed quantities are r and R, the radii! 
the rod and cylinder, respectively, and P and 7’, the absolute pre 
sure and temperature of the air. 
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If we differentiate equation (10) with respect to r and divide the 
result by the right-hand member of equation (10) and simplify, the 
following result is obtained: 


oe (43 + 2 vir) loge (R/r) — (Aé+ By6/r) — Or i 
Ve (Aé+ By45/r) loge (R/r) + C/r loge (R/r) r 





(19) 


Figure 15 shows the manner of variation of the coefficient of dr/r 
asa function of r. It will be seen that the relative error in the crest 
voltage is always less than the relative error in the radius of the rod; 
that it depends on this radius and that of the surrounding cylinder, 
as well as on the pressure and the temperature. 

It should be pointed out that, since the error in measuring the diam- 
eter of a rod by usual means (such as a micrometer caliper) tends 
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Fic. 15.—Curve showing effect on computed crest voltage of an error in meas- 
uring the diameter of the rod 


toward a constant absolute amount, the relative error will tend to 
increase as the radius decreases. It is thus important not to use 
rods any smaller than is necessary. 
Treating equation (10) in like manner, but differentiating with 
respect to R, gives 
dv. 1 dh 
Ve log-(R/r) R 


In this case the relative error in crest voltage is a simple function of 
the ratio R/r and, unlike the preceding case, is independent of A, B, 
(, P, T, and the absolute value of r. In practice R/r would usually 
be from 10 to 100, so that the relative error in crest voltage resulting 
from an error in R will always be appreciably less than dR/R, as 
shown by the following values: 


Rir= 10 20 30 40 50 75 100 200 
dV./V.=0.43 0.33 0.29 028 0.26 0.23 0.22 0.19XdR/R 


(20) 
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Relative errors in the measurement of the radius of the surrounding 
cylinder, therefore, have much less effect on the measurement of 
crest voltage than the same relative errors in the measurement of the 
radius of the rod. The case is much more favorable for accurate 
measurement of the radius of the cylinder because of the greate; 
magnitude to be dealt with. Hence it is unnecessary to have a high 
degree of precision of form of the surrounding cylindrical surface, or 
to have the rod exactly coaxial with it, since either a slight displace. 
ment of the rod from the coaxial position or a slight ellipticity of the 
cylindrical surface may be considered equivalent to a small change 
inR. Furthermore, the gradient being very much lower at the surface 
of the cylinder than at the surface of the rod, small irregularities of 
surface, dust, and dirt, which must be carefully avoided on the latter, 
produce a negligible effect on the former. 

If equation (10) be treated as in the preceding cases, but with respect 
to P and to T, the following expressions for relative error result: 

1 0:55 ByT 
dV, 2A/Pr dP 


Ve 0.505ByT P 
A\Pr 


0.505 BYT 


__2AvPr_ dT 
,0.505 ByT - 


AVPr 
While equation (21) is of the form 
dV, 1+a/2 dP 


V.. ita .P 
and the right-hand member of equation (22) differs from that o! 
equation (21) only in sign, it is not practicable to expand the coefficient 
of dP/P or that of dT/T into a series, on account of the large variation 
in the value of a arising from the term ~Pr. With pressures o! 
only a few cm of mercury and rods a fraction of a cm in diameter, 
a will be greater than unity, while for a rod 1 cm in diameter and an 
absolute pressure of 152 cm of mercury, a=0.22. Hence, it is pre: 
erable to use the expressions (21) and (22). 

It is evident from equation (22) that the quantity which may be 
termed the temperature coefficient of the electric strength of al 
between concentric cylinders is dependent upon the geometry of the 
bounding surfaces, since it varies with the radius of the rod as well 
with the absolute pressure and temperature. The range of variatiol 
of this temperature coefficient is, however, not large for practicdl 
values of the variables. It may be shown that, as an approximate 
rule, the relative error in crest voltage may be taken as numerically 
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equal to 0.8 times the relative error in either temperature or pressure. 
For example, an error in temperature of 1° C. when the air temperature 
is 25° C. (=298° Abs.) produces an error of 0.8 X (1/298) =0.0027 = 
0.27 per cent in the crest voltage, and an error of 1 mm in measuring 
a pressure of 76 cm results in an error of 0.8 X (1/760)=0.0011=0.11 
yer cent. 

| In order to compare the results obtained by using formula (22) 
with values of the per cent change in gradient per ° C. as determined 
by previous experimenters, the data given by Whitehead and Fitch (3) 
in their Table III were used. These relate to three corona rods of 
).12, 0.16, and 0.20 cm radius, the gradient having been determined 
for each at three temperatures approximately 4°, 24°, and 52° C. 
The values computed from the experimental data and those computed 
by formula (22) are as follows: 


Per cent change in critical gradient per ° C. 











From Whitehead and Fitch data 0.23{ 02] o31! 02% | 0.31 | 0.27 
Computed from formula (22) 2 . 25 | 2% . 26 . 26 . 2% 








Average 
Whitehead and Fitch 0.275 per cent per ° C. 
Formule Gib) nota ccs accabccusetrnbachenbensaad 0.257 per cent per ° C. 
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In 1911, the directors of the national laboratories of Germany, i 
Great Britain, and the United States agreed to undertake the unifica- | 
tion of the temperature scales in use in their respective countries. 
This endeavor was approved formally in 1913 by the Fifth General 
Conference of Weights and Measures, and in 1921 the Sixth General 
Conference voted to expand the field of activities of the International 
Committee and International Bureau by including physical con- 
stants, such as standard temperatures, and the coordination of 
results obtained in other institutions. This action was duly ratified 
by the several governments adhering to the conference. 

Finally, in 1927, the Seventh General Conference, representing 31 
nations, on the recommendation of the three laboratories above 
mentioned, which had consulted with the Leiden Cryogenic Labora- 
tory as to low temperatures, adopted unanimously the following 
resolution, proposed by the International Committee of Weights and 
Measures: 


Le Comité, reconnaissant l’importance pratique de la représentation d’une 
échelle thermométrique internationale, recommande a la Conférence d’accepter, 
i titre provisoire, les repéres de température, les formules d’interpolation et 
les méthodes de mesure proposés d’un commun accord par les trois laboratoires 
nationaux d’ Allemagne, des Estats-Unis d’Amérique, et de Grande-Bretagne. 

Le Comité recommande aussi que le texte annexé soit maintenu a |’étude dans 
le programme des Conférences spéciales de Thermométrie qui seront tenues sous 
ses auspices. 


The English text is as follows: 


TEXT CONCERNING THE ADOPTION OF AN INTERNA- 
TIONAL TEMPERATURE SCALE SUBMITTED FOR DIS- 
CUSSION BY THE BUREAU OF STANDARDS, NATIONAL 
PHYSICAL LABORATORY, AND PHYSIKALISCH-TECH- 
NISCHE REICHSANSTALT 


INTRODUCTION 





The experience of the Bureau of Standards, as of the National Physical Labora- 
tory and of the Reichsanstalt, has for many years past indicated the necessity, for 
industrial purposes, of international agreement on a scale of temperatures ranging 
from that of liquid oxygen to that of luminous incandescent bodies. As a result 
of discussion extending over a considerable period, agreement has been reached 
by the three laboratories, subject to possible minor drafting amendments on the 
attached specification for a practical scale, as affording a satisfactory basis on 
which uniformity in certification of temperature measurements for industrial 
purposes may be maintained. 
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It is to be understood that this proposal does not purport to replace the absolute 
temperature scale which it is recommended should be adopted, on principle, by 
the International Conference on Weights and Measures. It is intended merely 
to represent this scale in a practical manner with sufficient accuracy to serve the 
every day needs of the laboratories for the purpose of industrial certifications, 
and is to be regarded as susceptible of revision and amendment as improved and 
more accurate methods of measurement are evolved. 

It is anticipated that this scale will shortly be adopted by the three laboratories 
for the purposes indicated, and the attached draft is presented to the conference 
for consideration, with the recommendation that it should be officially adopted, 
with such amendments, if any, as may be agreed on, as the best practical realiza- 
tion at the present time of the ideal thermometric scale. 


Part I. DEFINITION OF THE INTERNATIONAL TEMPERATURE SCALE 


1. The Thermodynamic Centigrade Scale, on which the temperature of melting 
ice, and the temperature of condensing water vapor, both under the pressure of 
one standard atmosphere, are numbered 0° and 100°, respectively, is recognized 
as the fundamental scale to which all temperature measurements should ulti- 
mately be referable. 

2. The experimental difficulties incident to the practical realization of the 
thermodynamic scale have made it expedient to adopt for international use a 
practical scale designated as the International Temperature Scale. This scale 
conforms with the thermodynamic scale as closely as is possible with present 
knowledge, and is designed to be definite, conveniently and accurately repro- 
ducible, and to provide means for uniquely determining any temperature within 
the range of the scale, thus promoting uniformity in numerical statements of 
temperature. 

3. Temperatures on the international scale will ordinarily be designated as 
°C.” but may be designated as “‘° C.(Int.)”’ if it is desired to emphasize the 
fact that this scale is being used. 

4. The International Temperature Scale is based upon a number of fixed and 
reproducible equilibrium temperatures to which numerical values are assigned, 
and upon the indications of interpolation instruments calibrated according to a 
specified procedure at the fixed temperatures. 

5. The basic fixed points and the numerical values assigned to them for the 
pressure of one standard atmosphere are given in the following table, together 
with formulas which represent the temperature (¢,) as a function of vapor pres- 
sure (p) over the range 680 to 780 mm of mercury. 

6. Basie fixed points of the International Temperature Scale— 


(a) Temperature of equilibrium between liquid and gaseous oxygen 
at the pressure of one standard atmosphere (oxygen point) . - - 


t, =tro+ 0.0126 (p— 760) —0.0000065 (p— 760)? 


(b) Temperature of equilibrium between ice and air-saturated water 
at normal atmospheric pressure (ice point) 

(c) Temperature of equilibrium between liquid water and its vapor at 
the pressure of one standard atmosphere (steam point) 


1, =tho-+ +0.0367 (p—760) — 0.000023 (p—760)? 


(d) Temperature of equilibrium between liquid sulphur and its vapor 
at the pressure of one standard atmosphere (sulphur point) - - 444.60 


ty = treo+0.0909 (p—760) —0.000048 (p—760)? 
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(e) Temperature of equilibrium between solid silver and liquid silver °C 
at normal atmospheric pressure (silver point) -...._.-------- 960.5 
()) Temperature of equilibrium between solid gold and liquid gold ° 
at normal atmospheric pressure (gold point) _____--_------- 1,063 


Standard atmospheric pressure is defined as the pressure due to a column of 
mercury 760 mm high, having a mass of 13.5951 g/cm, subject to a gravitational 
acceleration of 980.665 cm/sec.? and is equal to 1,013,250 dynes/em?. 

It is an essential feature of a practical scale of temperature that definite 
numerical values shall be assigned to such fixed points as are chosen. It should 
be noted, however, that the last decimal place given for each of the values in 
the table is significant only as regards the degree of reproducibility of that fixed 
point on the International Temperature Scale. It is not to be understood that 
the values are necessarily known on the Thermodynamic fantiggade Scale to the 
corresponding degree of accuracy. 

7. The means available for interpolation lead to a division of the scale into 
four parts. 

(a) From the ice point to 660° C. the temperature ¢ is deduced from the 
resistance R, of a standard platinum resistance thermometer by means of the 
formula 
R.=R, (1+ A.+ Be) 


The constants R,, A, and B of this formula are to be determined by calibration 
at the ice, steam, and sulphur points, respectively. 

The purity and physical condition of the platinum of which the thermometer 
is made should be such that the ratio R,./R, shall not be less than 1.390 for t= 
100° and 2.645 for t= 444.6°. 

(b) From —190° to the ice point, the temperature ¢ is deduced from the 
resistance R, of a standard platinum resistance thermometer by means of the 
formula 


R.=R, [14+ At+ BP+C (t—100) #] 


The constants R,, A, and B are to be determined as specified above, and the 
additional constant C is determined by calibration at the oxygen point. 

The standard thermometer for use below 0° C. must, in addition, have a ratio 
R,/R, less than 0.250 for t= — 183°. 

(c) From 660° C. to the gold point, the temperature ¢ is deduced from: the 
electromotive force e of a standard platinum v. platinum-rhodium thermocouple, 
one junction of which is kept at a constant temperature of 0° C. while the other is 
at the temperature ¢ defined by the formula 


exa-+ bit+ ci? 


The constants a, b, and c are to be determined by calibration at the freezing 
point of antimony, and at the silver and gold points. 

(d) Above the gold point the temperature ¢ is determined by means of the 
ratio of the intensity J, of monochromatic visible radiation of wave length \ cm, 
emitted by.a black body at the temperature /., to the intensity J, of radiation of 
~ same wave length emitted by a black body at the gold point, by means of the 
ormula 





log. 5 “lig 336 (t+ 175 | 


The constant cz is taken as 1.432 cm degrees. The equation is valid if \(t+273) 
8 less than 0.3 cm degrees. 
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Part Il—RECOMMENDED EXPERIMENTAL PROCEDURE 
1, OXYGEN 


The temperature of equilibrium of liquid and gaseous oxygen has been best 
realized experimentally by the static method, the oxygen vapor-pressure ther- 
mometer being compared with the thermometer to be standardized in a suitable 


low temperature bath. 
2. ICE 


The temperature of melting ice is realized experimentally as the temperature 
at which pure, finely divided ice is in equilibrium with pure, air-saturated water 
under standard atmospheric pressure. The effect of increased pressure is to 
lower the freezing point to the extent of 0.007° C. per atmosphere. 


3. STEAM 


The temperature of condensing water vapor is realized experimentally by the 
use of a hypsometer so constructed as to avoid superheat of the vapor around the 
thermometer, or contamination with air or other impurities. If the desired 
conditions have been attained, the observed temperature should be independent 
of the rate of heat supply to the boiler, except as this may affect the pressure 
within the hypsometer, and of the length of time the hypsometer has been ix 
operation. . 

4. SULPHUR 

For the purpose of standardizing resistance thermometers, the temperature of 
condensing sulphur vapor is realized by adherence to the following specifications 
relating to boiling apparatus, purity of sulphur, radiation shield, and procedure. 

The boiling-tube is of glass, fused silica, or similar material, and has an internal 
diameter of not less than 4 nor more than6cm. The vapor column must be suffi- 
ciently long that the bottom of the radiation shield is not less than 6 cm below 
the top of the heat insulating material surrounding the tube. Electric heating is 
preferable, although gas may be used, but the source of heat and all good conduct- 
ing material in contact with it must terminate at least 4 cm below the free surface 
of the liquid sulphur. Above the source of heat the tube is surrounded with 
insulating material. Any device used to close the end of the tube must allow 
a free opening for equalization of pressure. 

The sulphur should contain not over 0.02 per cent of impurities. Selenium is 
the impurity most likely to be present in quantities sufficient to affect the tem- 
perature of the boiling point. 

The radiation shield is cylindrical and open at the lower end, and is provided 
with a conical portion at the top, to fit closely to the protecting tube of the 
thermometer. The cylindrical part is 1.5 to 2.5 cm larger in diameter than 
the protecting tube of the thermometer and at least 1 cm smaller in diameter 
than the inside of the boiling tube. The cylinder should extend at least 1.5 cm 
beyond each end of the thermometer coil. There should be ample opening at 
the top of the cylindrical and below the conical portion to permit free circula- 
tion of vapor. The inner surface of the shield should be a poor reflector. The 
shield may be made of sheet metal, graphite, etc. 

In standardizing a thermometer the sulphur is heated to boiling and the 
heating so regulated that the condensation line is at least 1 cm above the top 
of the insulating material. The thermometer with its radiation shield is inserted 
in the vapor, and when the line of condensation again reaches its former level 
simultaneous observations of resistance and barometric pressure are made. In 
all cases care should be taken to prove that the temperature is independent of 
vertical displacements of the thermometer and shield. 





Burgess) The International Temperature Scale 639 


5. SILVER AND GOLD 


For standardizing a thermocouple, the metal to be used at its freezing point 
is contained in a crucible of pure graphite, refractory porcelain, or other material 
which will not react with the metal so as to contaminate it to an appreciable 
extent. 

Silver must be protected from access of oxygen while heated. 

The crucible and metal are placed in an electric furnace capable of heating 
the contents to a uniform temperature. 

The metal is melted and brought to a uniform temperature a few degrees 
above its melting point, then allowed to cool slowly with the thermocouple 
immersed in it as described in the next paragraph. 

The thermocouple, mounted in a porcelain tube with porcelain insulators 
separating the two wires, is immersed in the molten metal through a hole in 
the center of the crucible cover. The depth of immersion should be such that 
during the period of freezing the thermocouple can be lowered or raised at least 
icm from its normal position without altering the indicated emf by as much as 
1 microvolt. During freezing, the emf should remain constant within 1 micro- 
volt for a period of at least five minutes. 

As an alternative to displacing the couple, as a means of testing the absence 
of the influence of external conditions upon the observed” temperature, both 
freezing and melting points may be observed and if these do not differ by more 
than 2 microvolts, the observed freezing point may be considered satisfactory. 


6. THE STANDARD PLATINUM RESISTANCE THERMOMETER 


The diameter of the wire should not be smaller than 0.05 or larger than 0.2 mm. 

The platinum wire of the thermometer must be so mounted as to be subject 
to the minimum of mechanical constraint, so that dimensional changes accom- 
panying changes of temperature may result in a minimum of mechanical strain 
being imposed upon the platinum. 

The design of the thermometer should be such that the portion, the resistance 
of which is measured, shall consist only of platinum, and shall be at the uniform 
temperature which is to be measured. This may be accomplished by either of 
the accepted systems of current and potential, or compensating leads. 

After completion, the thermometer should be annealed at a temperature of 
at least 660°. 

7. THE STANDARD THERMOCOUPLE 

The platinum of the standard couple shall be of such purity that the ratio 
R/R, is initially not less than 1.390 for é=100°. The alloy is to consist of 90 
per cent platinum with 10 per cent rhodium. The completed thermocouple 
must develop an electromotive force, when one junction is at 0° and the other 
at the freezing point of gold, not less than 10,200 nor more than 10,400 inter- 
national microvolts. The diameter of the wires used for standard thermocouples 
should lie between the values 0.35 and 0.65 mm. 

The freezing point of antimony, specified for the standardization of the thermo- 
couple, lies within the range of 0° to 660° where the international scale is fixed by 
the indications of the standard resistance thermometer, and the numerical value 
of this temperature is therefore to be determined with the resistance thermometer. 
In the appendix the result of such determinations is given as 630.5°, but the 
temperature of any particular lot of antimony which is to be used for stand- 
ardizing the thermocouple is to be determined with a standard resistance 
thermometer. 

The procedure to be followed in using the freezing point of antimony as a fixed 
temperature is substantially the same as that specified for silver. Antimony has 
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a marked tendency to undercool before freezing. The undercooling will not he 
excessive if the metal is heated only a few degrees above its melting point and jf 
the liquid metal is stirred. During freezing ‘the temperature should remaiy 
constant within 0.1° for a period of at least five minutes. 


8 SECONDARY POINTS 


In addition to the basic fixed points, the temperatures of a number of other 
points are available and may be used in the calibration of secondary temperature 
measuring instruments. These points and their temperatures on the internationg 
scale are listed below. The temperatures given are those corresponding to 4 
pressure of one standard atmosphere. The formulas for the variation of vapor 
pressure with temperature are valid for the range from 680 to 780 mm. 


Temperature of equilibrium between solid and gaseous carbon 
dioxide 
t, =tro+ 0.1443 (tp + 273.2) logio (p/760) 
Temperature of freezing mercury 


Temperature of transition of sodium sulphate___________.__---_--_- 
Temperature of condensing napthalene vapor 217 96 


tp =troo + 0.208 (t, +273.2) logio (p/760) 


Temperature of freezing tin 281. 85 
Temperature of condensing benzophenone vapor 305. 9 


ty =tro+0.194 (t,+273.2) logy (p/760) 


Temperature of freezing cadmium 320. 9 
Temperature of freezing lead 327.3 
Temperature of freezing zinc 419, 45 
Temperature of freezing antimony 630. 5 
Temperature of freezing copper in a reducing atmosphere 
Temperature of freezing palladium 
Temperature of melting tungsten 

The Bureau of Standards, therefore, in common with the other 
national laboratories, will use until further notice in its scientific work 
and for the calibration of instruments, the standard temperatures, 
interpolation formulas, and methods of measurement as laid down J 
above by the General Conference of Weights and Measures on 
October 4, 1927. It is recommended that scientific workers elsewhere 
conform to the International Temperature Scale as above set forth. 

It is expected that international thermometric conferences will be 
called, as occasion requires, by the International Committee on 
Weights and Measures, so that this temperature scale may be revised 
as the need arises. 


WASHINGTON, September 12, 1928. 
x 
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TABLES OF THEORETICAL ZEEMAN EFFECTS 
By C. C. Kiess and W. F. Meggers 


ABSTRACT 


The splitting of spectrum lines into components, when the source is in a 
magnetic field, Zeeman effect, furnishes theoretically an absolute identification 
of the terms involved in the production of the lines. Based on the theoretical 
work of Landé the Zeeman effects of various term combinations have been com- 
puted, and these are now presented in tabular form. The tables give results for 
terms from § to I in the doublet, quartet, sextet, and octet systems; in the triplet, 
quintet, and septet systems; and in the doublet-quartet, quartet-sextet, sextet- 
octet, singlet-triplet, triplet-quintet, and quintet-septet intersystems, 


CONTENTS 


I. Introduction 
II. Tables 


I. INTRODUCTION 


The classification of the lines of a spectrum as differences between 
terms of various types has made rapid progress in recent years. 


Especially is this true of the complex spectra of the elements occupy- 
ing the columns on the right of the periodic table. This work has 
been aided by several kinds of physical phenomena which reveal 
the existence of a relationship between the members of a group of 
neighboring spectrum lines. Among these aids may be mentioned 
the temperature classification of King, the reversibility of lines under 
various conditions, the red-ward shift of lines with pressure, and the 
splitting of lines in electric (Stark effect) and magnetic fields (Zeeman 
effect). 

Of these aids the Zeeman effect, observed in weak fields, furnishes 
theoretically an absolute identification of the term combination 
represented by a spectrum line. The theory of the Zeeman effect 
derived by Lorentz from the classical mechanics accounted only 
for the so-called normal triplets. The explanation of the “anomalous” 
Zeeman effect, which is characteristic of the majority of lines, was 
possible only after the development of modern theories of spectra 
based on the quantum theory of atomic structure. 

The idea that the splitting of a line in the magnetic field was the 
result of a splitting of the terms which combine to produce the line 
first originated with Van Lohuizen.! The subsequent development of 





‘Proc. Acad. Amsterdam, 22, p. 190; 1919. 
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this idea by Sommerfeld,? and others, culminated in the work of 
Landé,’ who, guided largely by the high precision observations of 
Back, was able to give a formula for the splitting of a term in the 
magnetic field. This formula expresses a relation between the quan- 
tum numbers necessary to completely specify a spectral term. 

The terms of a spectrum correspond to the various energy states 
of the emitting atom and their types may be calculated, as shown 
by Hund,‘ from the different configurations which the valence 
electrons of the atom assume when it is excited. In addition to the 
total quantum number n, which tells which shell it is in, each electron 
is specified by the quantum numbers 1,(=0, 1, 2, 3, . . ., for s, p, d, 
J, ..., electrons, respectively), and s,(= + 1/2), which state the num- 
ber of units of quantized angular momenta associated with their 
orbital revolutions and axial rotations. Any term "T, represents 
quantitatively one of the resultants obtained by adding together 
vectorially the orbital and axial angular momenta of the electrons 
composing a particular configuration. Thus, /=2l,=0, 1, 2, 3, 
... for S, P, D, F,... terms, and s=%s,=0, 1/2, 1, 3/2, 2, . 
for singlets, doublets, triplets, quartets, quintets, etc. The inner 
quantum numbers, 7, which represent mechanically the resultant 
angular momentum of the atom, are given by the relations j,,= 
+s, and juin=l—s; and the multiplicity by r=2s+1 

When the atom is in a magnetic field it behaves like a spinning 
top subject to external force moment; that is, its axis of resultant 
angular momentum, the axis of j, describes a precessional cone 
(Larmor precession) about the direction of the field. Since the 
motion is quantized, only those angles of the cone are permitted 
which correspond to integral projections of 7 on the field in the 
case of odd multiplicities, and half-integral projections for even 
multiplicities. The values of these projections are designated by 
the magnetic quantum number m, and for any value of j, there will 
be 27+1 values of m, proceeding by steps of one unit from +) to —j. 
In other words, the effect of the field is to add equal increments of 
energy to the atom, the number of such increments being restricted 
to the number of orientations which the atom, in a particular state, 
can assume with respect to the field. This is equivalent to splitting 
up the term corresponding to the energy state into a group of equ 
distant components, each of which corresponds to an increment of 
added energy. The amount by which the components of a split 
term are separated from each other is given by the relation 
H 
h 7 


Av=-— u 





3 Annalen der Physik, 63, p. 221; 1920. 
5 Zeitschrift fiir Physik, 5, p. 231, 1921; 15, p. 189, 1928. 
4 Linienspektren und periodisches System der Elemente, Berlin, Julius Springer; 1927. 
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in which # is the magnetic moment of the atom, H is the strength 
of the magnetic field, h is Planck’s constant, and m and j have the 
meanings defined above. Expressed in terms of the normal Zeeman 
triplet, this reduces to 


dv =" m=gm 


The ratio of the magnetic to the mechanical moment of the atom 
u/j=g is Landé’s splitting factor. By a process of induction based 
on the g values of known terms Landé was able to set up a formula 
expressing g as a function of the quantum numbers which specify 
a spectral term. This formula has been found to hold, generally, 
for terms of all types and multiplicities, and expressed in notation 
of current usage (Sommerfeld’s*) is 


_,,9G+1) +8 (8+) —-1d4+)) 
aah Tt 27 (7 +1) 


As an illustrative problem, let it be required to find the g value of 


the term 5F,. Here 7=4, sa"5t=2 and 7=3. Substitution of 


2 
these values in the formula gives g=1 +i ae By such a pro- 
cedure tables of g values have been constructed which may be found 
in any one of a number of works.°® 

When the atom in the magnetic field radiates light the components 
of one magnetically resolved term group combine with those of 
another such group in accordance with the rules governing the com- 
bination. Each component term is specified by a particular value 
of the magnetic quantum number m and only those combinations 
occur for which the change in m is +1 or 0, with the requirement 
that the combination of two terms for each of which m=0 is forbid- 
den. If two terms combine for which Am= +1 the radiated light 
is circularly polarized and the components of the Zeeman pattern 
perpendicular to the field are observed. If Am=0O the radiated 
light is plane polarized and the parallel components are observed. 
As illustrations, let it be required to calculate the theoretical Zee- 
man patterns of the term combinations (a), °F;—®*G,, (6), *D3;— *F3. 


———— 





‘Three lectures on atomic physics. Lecture II, London. Methuen & Co.; 1926. 

§ Back u. Landé, Zeemaneffekt und Multiplettstruktur der Spektrallinien, p. 42, Berlin, Julius Springer: 
1925. Sommerfeld, Atombau. 4th ed., p. 623, Braunschweig, Vieweg & Sohn: 1924. Zeeman and De Bruin, 
Handbuch der Physikalischen Optik, 2, p. 638: 1927. 


a SA aie 





+t 
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15 23 75 69 
5 -_ 
(a) The g values for °F; and °G, are = 19 and 55 50° BO and go° For 
5F the magnetic quantum number m runs Aiba, —3 to +3, and for 
°G, from —4 to +4. We have the following values of mg for each 


term: 





3 FS 34 


150 _, 225 
0 + 60 
_207 138 _ 69 138, 207 


60 60 60 +e te *e 








By subtracting the fractions of the lower row from those above, 
first vertically and then diagonally, we get, respectively, the com- 
ponents of the Zeeman pattern for which Am=0 and Am= +1. 
The collected results are expressed as 


+ (0, 6, 12, 18) 51, 57, 63, 69, 75, 81, 87_ + (0.00, 0.10, 0.20, 0.30) 0.85, 0.95 
60 1.05, 1.15, 1.25, 1.35, 1.45 





the parallel components being the ones inclosed in ( ), the perpen- 
dicular components following. 


(b) The g values are i and $8 for *D, and *F3. 
35 35 


Notre.—The inner quantum numbers of terms of even multiplicity are half- 
integers. For convenience in printing the integer greater by 1/2 than the 
proper inner quantum number is used throughout this paper. 


The labor of computation is diminished by using the decimal equiva- 
lents of the g’s, especially if a table of products or a slide rule are 
available. Thus, since 


48 


357): 371 and >= 1. 029 








| 987 -1.54 —.52 +.52 41.54 42.5% 





| 
| —3.43 —2.06 —0.69 +0.69 +206 +3.43 a 





Whence, taking vertical differences for parallel components, and 
diagonal differences for perpendicular components, we obtain 


+ (0.17, 0.51, 0.86) 0.51, 0.86, 1.20, 1.54, 1.89 











Vol. 1 


For 


for 
ach 


on- 


alf- 
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The components printed in heavy type are the most intense. 
These are the ones, according to Landé, which correspond to the 
maximum angle between the axis of 7 and the direction of the field 
for parallel components, and to the minimum angle for perpendicular 
components. 

In determining these, the following practical rules hold. In case 
the ’s of the combining terms are not equal, problem (a) above, 
the vertical differences in the middle of the scheme and the diagonal 
differences at the ends give, respectively, the strongest p and n 
components. In case the j’s are equal, problem (6), the vertical 
differences at the end of the scheme and the diagonal differences at 
the center give, respectively, the strongest p and n components, with 
the added requirement that for terms of odd multiplicity the p com- 
ponents corresponding to the transition m=0 to m=0 are forbidden; 
that is, their intensity is zero. 

Workers, engaged in classifying spectra, find it convenient to have 
at hand tables of Zeeman effects for the various term combinations. 
During the past five years such tables have been calculated from 
time to time at the Bureau of Standards, according to the require- 
ments of the spectrum under investigation. These tables are now 
extensive enough to cover all-possible term combinations which are 
likely to occur in the spectra of elements other than the rare earths. 
For certain elements there is some evidence that g values differing 
from those given by the formula above will be required, but the 
exact law governing such anomalous values is not yet known. For 
these reasons, it is believed that these tables for the normal g values 
will be useful because of their completeness, and their publication 
will save the unnecessary time and labor of duplication on the part 
of others. 

The tables for each series system are preceded by a table of g 
values for that system which differ from those referred to above 
only in that the fractions in each vertical column have all been 
converted to the same common denominator. When this is done, 
an inspection of the tables shows simple relations between the numera- 
tors and denominators of the g’s not only in the vertical columns, 
but also in the horizontal and diagonal rows, which permit writing 
down additional g values without recourse to the above formula. 

The art of observation has not sufficed to separate Zeeman pat- 
terns whose components differ by less than Ja, for sources in air, 
or by less than j5a for vacuum sources, a being the normal triplet 
separation. The result is that many observed patterns represent 
the blending of overlapping images, so that in order to interpret 
them, the theoretical patterns of the following tables must be some- 
what modified. Such a procedure was adopted by Russell ” in inter- 





Astrophysical J. 66, p. 307; 1927. 

















646 Bureau of Standards Journal of Research Le 


preting observed Zeeman effects of Ti. Weighting the lines acc ording 
to their theoretical intensities, as done by Hénl,® he found that by 
placing the center of an wnreadived group at one-fourth the way 
from the strongest to the weakest component, modified theoretic] 
patterns could be derived which would satisfactorily fit those observed. 

Although it is the purpose of the following tables to furnish ap 
interpretation of any observed Zeeman effect, yet it sometimes hap- 
pens that a pattern is encountered which deviates from the theo- 
retical patterns to an extent that makes its identification uncertain. 
In such a case, it is often helpful to determine the g values of the 
combining terms from the observed pattern and thereby arrive at 
an identification of the terms. This procedure has been well illus. 
trated by Back; ° it involves the solution of two simple linear equs- 
tions with two unknown quantities. Let g, and gy be the g’s of the 
unknown terms with inner quantum numbers 7, and jy, and let m, 
and my=m,+1 be the magnetic quantum numbers corresponding 
to the terms which give the n components of maximum intensity. 
Further, let e represent the mean separation of the components o/ 
the observed pattern, and let 2f be the separation of the n components 
of maximum intensity. Then, in case 7, and jy are not equal, the 
two equations are 


9x—Jy = +e 
MxJx— Mygy = +f 


In case 7, equals 7, then, owing to the fact that the strong n 
components are given by the diagonal differences at the center of 
the pattern, the values of the magnetic quantum numbers are 
my= +1 for m,=0, or my=0 for m,= +1, for terms of odd multi- 
plicity; and my= +1/2 for m,= ¥1/2 for were of even multiplicity. 
In the case of odd multiplicity terms there will be, in general, two n 
components of the same maximum intensity and accordingly two 
values of 2f. The equations to be solved are therefore: 
odd multiplicity 

9x—Gy= +e= + (fa—fi) 


gx =f; 
Jy =ha 


even multiplicity 
Jx—Jy= +e 
1/2gx— 1/29y = i 








8 Zeitschrift fiir Physik, 31, p. 340; 1925. * Zeitschrift fiir Physik, 15, p. 206; 
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In illustration of the above, let it be required to find the g values 
of the terms which combine to produce the Cb are lines 4123.86 and 
4163.64, for which Jack ® observed the Zeeman effects 


(a) (0.32, 0.90) 0.47, 1.02, 1.58, 2.18 
(b) (——, 1.18) 0.66, 1.46, 2.24 
The terms are of even multiplicity, (a) representing a combination 
for which j,4jJy and (b) a combination for which 7; =Jy 
For (a), we have 
e= +0.57; f= +0.47 
*.9x—Gy = £0.57 


o 


5 9x —* gy + 0.47 
whence 
, 28 
gx 1.90 corresponding to 15 (®Dz) 
and 
gy = 1.33 corresponding to ; or se (®F3) 
For (b) we have 
e= £0.79, f= 41.46 
".9x—Gy= £0.79 
1/2gx+1/2gy= +1.46 
whence 
, 28 
gx= 1.86 corresponding to 15 (D2) 


and 


gy =1.07 corresponding to “G (°F 2) 


To facilitate the identification of the terms corresponding to 
computed g values, as in the foregoing problems, Tables 14 and 15 
have been compiled. 

In conclusion we wish to acknowledge our indebtedness to Prof. 
H. N. Russell, of Princeton University, who kindly checked our 
tables with those computed by him. 





” Proc. Roy. Irish Acad., 830A, p. 42; 1912. 
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TaBLe 1.—Theoretical Zeeman effects (doublet system) 


(Landé g values] 





“i 


~ HR Os dy a |“ 





0.667 1.333 
0.800 1.200 
0.857 = 1, 143 
0.889 1.111 
0.909 1.091 
0, 923 














#8:°8’; (0.00), 2.00. 


28;P; (0.67), 1.33. 
2S: P2 (0.33), 1.00, 1.67. 
28;~"D’2 (0.60), 0.20, 1.40. 
2P;-*P’; (0.00), 0.67. 
?P,;P’2 

>p._sp’} (0.83), 1.00, 1.6%. 
2P2P’s (0.00), 1.33. 


*P;-2D, (0.07), 0.73, 0.87. 
2P;2Ds (0.27, 0.80), 0.53, 1.07, 1.60. 
2P:2D; (0.07, 0.20), 1.08, 1.13, 1.27, 1.40. 
*P;-2F’s (0.24, 0.71), 014, 0.62, 1.09, 1.57. 
2Dr2D's (0.00), 0.80, 

*Dy2D’ 

aya 0.60), 0.60, 1.00, 1.40, 1.80. 
2D32D’s (0.00), 1.20. 


DF; (0.03, 0.09), 0.77, 0.83, 0.89, 0.94. 
2D3~F; (0.17, 0.51, 0.86), 0.34, 0.69, 1.08, 1.37, 1.71. 
2D3~7F; (0.03, 0.09, 0.14), 1.00, 1.06, 1.11, 1.17, 1.23, 1.28. 
2D»2G"; (0.16, 0.47, 0.78), O11, 0.42, 0.73, 1.04, 1.35, 1.67. 
?F;-2F’s (0.00), 0.86. 

FF x ‘ 
sige } Out, 0.43, 0.71), 0.43, 0.71, 1.00, 1.28, 1.57, 1.86. 
2F,2F%, (0.00), 1.14. 


2F 3G, (0.02, 0.05, 0.08), 0.81, 0.84, 0.87, 0.90, 0.94, 0.97. 
2F 2G, (0.13, 0.38, 0.64, 0.89), 0.25, 0.51, 0.76, 1.02, 1.27, 1.52, 1.78. 
2Fs-2Gs (0.02, 0.05, 0.08, 0.11), 1.00, 1.03, 1.06, 1.10, 1.13, 1.16, 1.19, 1.22. 
2F 2H ’s (0.12, 0.35, 0.58, 0.82), 0.09, 0.32, 0.56, 0.79, 1.03, 1.26, 1.49, 1.73. 
G.2G; (0.00), 0.89. 

2G,2G’ 

1a.2q/} @ll, 0.33, 0.56, 0.78), 0.33, 0.56, 0.78, 1.00, 1.22, 1.44, 1.67, 1.89. 
2Gs~2Gs (0.00), 1.11. 


2G.H;s (0.01, 0.03, 0.05, 0.07), 0.84, 0.86, 0.88, 0.90, 0.92, 0.94, 0.96, 0.98. 
2GsHs (0.10, 0.30, 0.50, 0.71, 0.91), 0.20, 0.40, 0.61, 0.81, 1.01, 1.21, 1.41, 1.62, 1.82. 
7Gs~He (0.01, 0.03, 0.05, 0.07, 0.09), 1.00, 1.02, 1.04, 1.06, 1.08, 1.10, 1.12, 1.14, 1.16, 1.18. 


4Gs-—*I’o (0.09, 0.28, 0.47, 0.66, 0.85), 0.08, 0.26, 0.45, 0.64, 0.83, 1.02, 1.21, 1.39, 1.58, 1.77. 
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TaBLE 1.—Theoretical Zeeman effects (doublet system)—Continued 





tHsH’s (0.00), 0.91. 
MH 0 0.27, 0.45, 0.64, 0.82), 0.27, 0.45, 0.64, 0.82, 1.00, 1.18, 1.36, 1.54, 1.73, 1.91. 
vi 
1HyHs (0.00), 1.09. 
tHy-1Ts (0.01, 0.02, 0.03, 0.08, 0.06), 0.86, 0.88, 0.89, 0.90, 0.92, 0.93, 0.94, 0.96, 0.97, 0.98. 
Hels (0.08, 0.25, 0.42, 0.59, 0.76, 0.92), 0.17, 0.34, 0.50, 0.67, 0.84, 1.01, 1.17, 1.34, 1.51, 1.68, 1.85. 
1HyI7 (0.01, 0.02, 0.03, 0.05, 0.06, 0.08), 1.00, 1.01, 1.03, 1.04, 1.05, 1.06, 1.08, 1.10, 1.11, 1.12, 1.14, 1.15. 


My-31's (0.00), 0.92. 
a} O88, 0.23, 0.38, 0.54, 0.69, 0.85), 0.23, 0.38, 0.54, 0.69, 0.85, 1.00, 1.15, 1.31, 1.46, 1.61, 1.77, 1.92. 
1171’; (0.00), 1.08. 





TABLE 2.—Theoretical Zeeman effects (quartet system) 


[Landé g values] 








2. 667 1.733 1.600 

0.000 1.200 1.371 1,429 

ie 0.400 1.029 1,238 1.333 

Att 34 0.571 0.984 1.172 1,273 

tc a 0.667 0.970 1.133 1.231 

$3 HE HE att 0.727 0.965 1.108 1,200 


1 3 











4S2-4S’2 (0.00), 2.00. 


4S2-4P; (0.33), 1.67, 2.33. 
4S2-P, (0.13, 0.40), 1.60, 1.87, 2.13. 
‘S:-*P3 (0.20, 0.60), 1.00, 1.40, 1.80, 2.20. 


SD’: (1.00), 1.00, 3.00. 
‘S:~"D’2 (0.40, 1.20), 0.80, 1.60, 2.40. 
‘S;-"D’; (0.81, 0.94), 0.43, 1.06, 1.68, 2.31. 


‘SF (0.80, 2.40), —0.40, +1.20, 2.80. 
‘SF's (0.49, 1.46), —0.43, +0.54, 1.51, 2.48. 


‘P\~4P’; (0.00), 2.67. 


(PP 's) 9 gn 
(P,P (O47), 142%, 2.20. 


‘Py-+P’ (0.00), 1.73. 
‘Pr-tP '} (0.0%, 0.20), 1.40, 1.54, 1.67, 1.80. 


‘PP 's 


‘PsP’; (0.00), 1.60. 


‘P;-4D; (1.33), 1.33. 

‘P:-"Ds (0.73), 0.47, 1.93. 

‘PD; (0.87), 0.87, 2.60. 

‘P:"Do (0.27, 0.80), 0.93, 1.47, 2.00. 

'P24Ds (0.18, 0.54), 0.83, 1.19, 1.55, 1.92. 

‘PD, (0.20, 0.60), 1.00, 1.40, 1.80, 2.20. 

'PsDs (0.11, 0.34, 0.57), 1.03, 1.26, 1.48, 1.72, 1.94. 
‘PsD, (0.09, 0.26, 0.43), 1.00, 1.17, 1.34, 1.52, 1.68, 1.86. 


'P:~4F’s (1.13), 0.78, 1.53. 

‘Ps4F’s (0.67, 2.00), —0.27, +107, 2.40. 

‘PrP’; (0.85, 1.06), —0.03, +0.68, 1.38, 2.09. 

‘Ps-"F’s (0.60, 1.80), —0.20, +1.00, 2.20, 3.40. 

'Ps-4F’s (0.29, 0.86, 1.48), 0.17, 0.74, 1.81, 1.89, 2.46. 
‘PsP’, (0.18, 0.54, 0.90), 0.85, 0.70, 1.€8, 1.42, 1.78, 2.14. 


4914°—28——_2 
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#P3~-4Gs (0.58, 1.74), —1.17, —0.01, +1.15, 2.31. 
*P3-4G3 (0.52, 1.54, 2.57), —0.97, +0.06, 1.08, 2.11, 3.14. 
#P3~-4Gy (0.31, 0.93, 1.54), —0.55, +0.06, 0.68, 1.29, 1.91, 2.52. 


‘D;-!D’; (0.00), 0.00, unaffected. 


4‘Di-*D’2 
(Dit } (0.60), 0.60, 1.80. 


4{D2*D’2 (0.00), 1.20. 


‘DD’ 
(Da-4D/,} (009, 0.26), 1.12, 1.28, 1.46, 1.63, 


4D3-*D’; (0.00), 1.37. 


‘DD’ 
(Dtp’,} (0.08, 0.09, 0.14), 1.28, 1.34, 1.40, 1.46, 1.51, 1.5% 


4Dy-4D’, (0.00), 1.43. 


4D:-*F 2 (0.20), 0.20, 0.60. 

4D2-F 3 (0.40, 1.20), 0.00, 0.80, 1.60. 

{DoF ; (0.09, 0.26), 0.77, 0.94, 1.12, 1.29. 

4{D3-4*F 2 (0.49, 1.46), —0.09, +-0.88, 1.86,2.83. 

4D3-*F;3 (0.17, 0.51, 0.86), 0.51, 0.86, 1.20, 1.54, 1.89. 

4D3-4F, (0.07), 0.20, 0.33), 0.91, 1.04, 1.17, 1.30, 1.43, 1.57. 

4D,-4F 3 (0.20, 0.60, 1.00), 0.43, 0.83, 1.23, 1.63, 2.03, 2.43. 

4Di-*F (0.10, 0.29, 0.48, 0.67), 0.76, 0.95, 1.14, 1.83, 1.52, 1.72, 1.90. 

4D -*F 5 (0.05, 0.14, 0.24, 0.33), 1.00, 1.10, 1.19, 1.29, 1.38, 1.48, 1.57, 1.67. 


4D2G’; (6.31, 0.94), —0.37, +0.26, 0.89, 1.52. 

4D3-*G’s (0.40, 1.20, 2.00),—0.63, +-0.17, 0.97, 1.77, 2.57. 

4D3-*G", (0.19, 0.58, 0.97), 0.62, 0.40, 0.79, 1.18, 1.57, 1.95. 

4Ds-*G’s (0.48, 1.29, 2.14), —0.71, +0.14, 1.00, 1.85, 2.71, 3.57. 

4De*G, (0.22, 0.67, 1.11, 1.56),—0.13, +0.32, 0.76, 1.21, 1.65, 2.10, 2.54. 
4Di-*Q’s (0.13, 0.38, 0.64, 0.90), 0.27, 0.53, 0.79, 1.04, 1.30, 1.56, 1.81, 2.07. 


4*D3-*H, (0.35, 1.06, 1.76), —1.08, —0.39, +-0.31, 1.02, 1.73, 2.42. 
4Dy-*H, (0.38, 1.14, 1.90, 2.66), —1.24,—0.48, +0.29, 1.05, 1.81, 2.57, 3.33. 
‘Dy-*Hs (0.23, 0.69, 1.15, 1.61), —0.64, —0.18, +0.28, 0.74, 1.20, 1.66, 2.12, 2.58, 


‘F)-4F’s (0.00), 0.40. 
(Fe ap} (0.1, 0.94), 0.09, 0.71, 1.34, 1.9%. 

+F3-*F’s (0.00), 1.03. 

a: rs (0.10, 0.31, 0.52), 0.72, 0.92, 1.13, 1.34, 1.55, 1.76. 

‘Fy-4F’s (0.00), 1.24. 

Cray (005, 0.14, 0.24, 0.33), 1.00, 1.09, 1.19, 1.28, 1.38, 1.48, 1.57, 1.67. 

4Fs-4F’s (0.00), 1.33. 

4F2-4Gs (0.09, 0.26), 0.31, 0.49, 0.66, 0.83. 

‘F3~4Gs (0.23, 0.69, 1.14), —0.11, 4-0.34, 0.80, 1.26, 1.72. 

‘F3~"Gy (0.02, 0.07, 0.11), 0.82, 0.92, 0.96, 1.01, 1.05, 1.10. 

4F 4-*Gs (0.38, 1.00, 1.67), —0.43, 4-0.24, 0.90, 1.57, 2.24, 2.90. 

‘F<-"Gy (0.13, 0.38, 0.64, 0.89), 0.35, 0.60, 0.86, 1.11, 1.37, 1.62, 1.87. 

‘FG (0.03, 0.10, 0.17, 0.23) 0.94, 1.01, 1.07, 1.14, 1.21, 1.27, 1.34, 1.40. 

‘Fs-4Gy (0.17, 0.52, 0.87, 1.22), 0.11, 0.46, 0.81, 1.16, 1.51, 1.86, 2,20, 2.56. 

4F5~4Gs (0.08, 0.24, 0.40, 0.57, 0.73), 0.61, 0.77, 0.93, 1.09, 1.25, 1.42, 1.58, 1,74, 1.90. 
‘FG (0.08, 0.09, 0.15, 0.21, 0.27), 1.00, 1,06 1.12, 1.18, 1.24, 1.30, 1.36, 1.42, 1.49, 1.55. 


4‘F3-4H’, (0.18, 0.54, 0.90), —0.24, +-0.12, 0.49, 0.85, 1.21, 1.57. 

4Fy~4H 4 (0.29, 0,86, 1.43, 2.00), —0.76, —0.19, +-0.38, 6.95, 1.52, 2.10, 2.68. 

4F.-*H’s (0.13, 0.40, 0.67, 0.94), 0.03, 0.30, 0.57, 0.84, 1.10, 1.37, 1.64, 1.91. 

4Fs-H (0.33, 1.00, 1.67, 2.33), —1.00, —0.33, +-0.33, 1.00, 1.67, 2.33, 3.00, 3.67. 

4F5-1H’s (0.18, 0.55, 0.91, 1.27, 1.64), —0.30, +0.06, 0.42, 0.79, 1.15, 1.51, 1.88, 2.24, 2.61. 
4F5-4H’s (0.10, 0.30, 0.50, 0.70, 0.90), 0.28, 0.43, 0.63, 0.83, 1.03, 1.23, 1.43, 1.63, 1.83, 2.03. 
4Fy—415 (0.26, 0.77, 1.28, 1.79), —1.06, —0.55, —0.04, +-0.47, 0.98, 1.49, 2.00, 2.52. 

4F5~4I5 (0.30, 0.91, 1.52, 2.13, 2.74), —1.40, —0.79, —0.19, +-0.42, 1.03, 1.64, 2.24, 2.85, 3.46. 
*F5-‘I¢ (0.18, 0.55, 0.92, 1.29, 1.66), —0.69, —0.32, +-0.04, 0.42, 0.78, 1.15, 1.52, 1.88, 2.25, 2.62, 
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1Gs-4Q's (0.00), 0.57. 

iGotG sh o.at, 0.62, 1.03), —0.05, +0.37, 0.78, 1.19, 1.60, 2.01. 

(Gy-4's (0.00), 0.99. 

sag) 0.08, 0.28, 0.47, 0.66), 0.52, 0.70, 0.89, 1.08, 1.27, 1.45, 1.64, 1.83. 

Gs-4G's (0.00), 1.17. 

eG t) 0.05, 0.15, 0.25, 0.35, 0.45), 0.82, 0.92, 1.02, 1.12, 1.22, 1.32, 1.42, 1.53, 1.63, 1.73. 
(Ge-"G's (0.00), 1.27. 


(Gy-Hy (0.05, 0.14, 0.24), 0.43, 0.52, 0.62, 0.71, 0.81, 0.90. 

(GytHs (0.16, 0.48, 0.79, 1.11), —0.13, +0.19, 0.51, 0.83, 1.14, 1.46, 1.78. 

(Gi+Hs (0.01, 0.02, 0.04, 0.05), 0.92, 0.93, 0.95, 0.96, 0.98, 0.99, 1.00, 1.02. 

‘Gs, (0.25, 0.76, 1.26, 1.77), —0.60, —0.09, +0.41, 0.92, 1.42, 1.93, 2.44, 2.94. 

‘GsH, (0.10, 0.30, 0.50, 0.71, 0.91), 0.26, 0.46, 0.67, 0.87, 1.07, 1.27, 1.47, 1.68, 1.88. 

(ss (0.02, 0.06, 0.10, 0.14, 0.17), 0.96, 1.00, 1.03, 1.07, 1.11, 1.15, 1.19, 1.28, 1.27, 1.31. 

‘Gy-4Hs (0.155, 0.45, 0.76, 1.06, 1.36), —0.09, +0.21, 0.51, 0.82, 1.12, 1.42, 1.73, 2.03, 2,33, 2.64. 

\GytHe (0.07, 0.21, 0.35, 0.49, 0.63, 0.77), 0.50, 0.64, 0.78, 0.92, 1.06, 1.26, 1.34, 1.48, 1.62, 1.76, 1.90. 
(Gy-4Hz (0.02, 0.06, 0.10, 0.15, 0.19, 0.23), 1.00, 1.04, 1.08, 1.13, 1.17, 1.21, 1.25, 1.29, 1.33, 1.38, 1.42, 1.46. 


‘GT's (0.13, 0.39, 0.64, 0.90), —0.17, +0.08, 0.34, 0.60, 0.86, 1.11, 1.37, 1.62. 
4Q5~4I’s (0.22, 0.67, 1.11, 1.56, 2.00), —0.83, —0.38, +0.06, 0.50, 0.95, 1.39, 1.84, 2.28, 2.73. 

‘Gs-41’s (0.10, 0.31, 0.52, 0.73, 0.93), 0.04, 0.24, 0.45, 0.66, 0.86, 1.07, 1.27, 1.48, 1.69, 1.89. 

4Gs-‘I’s (0.27, 0.82, 1.36, 1.90, 2.45), —1.18, —0.64, —0.09, -+0.45, 1.00, 1.55, 2.09, 2.64, 3.18, 3.73. 

(Gs~1l’s (0.15, 0.46, 0.77, 1.08, 1.38, 1.69), —0.42, —0.11, 0.20, 0.50, 0.81, 1.12, 1.43, 1.73, 2.04, 2.35, 2.66. 
‘Gel’ (0.08, 0.25, 0.41, 0.58, 0.74, 0.91), 0.20, 0.36, 0.53, 0.70, 0.86, 1.03, 1.19, 1.35, 1.52, 1.69, 1.85, 2.02. 


(Hy-4H1’s(0.00), 0.67. 
eT \(@.15, 0.45, 0.76, 1.06), ~0.09, +0.21, 0.51, 0.82, 1.12, 1.42, 1.73, 2.08. 

(Hs-tH’s (0.00), 0.97. 

HE (008, 0.24, 0.41, 0.57, 0.73), 0.40, 0.56, 0.73, 0.89, 1.05, 1.21, 1.38, 1.54, 1.70, 1.87. 
‘Hy-4H1's (0.00), 1.13. 


‘He 111} 005 0.15, 0.24, 0.34, 0.44, 0.54), 0.69, 0.79, 0.89, 0.99, 1.08, 1.18, 1.28, 1.38, 1.48, 1.57, 1.67, 1.7%. 


{HH 


‘Hr~*H’7 (0.00), 1.23. 


‘Hy-‘Is (0.08, 0.09, 0.15, 0.21), 0.52, 0.58, 0.64, 0.70, 0.76, 0.82, 0.88, 0.94. 

‘H-‘Is (0.12, 0.36, 0.61, 0.85, 1.09), —0.12, +-0.12, 0.36, 0.61, 0.85, 1.09, 1.33, 1.58, 1.82. 

‘Hs-4Ty (0.00, 0.01, 0.01, 0.02, 0.02), 0.94, 0.95, 0.95, 0.96, 0.96, 0.97, 0.97, 0.98, 0.98, 0.99. 

‘Hy-4Ts (0.20, 0.61, 1.01, 1.42, 1.83), —0.69, —0.29, +0.12, 0.53, 0.93, 1.33, 1.74, 2.15, 2.55, 2.96. 

‘Hy-4Ty (0.08, 0.25, 0.42, 0.59, 0.75, 0.92), 0.21, 0.38, 0.55, 0.71, 0.88, 1.05, 1.22, 1.38, 1.55, 1.72, 1.89. 

‘Hy-‘Iy (0.01, 0.04, 0.06, 0.09, 0.11, 0.14), 0.97, 0.99, 1.02, 1.04, 1.07, 1.10, 1.12, 1.15, 1.17, 1.20, 1.22, 1.25. 

‘Hy-AIy (0.1, 0.40, 0.66, 0.93, 1.19, 1.46), —0. 23, -+0.03, 0.30, 0.57, 0.83, 1.10, 1.36, 1.63, 1.89, 2.16, 2.43, 2.69. 

‘Hy-Iz (0.06, 0.18, 0.31, 0.43, 0.55, 0.68, 0.80), 0.44, 0.56, 0.68, 0.80, 0.92, 1.05, 1.17, 1.29, 1.41, 1.54, 1.66, 1.78, 1.91. 

‘Hy-4Ig (0.02, 0.05, 0.08, 0.11, 0.14, 0.17, 0.20), 1.00, 1.03, 1.06, 1.09, 1.12, 1.15, 1.18, 1.22, 1.25, 1.28, 1.31, 1.34, 
1.37, 1.40. 

‘Is-41’s (0.00), 0.73. 

Lg) .01, 0.36, 0.59, 0.83, 1.07), —0.10, +0.13, 0.37, 0.61, 0.84, 1.08, 1.32, 1.56, 1.79, 2.03. 

‘Is-4I’s (0.00), 0.97. 

z 11, }(0.07, 0.21, 0.36, 0.50, 0.64, 0.78), 0.32, 0.47, 0.61, 0.75, 0.89, 1.04, 1.18, 1.32, 1.46, 1.60, 1.75, 1.89. 

I-41’; (0,00), 1.11. 

‘I>-‘I’s) (0.05, 0.14, 0.23, 0.32, 0.42, 0.51, 0.60), 0.60, 0.60, 0.78, 0.88, 0.97, 1.06, 1.15, 1.25, 1.34, 1.43, 1.52, 1.62, 

Ts1'7f 1.71, 1.80. 

‘Ts-‘I’s (0.00), 1.20. 
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685-69’3 (0.00), 2.00. 

15)-!P» (0.20, 0.60), 1.40, 1.80, 2.20, 2.60. 

15)-*P (0.06, 0.17, 0.29), 1.71, 1.83, 1.94, 2.06, 2.17. 
13)-6P, (Ould, 0.43, 0.71), 1.00, 1.29, 1.57, 1.86, 2.14, 2.43, 


15-5 ’s (0.0%, 0.20), 1.80, 1.98, 2.07, 2.20. 
(S;-6D’s (0.17, 0.51, 0.86), 1.14, 1.49, 1.88, 2.17, 2.51. 
18;-!D’s (0.21, 0.62, 1.03), 0.56, 0.97, 1.38, 1.79, 2.21, 2.62. 


13-1) (0.47, 1,40),0.60, 1.53, 2.46, 3.40. 
19-5 (0.34, 1.08, 1.71), 0.29, 0.97, 1.66, 2.34, 3.03. 
13;-5F (0.80, 0.90, 1.50), —0.11, +-0.50, 1.10, 1.70, 2.30, 2.90. 


'Pr-AP’s (0.00), 2.40. 

‘Pr*P’s\ (0,26, 0.77), Lal, 1.63, 2.14, 2.66. 

tPs-!P sf 

PsP’; (0.00), 1.89. 

‘Pe (P'+\(0.09, 0.26, 0.43), 1.29 1.46, 1.63, 1.80, 1.97, 2.14. 
4 

(P,-6P’, (0.00), 1.71. 


PD; (0.47), 1.98, 2.87. 

6P:-5D» (0.27, 0.80), 1.60, 2.18, 2.67. 

6P-$D3 (0.37, 1.12), 0.54, 1.29, 2.03, 2.77. 

tP3-$De (0.01, 0.03), 1.86, 1.88, 1.90, 1.92. 

6P3"Ds (0.11, 0.34, 0.57), 1.31, 1.54, 1.77, 2.00, 2.23. 

6P;-Dy (0.15, 0.45, 0.75), 0.84, 1.14, 1.44, 1.74, 2.03, 2.33. 

6Py-8D3 (0.08, 0.09, 0.14), 1.57, 1.63, 1.68, 1.74, 1.80, 1.86. 

PD, (0.06, 0.19, 0.32, 0.44), 1.27, 1.40, 1.52, 1.65, 1.78, 1.91, 2.03. 
PDs (0.08, 0.24, 0.40, 0.56), 1.00, 1.16, 1.32, 1.48, 1.63, 1.79, 1.95, 2.11. 


PF’; (1.53), 0.87, 3.94. 

6P:-5F’s (0.67, 2.00), 0.40, 1.78, 3.07. 

6P:-F’s (0.54, 1.63), —0.31, +-0.77, 1.86, 2.94. 

*Ps-*F’s (0.41, 1.23), 0.66, 1.47, 2.29, 3.11. 

$P3-8F’s (0.29, 0.86, 1.48), 0.46, 1.03, 1.60, 2.17, 2.74. 

5Ps-5F’s (0.24, 0.73, 1.22), 0.17, 0.66, 1.15, 1.64, 2.18, 2.62. 

$Py-SF’s (0.20, 0.60, 1.00), 0.71, 1.11, 1.51, 1.91, 2.32, 2.72. 

PF’; (0.16, 0.48, 0.79, 1.11), 0.60, 0.92, 1.24, 1.55, 1.87, 2.19, 2.51. 
$Py-5F’s (0.14, 0.42, 0.70, 0.98), 0.45, 0.73, 1.01, 1.29, 1.58, 1.85, 2.13, 2.42. 


*Ps-6Gs (1.20, 3.60), —1.20, +1.20, 3.60. 

'Pr-6G3 (0.77, 2.31), —1.46, +0.09, 1.63, 3.16. 

*Ps-5Gy (0.94, 2.82), —0.94, +0.94, 2.82, 4.71. 

*Ps-6G3 (0.51, 1.53, 2.58), —0.68, +0.35, 1.87, 2.40, 3.42. 

*P;-6G, (0.37, 1.11, 1.86), —0.72, +0.03, 0.77, 1.51, 2.25, 3.01. 

'Py-8Gs (0.43, 1.29, 2.14), —0.43, +0.43, 1.28, 2.14, 3.00, 3.86. 

6P,-8G, (0.29, 0.86, 1.43, 2.00), —0.29, +0.29, 0.86, 1.43, 2.00, 2.57, 3.14. 
*P,-8Gs (0.22, 0.66, 1.10, 1.55), —0.27, +0.17, 0.61, 1.05, 1.49, 1.93, 2.37, 2.82. 


'Di“D’; (0.00), 3.33. 

6]),-8T)’ 

Disp }(0-78), Lal, 2.60. 

*Dr-6D"s (0.00), 1.87. 

6 £T)’ 

Det} (O10, 0.81), 1.84, 1.55, 1.76, 1.97. 
"Ds-!D’s (0.00), 1.66. 


D:D; ; m 
Df)’, } (008, 0.10, 0.17), 1.41, 1.48, 1.55, 1.62, 1.69, 1.76. 


*Di-"D’; (0.00), 1.59. 


~ , 
tDintp? } (00% 0.08, 0.08, 0.11), Aut, 1.48, 1.51, 1.54, 1.57, 1.60, 1.63, 1.66. 


*Ds-"D’s (0.00), 1.55. 


*Di-SF; (2.00), 1.33. 

*Di-°F 2 (1.18), 0.07, 2.20. 

‘D:-F; (1.27), 0.60, 3.13. 

*D2-5F 2 (0.40, 1.20), 0.67, 1.47, 2.27. 

*Dr-5Fs (0.28, 0.83), 0.49, 1.04, 1.59, 2.14. 

*Ds-5F) (0.29, 0.88), 0.77, 1.36, 1.95, 2.54. 

*‘Ds-5F 3 (0.17, 0.51, 0.86), 0.80, 1.14, 1.49, 1.83, 2.17. 
"Ds-*F', (0.18, 0.39, 0.65), 6.75, 1.01, 1.27, 1.53, 1.79, 2.05. 
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®D,-F; (0.14, 0.41, 0.68), 0.90, 1.18, 1.45, 1.73, 2.00, 2.27. 


®D.-*F, (0.10, 0.29, 0.48, 0.67), 0.92, 1.11, 1.30, 1.49, 1.68, 1.87, 2.06. 2 
®D.-5Fs (0.08, 0.23, 0.38, 0.53), 0.90, 1.05, 1.20, 1.36, 1.51, 1.66, 1.82, 1.97. 1F 
6D5-5F, (0.08, 0.24, 0.40, 0.56), 1.00, 1.16, 1.32, 1.48, 1.63, 1.79, 1.95, 2.11. iF 
6Ds-°Fs (0.06, 0.18, 0.30, 0.42, 0.55), 1.01, 1.13, 1.25, 1.37, 1.49, 1.62, 1.74, 1.86, 1.98. F 
6D;-8F¢ (0.05, 0.15, 0.25, 0.35, 0.45), 1.00, 1.10, 1.20, 1.30, 1.40, 1.51, 1.61, 1.71, 1.81, 1.91. 

6G 
6D,-G’s (1.67), 1.67. a 
6D2°G's (0.93, 2.80), —0.93, +0.93, 2.80. G 
6D2-°G’; (0.50, 1.51), —0.66, +-0.35, 1.36, 2.37. ut 
&D3-6G2 (0.83, 2.48), 0.83, 2.48, 4.14. ( 
6D3-8G’s (0.40, 1.20, 2.00), —0.34, +0.46, 1.26, 2.06, 2.86. “ 
®D3-"G’, (0.26, 0.77, 1.28), —0.14, +0.37, 0.88, 1.40, 1.91, 2.43. He 
*D,*G’s (0.36, 1.10, 1.83), —0.24, +0.49, 1.22, 1.95, 2.68, 8.41. “ 
®Di-G’, (0.22, 0.67, 1.11, 1.56), 0.03, 0.48, 0.92, 1.36, 1,81, 2.25, 2.70. « 
®D,*G's (0.16,, 0.47, 0.79, 1.10), 0.17, 0.49, 0.80, 1.12, 1.43, 1.74, 2.06, 2.37. “ 
6D;-°G’s (0.21, 0.62, 1.03, 1.44), 0.11, 0.52, 0.94, 1.35, 1.76, 2.18, 2.59, 3.00. 6( 
®D5-5G’s (0.14, 0.42, 0.71, 0.99, 1.27), 0.28, 0.57, 0.85, 1.13, 1.41, 1.70, 1.98, 2.26, 2.54. 4 
6D5-5G’s (0.11, 0.32, 0.53, 0.74, 0.96), 0.38, 0.60, 0.81, 1.02, 1.24, 1.45, 1.66, 1.88, 2.09, 2.30. 6( 

6 
*D2-"H;s (€.79, 2,37), —2.08, —0.50, +1.08, 2.66. , 
6Ds-*H; (0.69, 2.06, 3.22), —1.77, —0.40, +0.92, 2.34, 3.71. 
*D3-H, (0.42, 1.25, 2.08), —1.25, —0.42, +0.41, 1.24, 2.07, 2.90. " 
*D.°Hs (0.65, 1.95, 3.25), —1.67, —0.36, +0.94, 2.24, 3.54, 4.84. ‘ 
°D.-8H, (0.38, 1.14, 1.90, 2.67), —1.08, —0.32, +0.44, 1.21, 1,97, 2.73, 3.49. . 
6D." (0.26, 0.78, 1.29, 1.81), —0.74, —0.22, +-0.30, 0.81, 1.33, 1.85, 2.36, 2.88. : 
®Ds-SH, (0.37, 1.10, 1.83, 2.56), —1.00, —0.27, +0.46, 1.19, 1.92, 2.65, 3.38, 4.11. ' 
6D5-6Hs (0.24, 0.73, 1.21, 1.70, 2.18), —0.63, —0.14, +-0.34, 0.83, 1.31, 1.80, 2.28, 2.77, 3.25. ; 
6D5-6He (0.18, 0.53, 0.88, 1.23, 1.58), —0.38, —0.03, +-0.32, 0.67, 1.03, 1.38, 1.73, 2.08, 2.44, 2.79. 
6F\-SF’; (0.00), 0.67. 
oe ep? }(0.87), 0.20, 1.98. } 
6F2-6F’s (0.00), 1.07. ; 
oF 0's }On12, 0.37), 0.94, 1.19, 1.44, 1.68. | 


6Fs-8F’s (0.00), 1.31. 

6h .6 Ph’ 

oF op} O04, 0.12, 0.21), 1.19, 1.27, 1.35, 1.44, 1.52, 1.60. 
6F "Fs (0.00), 1.40. 


6F,-6F’ . ‘ ” Pe - 

oF ops} O0R, 0.06, 0.09, 0.13), 1.30, 1.34, 1.38, 1.42, 1.45, 1.49, 1.53, 1.57. 

6F;-6F’s (0.00), 1.43. 

Fe aps} .01, 0.03, 0.05, 0.07, 0.09), 1.36, 1.38, 1.40, 1.42, 1.44, 1.46, 1.48, 1.50, 1.52, 1.54. 
6Fy-oF 5 

®Fo-SF’g (0.00), 1.45. 


$F 8G» (0.33), 0.33, 

6F'-$Ge (0.53, 1.60), —0.53, +-0.53, 1.60. 

6F 5G; (0.10, 0.32), 0.54, 0.75, 0.96, 1.17. 

6F3-6Ge (6.23, 0.66), 0.63, 1.08, 1.54, 2.00. 

6F;-Gs (0.23, 0.68, 1.12), 0.17, 0.63, 1.08, 1,54, 2.00. 

6F;-°G, (0.09, 0.26, 0.43), 0.71, 0.88, 1.06, 1.23, 1.40, 1.57. 

6F.-6Gs (0.27, 0.81, 1.35), 0.05, 0.59, 1.13, 1.67, 2.21, 2.75. 

6F.-G, (0.13, 0.38, 0.63, 0.89), 0.51, 0.76, 1.01, 1.27, 1.52, 1.78, 2.03. 

6F Gs (0.06, 0.19, 0.31, 0.43), 0.84, 0.96, 1.08, 1.21, 1.33, 1.46, 1.58, 1.71. 

6Fs-G, (0.15, 0.44, 0.73, 1.02), 0.41, 0.71, 1.00, 1.29, 1.58, 1.87, 2.16, 2.45. 

6F5-6Gs (0.08, 0.24, 0.40, 0.56, 0.73), 0.71, 0.87, 1.03, 1.19, 1.35, 1.52, 1.68, 1.84, 2.00. 

6F;-5Ge (0.05, 0.14, 0.23, 0.32, 0.41), 0.93, 1.02, 1.11, 1.20, 1.30, 1.39, 1.48, 1.57, 1.66, 1.75. 

6F 5-9Gs (0.09, 0.27, 0.45, 0.63, 0.82), 0.64, 0.82, 1.00, 1.18, 1.36, 1.55, 1.73, 1,91, 2.09, 2.27. 

6F 5-°Ge (0.06, 0.17, 0.28, 0.39, 0.50, 0.62), 0.84, 0.95, 1.06, 1.18, 1.29, 1.40, 1.51, 1.62, 1.73, 1.85, 1.96. 
6F 5-6Gz (0.04, 0.10, 0.17, 0.24, 0.31, 0.38), 1.00, 1.07, 1.14, 1.21, 1.28, 1.35, 1.42, 1.49, 1.56, 1.63, 1.70, 1.77. 


6F 6H’; (0.39, 1.17), —0.89, —0.10, +-0.68, 1.46. 

6F3-6H’s (0.51, 1.54, 2.57), —1.26, —0.23, +0.80, 1.83, 2.86. 

6F;-6H, (0.24, 0.73, 1.22), —0.40, +-0.09, 0.58, 1.07, 1.56, 2.05. 

6F,-°H’s (0.56, 1.67, 2.78), —1.38, —0.27, +0.84, 1.95, 3.07, 4.17. 

6F SH, (0.29, 0.86, 1.43, 2.00), —0.60, —0. 03, +-0.54, 1.11, 1.68, 2.25, 2.83. 

6F 45H’, (0.16, 0.49, 0.82, 1.14), —0.07, +0.26, 0.58, 0.91, 1.23, 1.56, 1.88, 2.21. 
6F 5-H’, (0.30, 0.91, 1.52, 2.13), —0.70, —0.09, +0.52, 1.13, 1.74, 2.34, 2.95, 3.56. 
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6F;-8H’s (0.18, 0.55, 0.91, 1.27, 1.64), —0.20, +-0.16, 0.52, 0.89, 1.25, 1.62, 1.98, 2.34, 2.71. 

OF ;-SH's (0.12, 0.35, 0.58, 0.81, 1.04), 0.16, 0.39, 0.62, 0.86, 1.09, 1.32, 1.55, 1.78, 2.01, 2.24. 

OF ;-8H's (0.19, 0.58, 0.96, 1.34, 1.73), —0.27, +0.11, 0.50, 0.88, 1.26, 1.65, 2.03, 2.41, 2.80, 3.18. 

6F 5-H ’s (0.13, 0.38, 0.63, 0.88, 1.13, 1.88), 0.07, 0.32, 0.57, 0.82, 1.08, 1.33, 1.58, 1.83, 2.08, 2.33, 2.59. 
6F;-6H’7 (0.09, 0.27, 0.43, 0.60, 0.78, 0.95) 0.33, 0.51, 0.68, 0.85, 1.02, 1.20, 1.87, 1.54, 1.71, 1.88, 2.06, 2.23. 


‘@r-6G’ (0.00), 0.00. 
G15) (0.43, 1.29), —0.43, +0.43, 1.29, 2.14. 
(3-8G oJ 

6(;-G’s (0.00), 0.86. 


‘ds 174} Golds 0.43, 0.71), 0.43, 0.71, 1.00, 1.28, 1.57, 1.86. 
(GQ's 


GHGs (0.00), 1.14. 

wa ncy (0.08, 0-19, 0.32, 0.45), 0.82, 0.95, 1.08, 1.21, 1.34, 1.47, 1.60, 1.78. 

tGs-"G's (0.00), 1.27. 

is-£G 1} 0.08, 0.10, 0.17, 0.24, 0.81), 1.08, 1.10, 1.17, 1.24, 1.81, 1.38, 1.45, 1.52, 1.59, 1466. 
1Gs-G's (0.00), 1.34. 


1a} (0.0% 0.06, 0.10, 0.15, 0.19, 0.23), 1.15, 1.19, 1.24, 1.28, 1.32, 1.36, 1.40, 1.45, 1.49, 1.53, 1.57, 1.61. 


¢G;-6G’r (0.00), 1.38. 


(Gy-°H; (0.14, 0.43), —0.14, +0.14, 0.43, 0.71. 

6G; (0.29, 0.86, 1.43), —0.57, 0.00, 0.57, 1.14, 1.71. 

6G:-SH, (0.02, 0.05, 0.08), 0.75, 0.78, 0.81, 0.84, 0.87, 0.90. 

6G,-6H; (0.43, 1.29, 2.14), —1.00, —0.14, +0.71, 1.57, 2.43, 3.29. 

‘GySH, (0.16, 0.48, 0.79, 1.11), 0.03, 0.35, 0.67, 0,98, 1.30, 1.62, 1.93. 

‘GuSH,s (0.04, 0.11, 0.18, 0.25), 0.82, 0.89, 0.96, 1.03, 1.11, 1.18, 1.25, 1.32. 

°G5-°Gy (0.22, 0.67, 1.12, 1.56), —0.29, +0.15, 0.60, 1.05, 1.50, 1.94, 2.38, 2.83. 

6Gs-SHs (0.10, 0.30, 0.50, 0.71, 0.91), 0.36, 0.57,.0.77, 0.97, 1.17, 1.37, 1.58, 1.78, 1.98. 

6G5-He (0.03, 0.10, 0.17, 0.24, 0.31), 0.89, 0.96, 1.03, 1.10, 1.17, 1.24, 1.31, 1.38, 1.45, 1.52. 

6G;Hs (0.14, 0.41, 0.68, 0.95, 1.22), 0.12, 0.39, 0.66, 0.94, 1.21, 1.48, 1.75, 2.02, 2.29, 2.57. 

6Gy-6H¢ (0.07, 0.21, 0.35, 0.49, 0.63, 0.77), 0.57, 0.71, 0.85, 0.99, 1.13, 1.27, 1.41, 1.55, 1.69, 1.83, 1.97. 

*Ho-SH; (0.03, 0.09, 0.15, 0.21, 0.27, 0.33), 0.95, 1.01, 1.07, 1.13, 1.19, 1.25, 1.31, 1.37, 1.43, 1.49, 1.55, 1.61. 

'G:-"H¢ (0.09, 0.27, 0.45, 0.64, 0.82, 1.00), 0.38, 0.57, 0.75, 0.93, 1.11, 1.29, 1.47, 1.66, 1.84, '2.02, 2.20, 2.39. 

§G:-6H7 (0.05, 0.15, 0.26, 0.36, 0.56, 0.67), 0.72, 0.82, 0.92, 1.02, 1.13, 1.23, 1.33, 1.43, 1.54, 1.64, 1.74, 1.84, 1,95. 

6G:-"Hs (0.03, 0.08, 0.13, 0.18, 0.23, 0.33), 1.00, 1.05, 1.10, 1.15, 1.20, 1.26, 1.31, 1.36, 1.41, 1.46, 1.51, 1.56, 1.61, 
1.66. 


tHs-5H’s (0.00), 0.29. 

tHLaaft 4} 2%, 0.81, 1.35), —0.52, +0.02, 0.56, 1.09, 1.63, 2.1%. 

'Hy-H’s (0.00), 0.82. 

Hast} O12, 0.37, 0.61, 0.86), 0.21, 0.46, 0.70, 0.95, 1.19, 1.44, 1.68, 1.92. 

'Hs-H’s (0.00), 1.07. 

HHens{t , (0.02, 0.20, 0.33, 0.46, 0.59), 0.61, 0.74, 0.87, 1.00, 1.14, 1.27, 1.40, 1.53, 1.67, 1.80. 

'He-H1’s (0,00), 1.20. 

tists uO, 0.12, 0.20, 0.28, 0.36, 0.43), 0.84, 0.92, 1.00, 1.08, 1.16, 1.24, 1.32, 1.40, 1.48, 1.56, 1.64, 1.72. 
'Hr-#H1'r (0.00), 1.28, 


°H;-H's) (0.03, 0.08, 0.13, 0.18, 0.23, 0.28, 0.33), 1.00, 1.05, 1.10, 1.15, 1.20, 1.26, 1.31, 1.36, 1.41, 1.46, 1.51, 1.56, 
"HsH'7f 1.61, 1.67. 


*Hs~SH’s (0.00), 1.33. 


*Hs~1, (0.08, 0.24, 0.40), 0.05, 0.21, 0.36, 0.52, 0.68, 0.84. 

*H,-‘I; (0.19, 0.57, 0.95, 1.38), —0.51, —0.13, +0.25, 0.63, 1.01, 1.40, 1.78. 

‘HI (0.00, 0.00, 0.01, 0.01), 0.83, 0.83, 0.84, 0.84, 0.84, 0.84, 0.85, 0.85. 

*Hs-*l, (0.31, 0.94, 1.56, 2.19), —1.12, —0.49, +0.13, 0.76, 1.38, 2.01, 2.63, 3.26. 

‘Hs-*Is (0.12, 0.36, 0.61, 0.85, 1.09), —0.02, +0.22, 0.46, 0.71, 0.95, 1.19, 1.43, 1.67, 1.92. 

*Hs-"Ig (0.02, 0.05, 0.09, 0.12, 0.16), 0.87, 0.91, 0.95, 0.98, 1.02, 1.05, 1.09, 1.12, 1.16, 1.20. 

*He-‘Is (0.19, 0.56, 0.94, 1.31, 1.68), —0.48, —0.11, +0.27, 0.64, 1.02, 1.39, 1.76, 2.14, 2.51, 2.89. 

*HsTs (0.08, 0.25, 0.42, 0.59, 0.76, 0.92), 0.28, 0.45, 0.61, 0.78, 0.95, 1.12, 1.29, 1.45, 1.62, 1.79, 1.96. 

‘HT; (0.02, 0.07, 0.11, 0.15, 0.20, 0.24), 0.92, 0.96, 1.00, 1.05, 1.09, 1.14, 1.18, 1.22, 1.27, 1.31, 1.35, 1.40. 
SH;-5Ig (0.12, 0.37, 0.62, 0.86, 1.11, 1.36), —0.07, +0.17, 0.42, 0.66, 0.91, 1.16, 1.41, 1.65, 1.90, 2.15, 2.39, 2.64. 
‘HT; (0.06, 0.18, 0.31, 0.43, 0.55, 0.68, 0.80), 0.48, 0.60, 0.73, 0.85, 0.97, 1.10, 1.22, 1.34, 1.46, 1.59, 1.71, 1.83, 1.96. 
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—. 


tHrIs (0.02, 0.06, 0.11, 0.15, 0.19, 0.24, 0.28), 0.96, 1.00, 1.05, 1.09, 1.13, 1.17, 1.22, 1.26, 1.30, 1.35, 1.39, 1.4, 
1.47, 1.52. 

*H ‘I; (0.08, 0.26, 0.44, 0.61, 0.78, 0.96, 1.13), 0.20, 0.37, 0.55, 0.72, 0.90, 1.07, 1.25, 1.42, 1.59, 1.77, 1.94, 219 
2.29, 247. 

*Hs-Is (0.05, 0.14, 0.23, 0.82, 0.42, 0.52, 0.61, 0.71), 0.63, 0.72, 0.81, 0.91, 1.00, 1.10, 1.19, 1.29, 1.38, 1.47, 1.57, 
1.66, 1.76, 1.85, 1.94. 

*He-“Ty (0.02, 0.06, 0.10, 0.14, 0.18, 0.21, 0.25, 0.29), 1.00, 1.04, 1.08, 1.12, 1.16, 1.20, 1.23, 1.27, 1.31, 1.35, 1,39, 
1.43, 1.47, 1.51, 1.55, 1.59. 


*I,-®1’, (0.00), 0.44. 


«ays O19, 0.58, 0.96, 1.34), —0.62, —0.13, +0.25, 0.64, 1.02, 1.40, 1.79, 2.17. 

Ts-4T’s (0.00), 0.83. 

e1e ays} (0.10, 0.31, 0.52, 0.72, 0.98), 0.10, 0.31, 0.52, 0.72, 0.93, 1.14, 1.35, 1.55, 1.76, 1.97 

Ie-1’s (0.00), 1.04. 

6181, } (0-06 0.19, 0.31, 0.43, 0.56, 0.68), 0.48, 0.60, 0.72, 0.85, 0.97, 1.09, 1.22, 1.34, 1.47, 1.59, 1.72, 1.84. 

I7-S1’r (0.00), 1.16. 

tra1 2} 004, 0.12 0.20, 0.27, 0.36, 0.44, 0.52), 0.72, 0.80, 0.88, 0.96, 1.04, 1.12, 1.20, 1.28, 1.36, 1.44, 1.52, 1.60, 
7. 

Ip-*1’s (0.00), 1.24. 

ele 19} (0.08, 0.08, 0.14, 0.19, 0.25, 0.30, 0.36, 0.41), 0.88, 0.94, 0.99, 1.05, 1.10, 1.16, 1.21, 1.27, 1.32, 1.38, 1.43, 

SIp1’sf 1.49, 1.54, 1.60, 1.65, 1.71. 

“Iy-41’y (0.00), 1.28. 
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8Si-8S’4 (0.00), 2.00. 


§S.-5P3 (0.14, 0.43, 0.71), 1.29, 1.57, 1.86, 2.14, 2.43, 2.72. 
®Ss-*P« (0.03, 0.10, 0.16, 0.22), 1.78, 1.84, 1.90, 1.97, 2.03, 2.10, 2.16. 
8S. P (0.11, 0.33, 0.56, 0.78), 1.00, 1.22, 1.44, 1.67, 1.89, 2.11, 2.33, 2.55. 


*S<*D’; (0.93, 0.09, 0.14), 1.86, 1.92, 1.97, 2.03, 2.09, 2.15. 
§S4*D’, (0.10, 0.29, 0.48, 0.67), 1.33, 1.52, 1.72, 1.91, 2.10, 2.29, 2.48. 
§Si"Ds (0.15, 0.45, 0.76, 1.06), 0.64, 0.94, 1.24, 1.55, 1.85, 2.15, 2.46, 2.76. 


§S,-8F; (0.14, 0.43, 0.72), 1.29, 1.57, 1.86, 2.14, 2.43, 2.72. 
8S." Fy (0.19, 0.57, 0.95, 1.33), 0.67, 1.05, 1.43, 1.81, 2.19, 2.57, 2.95. 
8S4-SF 5 (0.21, 0.64, 1.06, 1.48), 0.09, 0.52, 0.94, 1.36, 1.79, 2.21, 2.64, 3.06. 


§P3-"P’s (0.00), 2.28. 

‘Peeps }.1%, 0.52, 0.87), 1.06, 1.41, 1.76, 2.11, 2.46, 2.81. 

*Py-8P’s (0.00), 1.94. 

Pisp’ (0.08, 0.24, 0.40, 0.56), 1.22, 1.38, 1.54, 1.70, 1.86, 2.02, 2.17, 2.33. 

8P5-*P’s (0.00), 1.78. 

*Ps-*D2 (0.26, 0.77), 1.51, 2.03, 2.54, 3.06. 

®Ps*Ds (0.11, 0.34, 0.57), 1.71, 1.94, 2.17, 2.40, 2.63. 

&P3"D, (0.24, 0.71, 1.19), 0.62, 1.09, 1.57, 2.05, 2.53, 3.00. 

&P-"Ds (0.06, 0.18, 0.30), 1.63, 1.76, 1.88, 2.00, 2.12, 2.24, 

*Py-*D4 (0.06, 0.19, 0.32, 0.44), 1.49, 1.62, 1.75, 1.8%, 2.00, 2.12, 2.25. 

®Py-*Ds (0.12, 0.36, 0.60, 0.84), 0.86, 1.10, 1.34, 1.58, 1.81, 2.05, 2.29, 2.53. 

8Ps-"D4 (0.02, 0.05, 0.08, 0.11), 1.6%, 1.70, 1.73, 1.76, 1.79, 1.82, 1.86, 1.89. 

$Ps-*Ds (0.04, 0.12, 0.20, 0.28, 0.36), 1.41, 1.49, 1.58, 1.66, 1.74, 1.82, 1.90, 1.98, 2.06. 
8Ps!Ds (0.07, 0.21, 0.35, 0.49, 0.64), 1.00, 1.14, 1.28, 1.42, 1.57, 1.71, 1.85, 1.99, 2.13, 2.27. 


8P;-8F’s (0.14, 0.43), 1.86, 2.14, 2.43, 2.72. 

®P5-*F’s (0.29, 0.86, 1.43), 0.86, 1.43, 2.09, 2.57, 3.14. 

tP;-*F’, (0.33, 1.00, 1.67), —0.05, +-0.62, 1.28, 1.95, 2.62, 3.29. 

8P,-*F’s (0.11, 0.33, 0.56), 1.38, 1.60, 1.83, 2.05, 2.27, 2.49. 

&P,-*F’, (0.16, 0.48, 0.79, 1-11), 0.82, 1.14, 1.46, 1.78, 2.09, 2.41, 2.73. 

8P,*F’s (0.18, 0.54, 0.90, 1.26), 0.31, 0.67, 1.03, 1.39, 1.75, 2.11, 2.47, 2.83. 

&P5-8F’, (0.08, 0.24, 0.40, 0.56), 1.22, 1.38, 1.54, 1.70, 1.86, 2.02, 2.18, 2.33. 

&P5-8F’s (0.10, 0.30, 0.50, 0.71, 0.91), 0.87, 1.07, 1.27, 1.47, 1.68, 1.88, 2.08, 2.28, 2.48. 
8Ps5F’s (0.11, 0.34, 0.56, 0.79, 1.02), 0.54, 0.76, 0.99, 1.22, 1.44, 1.67, 1.89, 2.12, 2.34, 2.57. 


®P;8G2 (0.68, 2.03), 0.26, 1.61, 2.96, 4.31. 

8P3-8Gs (0.51, 1.54, 2.57), —0.29, +0.74, 1.77, 2.80, 3.83. 

®P3-8G, (0.46, 1.38, 2.30), —0.94, —0.02, +0.90, 1.82, 2.74, 3.66. 

8Py-8G3 (0.34, 1.02, 1.70), 0.24, 0.92, 1.60, 2.27, 2.95, 3.63. 

§P4-*Gy (0.29, 0.86, 1.43, 2.00), —0.06, +-0.51, 1.08, 1.65, 2.22, 2.79, 3.36. 

&Py-8Gs (0.26, 0.78, 1.30, 1.83), —0.41, +0.11, 0.63, 1.15, 1.68, 2.20, 2.72, 3.24. 

8Ps-*Gy (0.21, 0.62, 1.03, 1.44), 0.33, 0.75, 1.16, 1.57, 1.98, 2.39, 2.80, 3.22. 

®Ps-8Gs (0.18, 0.55, 0.91, 1.27, 1.64), 0.14, 0.50, 0.87, 1.23, 1.60, 1.96, 2.32, 2.69, 3.05. 

$P5-8Ge (0.17, 0.51, 0.84, 1.18, 1.52), —0.08, +0.26, 0.60, 0.94, 1.27, 1.61, 1.95, 2.28, 2.62, 2.96. 


®D24D’2 (0.00), 2.80. 

‘DeD’; ; . 

tDatfy',} (08%, 1.11), 0.94, 1.68, 2.43, 3.17. 

*Ds-"D’s (0.00), 2.06. 

‘DD’ acid oe ee 
CDi spi} O12, 0.37, 0.62), 1.19, 1.44, 1.68, 1.93, 2.18, 2.43. 
®Di"D’, (0.00), 1,81. 


&*D.D’ 
tDisD’ f (0.06, 0.17, 0.28, 9.39), 1.30, 1.41, 1.53. 1.64, 1.75, 1.86, 1.98, 2.09. 


&§D;-"D’s (0.00), 1.70. 
‘Dupe (0.03, 0.09, 0.15, 0.21, 0.27), 1.36, 1.42, 1.48, 1.54, 1.61, 1.67, 1.73, 1.79, 1.85, 1.91. 
*DsD’s (0.00), 1.63. 


D2 F 1 (0.60), 2.20, 3.40. 

§D2F 2 (0.40, 1.20), 1.60, 2.40, 3.20. 

§D2F 3 (6.54, 1.63), 0.09, 1.17, 2.26, 3.34. 

&D3;F 2 (0.03, 0.09), 1.97, 2.03, 2.08, 2.14. 

8D3-*F 3 (0.17, 0.51, 0.86), 1.20, 1.54, 1.88, 2.23, 2.57. 

§D3-F'g (0.22, 0.66, 1.10), 0.52, 0.96, 1.40, 1.84, 2.27, 2.72. 
t 
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gales 
‘Dj-SF) (0.05, 0.14, 0.24), 1.57, 1.66, 1.76, 1.85, 1.95, 2.05. 

‘Dj-SF; (0.09, 0.28, 0.48, 0.67), 1.14, 1.33, 1.52, 1.71, 1.90, 2.09, 2.28. 

‘D,-5Fs (On1% 0.35, 0.58, 0.82), 0.26, 0.99, 1.22, 1.46, 1.69, 1.93, 2.16, 2.39. 

‘Ds-5F; (0.04, 0.12, 0.19, 0.27), 1.42, 1.50, 1.58, 1.66, 1.73, 1.81, 1.89, 1.97. 

ID;-!Fs (0,06. 0.18, 0.30, 0.42, 0.54), 1.15, 1.27, 1.39, 1.51, 1.64, 1.76, 1.88, 2.00, 2.12. 
IDs-5Fs (0.07, 0.22, 0.36, 0.51, 0.65), 0.90, 1.05, 1.19, 1.33, 1.48, 1.62, 1.77, 1.91, 2.06, 2.20. 
Dy-5Fs (0003, 0.09, 0.15, 0.21, 0.27), 1.36, 1.42, 1.49, 1.55, 1.61, 1.67, 1.73, 1.79, 1.85, 1.91. 

D)-£Fs (0.04, 0.13, 0.21, 0.29, 0.38, 0.46), 1.18, 1.26, 1.34, 1.43, 1.51, 1.60, 1.68, 1.76, 1.85, 1.93, 2.01. 

‘DAF? (0.05, 0.15, 0.24, 0.34, 0.44, 0.54), 1.00, 1.10, 1.20, 1.29, 1.39, 1.49, 1.59, 1.68, 1.78, 1.88, 1.98, 2.08. 


















‘DG’; (2.07), 0.73, 4.87. 
‘Ds’ (0.93, 2680), 0.00, 1.87, 3.74. 

‘DG's (0.77, 2.31), —1.06, +0.49, 2.03, 3.57. 

‘Dy-*Qp (0.56, 1.69), 0.37, 1.50, 2.62, 3.74. 

sD ;-8G’s (0.40, 1.20, 2.00), 0.06, 0.86, 1.66, 2.46, 3.26. 

(Ds-$Q’s (0.85, 1.04, 1.73), —0.36, +0.33, 1.02, 1.71, 2.40, 3.10. 

‘Di-4G’s (0.28, 0.83, 1.38), 0.43, 0.98, 1.53, 2.09, 2.64, 3.19. 

‘Di-$Q"s (0.22, 0.67, 1.11, 1.56), 0.25, 0.70, 1.14, 1.58, 2.03, 2.48, 2.92. . 

‘Di-#Q’s (0.20, 0.59, 0.99, 1.38), 0.03, 0.43, 0.82, 1.22, 1.61, 2.01, 2.40, 2.80. 

‘Ds-5Q’s (0.17, 0.50, 0.83, 1.16), 0.54, 0.87, 1.20, 1.53, 1.86, 2.19, 2.53, 2.86, 

‘Ds-$Q’s (0.14, 0.42, 0.71, 0.99, 1.27), 0.42, 0.71, 0.99, 1.27, 1.56, 1.84, 2.12, 2.40, 2.69. 

‘Ds-4Q’s (0.13, 0.38, 0.64, 0.90, 1.15), 0.29, 0.54, 0.80, 1.06, 1.31, 1.57, 1.82, 2.08, 2.33, 2.59. 

'Dy-£G's (0-41, 0.33, 0.56, 0.78, 1.00), 0.64, 0.86, 1.08, 1.30, 1.53, 1.75, 1.97, 2.19, 2.42, 2.64. 

‘Dy-£G’s (0.10, 0.29, 0.49, 0.68, 0.88, 1.08), 0.56, 0.76, 0.95, 1.15, 1.34, 1.54, 1.73, 1.93, 2.13, 2.32, 2.52, 
1Ds-G/7 (0.09, 0.27, 0.45, 0.63. 0.81+ 0.99), 0.42, 0.65, 0.83, 1.01, 1.19, 1.37, 1.55, 1.73, 1.91, 2.09, 2.27, 2.45. 























&F,-8F’; (0.00), 4.00. 


*Fi-5F’\ (4 00), 1.00, 3.00. 
Dd ae 


FSF’ (0.00), 2.00. 
a a Oth, 0.43), 1.29, 1.57, 1.85, 2.14. 

§F;-8F’; (0.00), 1.71. 

Psp} (0.05, 0.14, 0.24), 1.88, 1.48, 1.57, 1.67, 1.76, 1.86. 

§Fy-4F’, (0.00), 1.62. 

iPicapes} (0.02, 0.06, 0.11, 0.15), 1442, 1.47, 1.51, 1:85, 1.60, 1.64, 1.68, 1.73. 

8Fs-8F’s (0.00), 1.57. 

Pap} 0.01, 0.03, 0.06, 0.08, 0.10), 1.45, 1.47, 1.49, 1.52, 1.54, 1.56, 1.59, 1.61, 1.63, 1.66, 
SFe-8F’s (0.00), 1.55. 


PtP, OL, 0.02, 0.04, 0.05, 0.06, 0.08), 1.46, 1.48, 1.49, 1.50, 1.52, 1.53, 1.54, 1.56, 1.57, 1.59, 1.60, 1.62. 


SF -8F’> (0.00), 1.54. 

§F-$G; (2.67), 1.33. 

*F\-8Gy (1.53), —0.60, 2.47. 

*F,-4G; (1.67), 0.33, 3.67. 

*F:-8Gs (0.53, 1.60), 0.40, 1.47, 2.53. 

'F-#Gs (0.87, 1.11), 0.14, 0.89, 1.63, 2.37. 

'F:-8G (0.39, 1.17), 0.54, 1.33, 2.10, 2.88. 

*F3~£G3 (0.23, 0.69, 1.14), 0.57, 1.03, 1.49, 1.94, 2.40. 

*Fs-4Gy (0.17, 0.52, 0.87), 0.49, 0.84, 1.19, 1.54, 1.89, 2.24. 

*Fy-4G3 (0.18, 0.54, 0.90), 0.71, 1.08, 1.44, 1.80, 2.16, 2.52. 

*F-8Qy (0.13, 0.38, 0.63, 0.89), 0.73, 0.98, 1.24, 1.49, 1.75, 2.00, 2.25. 

*Fy-AGs (0.10, 0.31, 0.51, 0.72), 0.70, 0.90, 1.11, 1.31, 1.52, 1.72, 1.92, 2.13. 

*Fs-$Gy (0.11, 0.32, 0.53, 0.74), 0.84, 1.05, 1.26, 1.47, 1.68, 1.89, 2.11, 2.32. 

SFs-4Gs (0.08, 0.24, 0.40, 0.57, 0.73), 0.85, 1.01, 1.17, 1.33, 1.49, 1.66, 1.82, 1.98, 2.14, 

®Fs-4Ge (0.07, 0.20, 0.34, 0.47, 0.61), 0.83, 0.97, 1.10, 1.24, 1.37, 1.51, 1.64, 1.77, 1.91, 2.05. 

*FeGs (6.07, 0.21, 0.35, 0.48, 0.62), 0.93, 1.07, 1.21, 1.35, 1.48, 1.62, 1.76, 1.90, 2.04, 2.18. 

*Fs*Ge (0.06, 0.17, 0.28, 0.39, 0.50, 0.62), 0.94, 1.05, 1.16, 1.27, 1.38, 1.50, 1.61, 1.72, 1.83, 1.94, 2.05. 

*Fy4Gy (0.05, 0.14, 0.24. 0.34, 0.43, 0.53), 0.93, 1.02, 1.12, 1.22, 1.31, 1.41, 1.50, 1.60, 1.70, 1.79, 1.89, 1.99. 

*F-8Ge (0.05, 0.15, 0.24, 0.34, 0.44, 0.54), 1.00, 1.10, 1.20, 1.29, 1.39, 1.49, 1.58, 1.68, 1.78, 1.88, 1.98, 2.08. 

‘FG; (0.04, 0.12, 0.20, 0.29, 0.37, 0.45, 0.58), 1.00, 1.09, 1.17, 1.25, 1.33, 1.42, 1.50, 1.58, 1.66, 1.75, 1.83, 1.91, 
1.99, 

‘Fr-$Gg (0.04, 0.11, 0.18, 0.25, 0.32, 0.39, 0.47), 1.00, 1.07, 1.14, 1.22, 1.29, 1.36, 1.43, 1.50, 1.57, 1.65, 1.72, 1.79, 

1,86, 1.93. 
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8G:*G’; (0.00), 1.33. 


&G."G’ 
'G2G"s (1.13), —0.20, +2.07. 


®G2*G’s (0.00), 0.93. 


*Go-8Q’ i 
6G,-8G's (0.16, 0.48), 0.77, 1.09, 1.42, 1.74. 


8G3-5G’s (0.00), 1.26 


eChoAGy', } (0005, 0.16, 0.27), 1.10, 1.20, 1.31, 1.42, 1.58, 1.63, 


®G:4Q"s (0.00), 1.37. 


Che 8y’s} (0.0%, 0.07, 0.12, 0.17), 1.24, 1.29, 1.34, 1.39, 1.44, 1.49, 1.54, 1.59, 
~ 


&G5GQ’s (0.00), 1.41. 


shen agy’, (0.01, 0.04, 0.07, 0.09, 0.12), 1.32, 1.35, 1.38, 1.40, 1.43, 1.45, 1.48, 1.51, 1.54, 1.56. 


®GsG’s (0.00), 1.44. 


sags} O01, 0.02, 0.04, 0.06, 0.07, 0.09), 1.37, 1.39, 1.40, 1.42, 1.43, 1.45, 1.46, 1.48, 1.50, 1.51, 1.53, 1.54, 


&G7G’; (0.00), 1.46. 
&G7G’s\ (0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.07), 1.40, 1.41, 1.42, 1.43, 1.44, 1.45, 1.46, 1.47, 1.48, 1.49, 1.50, 1.51, 
§Gs4G’7f 1.52, 1.53. 
8Gs—8G’s (0.00), 1.47. 
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28:-48’g (0.00), 2.00. 


28:—*P: (0.33), 2.33. 
28,-*P2 (0.13), 1.60, 1.87. 


*8;~1D; (1.00), 1.00. 
2S:-D’2 (0.40), 0.80, 1.60. 


38:-*F 2 (0.80), —0.40, +1.20. 


2P)-4S2 (0.67), 1.33, 2.67. 
2P2-4S2 (0.33, 1.00), 1.00, 1.67, 2.33. 


2P;-4P’; (1.00), 1.67. 

2P1-4P’s (0.53), 1.20, 2.27. 

2Pe4P’; (0.67), 0.67, 2.00. 

2P24P’s (0.20, 0.60), 1.13, 1.53, 1.93. 
2P2-4P’s (0.13, 0.40), 1.20, 1.47, 1.73, 2.00. 


2P;-4D; (0.33), 0.33. 

2P}~4Dz (0.27), 0.93, 1.47. 

3P2-'D; (0.67), 0.67, 2.00. 

2P2*Dz2 (0.07, 0.20), 1.13, 1.27. 1.40. 
2P24Ds (0.02, 0.06), 1.31, 1.35, 1.39, 1.43. 


2P,-4F’2 (0.13), 0.27, 0.53. 
2P;-4F'’s (0.47, 1.40), —0.07, +-0.87, 1.80. 
2P2-F’s (0.15, 0.46), 0.57, 0.88, 1.18, 1.49. 


2P2Gs; (0.38, 1.14), —0.57, +0.19, 0.95. 


2D2-48’2 (0.60, 1.80), 0.20, 1.40, 2.60. 
2D3-48’2 (0.40, 1.20), 0.00, 0.80, 1.60, 2.40. 


2D2P; (0.98), 0.13, 1.73. 
2D2P» (0.47, 1.40), 0.33, 1.27, 2.20. 

2D21Ps (0.40, 1.20), 0.40, 1.20, 2.00, 2.80, 

2D3-4P» (0.27, 0.80), 0.40, 0.93, 1.47, 2.00. 

2D3-4Ps (0.20, 0.60, 1.00), 0.60, 1.00, 1.40, 1.80, 2.20. 


2D2-"D’; (0.40), 0.40, 1.20. 
2D:-"D’2 (0.20, 0.60), 0.60, 1.00, 1.40. 

2D2-4D’s (0.29, 0.86), 0.51, 1.08, 1.66, 2.23. 

2D3~"D’s (0.00), 1.20. 

2D3~4D’s (0.09, 0.26, 0.43), 0.94, 1.11, 1.29, 1.46, 1.63. 
2D3~*D"s (O11, 0.34, 0.57), 0.86, 1.09, 1.31, 1.54, 1.77, 2.00. 
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1D:-!Fs (0.20, 0.60), 0.20. 0.60, 1.00. 

1D;-+F3 (0.11, 0.34), 0.69, 0.91, 1.14, 1.37. 

IDF (0.40, 1.20), 0.00, 0.80, 1.60, 2.40. 

1D;-4F'3 (0.09, 0.26, 0.43), 0.77, 0.94, 1.11, 1.28, 1.44. 
1Dy-/Fs (0.02, 0.06, 0.10), 1.14, 1.18, 1.22, 1.26, 1.29. 


Dy-AG’s (O11, 0.34), 0.28, 0.46, 0.69, 0.91. 
1D;4Q's (0.31, 0.94, 1.57), 0.37, +0.26, 0.88, 1.51, 2.14. 
1D;-1G’s (Oud, 0.32) 0.54), 0.44, 0.66, 0.88, 1.00, 1.31, 1.52. 


‘DyHy (0.2%, 0.80, 1.33), —0.67, —0.13, +0.40, 0.93, 1.47, 2.00. 
1F;-4S_ (0.5%, 1.72), —0.86, +0.29, 1.43, 2.57. 


‘Fy-4P’s (O44, 1.31), —0.46, +0.42, 1.30, 2.17. 
‘Fy-P’s (0.37, 1.11, 1.86), 0.26, 0.49, 1.23, 1.97, 2.71. 
F,-4P’s (0.23, 0.69, 1.14), 0.00, 0.46, 0.91, 1.37, 1.83, 2.29. 


1F,4D» (0.17, 0.51), 0.84, 0.69, 1.03, 1.37. 
1Fy-"Ds (0.26, 0.77, 1.29), 0.09, 0.60, 1.12, 1.63, 2.14. 

{PDs (0.29, 0.86, 1.43), 0.00, 0.57, 1.14, 1.71, 2.29, 2.86. 

1F,-4Dy (0.11, 0.34, 0.57), 0.57, 0.80, 1.03, 1.26, 1.49, 1.71. 

1F,-!D, (0.14, 0.43, 0.71, 1.00), 0.43, 0.71, 1.00, 1.29, 1.57, 1.86, 2.14. 


1F;-4F’y (0.28, 0.69), 0.17, 0.63, 1.09, 1.54. 

1F (F's (0.09, 0.26, 0.43), 0.60, 0.77, 0.94, 1.12, 1.29. 

1F;-!F’, (0.19, 0.57, 0.95), 0.29, 0.67, 1.05, 1.43, 1.81, 2.19. 

1F,-1F’; (0.06, 0.17, 0.29), 0.86, 0.97, 1.09, 1.20, 1.31, 1.43. 

1F,-(F’; (0.05, 0.14, 0.24, 0.83), 0.90, 1.00, 1.10, 1.19, 1.29, 1.38, 1.48. 
1F,-(F’s (0.10, 0.29, 0.48, 0.67), 0.67, 0.86, 1.05, 1.24, 1.43, 1.62, 1.81, 2.00. 


2F;-!G3 (0.14, 0.43, 0.71), 0.14, 0.43, 0.71, 1.00, 1.29. 
2F "Gy (0.06, 0.19, 0.32), 0.67, 0.79, 0.92, 1.05, 1.18, 1.30." 
2F "Gs (0.29, 0.86, 1.43), —0.29, +0.29, 0.86, 1.43, 2.00, 2.57. 
‘1G, (0.08, 0.24, 0.40, 0.56), 0.59, 0.75, 0.91, 1.06, 1.22, 1.38, 1.54. 
2Fy-4G5 (0.02, 0.04, 0.07, 0.10), 1.07, 1.10, 1.13, 1.16, 1.19, 1.22, 1.24, 1.27. 


FH’, (0.10, 0.29, 0.48), 0.19, 0.38, 0.57, 0.76, 0.95, 1.14. 
2Fy-4H’s (0.24, 0.71, 1.19, 1.67), —0.52, —0.05, +0.43, 0.90, 1.38, 1.86, 2.33. 
1)'-4H’s (0.09, 0.26, 0.43, 0.61), 0.36, 0.54, 0.71, 0.88, 1.06, 1.23, 1.40, 1.58. 


°F y-Ts (0.21, 0.62, 1.04, 1.46), —0.73, —0.31, +-0.10, 0.52, 0.94, 1.35, 1.77, 2.18. 


1G-"D's (0.24, 0.72, 1.21), —0.32, +0.16, 0.65, 1.13, 1.61, 2.09. 
14D’; (0.27, 0.81, 1.35, 1.89), —0.46, +0.08, 0.62, 1.16, 1,70, 2.24, 2.78. 
'Gs"D’y (0.16, 0.48, 0.79, 1.11), 0.00, 0.32, 0.63, 0.95, 1.27, 1.59, 1.90, 2.22. 


10,-F; (0.07, 0.21, 0.35), 0.54, 0.68, 0.82, 0.96, 1.10, 1.24. 

1G;-"F, (0.17, 0.52, 0.87, 1.22), 0.02, 0.37, 0.71, 1.06, 1.41, 1.76, 2.11. 

1G,-"F's (0.22, 0.67, 1.11, 1.56), —0.22, +0.22, 0.67, 1.11, 1.56, 2.00, 2.44, 2.89. 

10; (0.06, 0.19, 0.32, 0.44), 0.67, 0.80, 0.92, 1.05, 1.18, 1.30, 1.43, 1.56. 

2GsF (0.11, 0.33, 0.56, 0.78, 1.00), 0.33, 0.56, 0.78, 1.00, 1.22, 1.44, 1.67, 1.89, 2.11. 


*0,-1G’s (0.16, 0.48, 0.79), 0.10, 0.41, 0.73, 1.05, 1.37, 1.68. 

*GQ"s (0.05, 0.14, 0.24, 0.33), 0.65, 0.75, 0.84, 0.94, 1.03, 1.13, 1.22. 

1Gy1G’s (0.14, 0.42, 0.71, 0.99), 0.18, 0.46, 0.75, 1.03, 1.31, 1.60, 1.88, 2.16. 

1Gs-4G"s (0.06, 0.19, 0.32, 0.44), 0.67, 0.79, 0.92, 1.05, 1.17, 1.30, 1.43, 1.56. 

*Gs~*Q’s (0.03, 0.09, 0.15, 0.21, 0.27), 0.90, 0.96, 1.02, 1.08, 1.14, 1.20, 1.26, 1.32, 1.38. 
G5G'g (0.08, 0.24, 0.40, 0.56, 0.73), 0.55, 0.71, 0.87, 1.03, 1.19, 1.35, 1.51, 1.68, 1.84, 2.00. 


'Gs-"Hy (0.11, 0.33, 0.56, 0.78), 0.11, 0.33, 0.56, 0.78, 1.00, 1.22, 1.44. 

1G (0.04, 0.12, 0.20, 0.28), 0.69, 0.77, 0.85, 0.93, 1.01, 1.09, 1.17, 1.25. 

'Gs-H, (0.22, 0.67; 1.11, 1.56), —0.44, 0.00, 0.44, 0.89, 1.33, 1.78, 2.22, 2.67. 

'Gs~4Hs (0.07, 0.21, 0.35, 0.49, 0.64), 0.47, 0.62, 0.76, 0.90, 1.04, 1.18, 1.32, 1.46, 1.61. 
'GsHe (0.01, 0.03, 0.05, 0.08, 0.10), 1.04, 1.06, 1.08, 1.10, 1.12, 1.14, 1.17, 1.19, 1.21, 1.28. 


*Hs~F’s (0.16, 0.49, 0.82, 1.15), —0.24, +0.09, 0.41, 0.74, 1.07, 1.40, 1.73, 2.06. 
*Hs~F’s (0.21, 0.64, 1.06, 1.49, 1.91), —0.58, —0.15, +0.27, 0.70, 1.12, 1.54, 1.97, 2.39, 2.82. 
*He-F’s (0,12, 0.36, 0.61, 0.85, 1.09), 0.00, 0.24, 0.48, 0.73, 0.97, 1.21, 1.46, 1.70, 1.94, 2.18. 


*Hs~"Gy (0.04, 0.11, 0.19, 0.26), 0.65, 0.72, 0.80, 0.87, 0.95, 1.02, 1.10, 1.17. 

*Hs~4Gs (0.13, 0.39, 0.66, 0.92, 1.18), --0.02, +0.25, 0.51, 0.78, 1.04, 1.30, 1.56, 1.83, 2.07. 

"Hs~'Ge (0.18, 0.54, 0.91, 1.27, 1.64), --0.36, 0.00, 0.36, 0.73, 1.09, 1.45, 1.82, 2.18, 2.54, 2.91. 

*He~Gs (0.04, 0.12, 0.20, 0.28, 0.36), 0.73, 0.81, 0.89, 0.97, 1.05, 1.13, 1.21, 1.29, 1.37, 1.45. 

*He~Ge (0.09, 0.27, 0.45, 0.64, 0.82, 1.00), 0.27, 0.45, 0.64, 0.82, 1.00, 1.18, 1.36, 1.55, 1.73, 1.91, 2.09. 
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1H 54H’; (0.12, 0.36, 0.60, 0.85), 0.06, 0.30, 0.55, 0.79, 1.03, 1.27, 1.51, 1.75. 

1H5-4H’s §.03, 0.09, 0.15, 0.22, 0.28), 0.69, 0.75, 0.82, 0.88, 0.94, 1.00, 1.06, 1.12, 1.19. 

2H 54H’ (0.11, 0.34, 0.56, 0.79, 1.02), 0.12, 0.34, 0.57, 0.80, 1.02, 1.25, 1.47, 1.70, 1.91, 2.15. 

2H 5~4H’s (0.06, 0.18, 0.30, 0.43, 0.55), 0.54, 0.67, 0.79, 0.91, 1.03, 1.15, 1.27, 1.40, 1.52, 1.64. 

1H ¢~4H’g (0.02, 0.06, 0.10, 0.15, 0.19, 0.23), 0.90, 0.94, 0.99, 1.08, 1.07, 1.11, 1.15, 1.20, 1.24, 1.28, 1.32, 

1H e~"H’z (0.07, 0.21, 0.35, 0.48, 0.62, 0.76), 0.47, 0.61, 0.75, 0.88, 1.02, 1.16, 1.30, 1.44, 1.58, 1.71, 1.85, 1.99, 








——— 
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483-68’3 (0.00), 2.00. 


4S2-P2 (0.20, 0.60), 1.80, 2.20, 2.60. 
{SPs (0.06, 0.17), 1.71, 1.83, 1.94, 2.06. 


4S3*D’; (0.67), 1.33, 2.67. 
4S:*D’2 (0.07, 0.20), 1.80, 1.93, 2.07. 
483-6’; (0.17, 0.51), 1.14, 1.49, 1.83, 2.17. 


4S:"F; (1.33), 0.67, 3.33. 
4S,-°F 2 (0.47, 1.40), 0.60, 1.53, 2.47. 
4So-5F’s (0.34, 1.03), 0.29, 0.97, 1.66, 2.34. 


4P2-683 (0.13, 0.40), 1.60, 1.87, 2.13, 2.40. 
*Ps9S3 (0.20, 0.60, 1.00), 1.00, 1.40, 1.80, 2.20, 2.60. 


4P;-8P’s (0.13), 2.27, 2.53. 

4{P:P’s (0.33, 1.00), 1.40, 2.07, 2.73. 

4P2-*P’; (0.08, 0.23), 1.16, 1.81, 1.96, 2.11. 

4P;-5P’, (0.40, 1.20), 0.40, 1.20, 2.00, 2.80. 

4P;-6P’; (0.14, 0.43, 0.71), 1.17, 1.46, 1.74, 2.02, 2.31. 
4P;-6P’, (0.06, 0.17, 0.29), 1.43, 1.54, 1.66, 1.77, 1.88, 2.00. 


‘P;-6D; (0.33), 3.00. 

4P;-6Dp (0.40), 1.42, 2.27. 

4P:-5D; (0.80), 0.98, 2.53. 

4P25D» (0.07, 0.20), 1.67, 1.80, 1.93. 

‘P:*Ds (0.04, 0.11), 1.54, 1.62, 1.70, 1.77. 

4P3-5D> (0.13, 0.40), 1.20, 1.47, 1.73, 2.00. 

«P3-5D; (0.03, 0.09, 0.14), 1.51, 1.57, 1.63, 1.68, 1.74. 
‘Ps, (0.01, 0.02, 0.03), 1.56, 1.57, 1.58, 1.59, 1.61, 1.62. 


4P;-SF’; (1.67), 1.00. 

4P,-6F’s (0.80), 0.27, 1.87. 

4P2,-5F’; (1.20), 0.53, 2.93. 

4P:5F2 (0.33, 1.00), 0.73, 1.40, 2.07. 

4P;-5F’; (0.21, 0.63), 0.69, 1.10, 1.52, 1.94. 

4P3-5F’2 (0.27, 0.80), 0.80, 1.33, 1.87, 2.40. 

4P;-5F’s (0.14, 0.43, 0.71), 0.89, 1.17, 1.46, 1.74, 2.03. 
4Ps-F’, (0.10, 11.30, 0.51), 0.89, 1.09, 1.30, 1.50, 1.70, 1.90. 


‘D258’; (0.40, 1.20), 0.80, 1.60, 2.40, 3.20. 
4D;-68’3 (0.30, 0.94, 1.57), 0.43, 1.06, 1.69, 2.31, 2.94. 
4D¢-S’; (0.28, 0.86, 1.43), 0.00, 0.57, 1.14, 1.71, 2.28, 2.86. 


4D;-*P2 (1.20), 1.20, 3.60. 

‘D2*P2 (0.60, 1.80), 0.60, 1.80, 3.00. 

4D2*P3 (6.34, 1.03), 0.86, 1.54, 2.23, 2.91. 

‘D3P2 (0.51, 1.54), —0.17, +0.86, 1.88, 2.91. 

4D:-P3 (0.26, 0.77, 1.28), 0.60, 1.11, 1.63, 2.14, 2.66. 

4Dz-*P, (0.17, 0.51, 0.86), 0.86, 1.20, 1.54, 1.88, 2.23, 2.57. 

4D¢*P3 (0.23, 0.69, 1.14), 0.29, 0.74, 1.20, 1.66, 2.11, 2.57. 

*Dy*P, (0.14, 0.43, 0.71, 1.00), 0.71, 1.00, 1.28, 1.57, 1.85, 2.14, 2.43. 


4D,-*D’; (1.67), 1.67. 
4D; D’2 (0.93), 0.93, 2.80. 
4{D;*D’; (1.07), 0.13, 2.27. 
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‘De-D’s (0.33, 1.00), 0.87, 1.53, 2.20. 

(Dy-5D’s (0.23, 0.69), 0.97, 1.43, 1.88, 2.34. 

{D:-"D’s (0.25, 0.74), 0.63, 1.12, 1.62, 2.11. 

‘D-2D’s (0.14, 0.43, 0.71), 0.94, 1.23, 1.51, 1.80, 2.08. 

‘Dy-$D’, (6.11, 0.32, 0.54), 1.05, 1.26, 1.48, 1.70, 1.91, 2.13. 

‘D9D’s (0.11, 0.34, 0.57), 0.86, 1.08, 1.31, 1.54, 1.77, 2.00. 

‘DD’, (0.08, 0.24, 0.40, 0.56), 1.03, 1.19, 1.35, 1.51, 1.67, 1.83, 1.99. 
‘Dj-*Ds (0.06, 0.19, 0.32, 0.44), 1.11, 1.24, 1.36, 1.49, 1.62, 1.75, 1.87, 2.00. 


‘),"F; (0.33), 0.33. 

iD,F 2 (0.53), 0.53, 1.60. 

‘DF; (0.93), 0.27, 2.13. 

‘Dr-F2 (0.07, 9.20), 1.00, 1.18, 1.27. 

‘DF; (0.06, 0.17), 1.14, 1.26, 1.37, 1.49. 

‘D3-SF, (0.15, 0.46), 0.91, 1.22, 1.52, 1.83. 

‘D;Fs (0.03, 0.09, 0.14), 1.23, 1.29, 1.34, 1.40, 1.46. 

‘DF, (0.01, 0.04, 0.06), 1.33, 1.36, 1.38, 1.41, 1.43, 1.46. 

‘Dy F's (0.06, 0.17, 0.29), 1.14, 1.26, 1.37, 1.48, 1.60, 1.71. 

‘Dy Fy (0.02, 0.05, 0.08, 0.11), 1.32, 1.35, 1.38, 1.41, 1.44, 1.48, 1.51. 
‘DF; (0.00, 0.01, 0.01, 0.02), 1.41, 1.42, 1.42, 1.43, 1.44, 1.44, 1.45, 1.46. 


‘D,-G’2 (0.00), 0.00. 
‘D:-°G’s (0.60, 1.80), —0.60, +-0.60, 1.80. 
4D -6Q’s (0.17, 0.51), 0.34, 0.69, 1.03, 1.37. 
‘D:-5G"> (0.69, 2.06), —0.69, +0.69, 2.06, 3.43. 
4D3-"G's (0.26, 0.77, 1.28), 0.09, 0.60, 1.11, 1.63, 2.14. 
‘D;-°G’, (0.11, 0.34, 0.57), 0.57, 0.80, 1.03, 1.26, 1.48, 1.71. 
‘D;-°G’s (0.29, 0.86, 1.43), 0.00, 0.57, 1.14, 1.71, 2.29, 2.86. 
‘DG’, (0.14, 0.43, 0.71, 1.00), 0.43, 0.71, 1.00, 1.28, 1.57, 1.86, 2.14. 
6G’; (0.08, 0.23, 0.39, 0.54), 0.73, 0.88, 1.04, 1.19, 1.35, 1.50, 1.66, 1.82. 


F>-8S3 (0.80, 2.40), —0.40, +1.20, 2.80, 4.40, 
33 (0.48, 1.46, 2.43), —0.43, +0.54, 1.51, 2.48, 3.46. 
's-9Ss (0.38, 1.14, 1.90), —0.67, +0.10, 0.86, 1.62,.2.38, 3.14. 


‘>-$P’s (1.00, 3.00), —0.60, +1.40. 3.40. 
6P’s (0.74, 2.23), —0.34, +1.14, 2.63, 4.11. 
's$P’s (0.69, 2.06), —1.03, +0.34, 1.71, 3.09. 
'»-6P’s (0.48, 1.29, 2.14), —0.26, +-0.60, 1.46, 2.32, 3.17. 
P’, (0.34, 1.03, 1.71), 0.00, 0.69, 1.37, 2.06, 2.74, 3.43. 
‘Fy-*P’; (0.32, 0.97, 1.62), —0.38, +0.27, 0.91, 1.56, 2.21, 2.86. 
‘Fy-8P’s (0.24, 0.71, 1.19, 1.67), 0.05, 0.52, 1.00, 1.47, 1.95, 2.43, 2.90. 


4Fy-8D; (1.47), 1.07, 1.87. 

{FD (0.73, 2.20), —0.33, +1.13. 2.60. 

‘F;-5Ds (0.63. 1.88), —0.23, +1.03, 2.28, 3.54. 

‘F;"Do (0.42, 1.26), —0.23, +0.61, 1.45, 2.29. 

‘F;-"D3 (0.31, 0.94, 1.57), 0.09, 0.71, 1.34, 1.97, 2.60. 

‘F;-6D, (0.28, 0.84, 1.40), 0.19, 0.75, 1.31, 1.87, 2.42, 2.98. 

‘F,"D3 (0.21, 0.63, 1.05), 0.19, 0.61, 1.03, 1.45, 1.87, 2.28. 

‘Fy-5D, (0.17, 0.52, 0.87, 1.22), 0.36, 0.71, 1.06, 1.41, 1.76, 2.11, 2.46. 
‘Fy-"Ds (0.16, 0.48, 0.79, 1.11), 0.44, 0.76, 1.08, 1.40, 1.72, 2.03, 2.35, 2.67. 
‘Fs-"D, (0.13, 0.38, 0.64, 0.89), 0.44, 0.70, 0.95, 1.21, 1.46, 1.71, 1.97, 2.22. 
‘Fs-6Ds (0.11, 0.33, 0.56, 0.78, 1.00), 0.56, 0.78, 1.00, 1.22, 1.44. 1.67, 1.89, 2.11, 2.33, 


‘Fy-$F’; (0.53), —0.13, +0.93. 

‘Fy’: (0.33, 1.00), 0.07, 0.73, 1.40. 

‘FoF’; (0.46, 1.37), —0.06, +0.86, 1.77, 2.68. 

‘F3-SF’s (0.02, 0.06), 0.97, 1.01, 1.05, 1.09. 

‘F:-SF’s (0.14, 0.43, 0.71), 0.60, 0.89, 1.17, 1.46, 1.74. 

‘FF’, (0.18, 0.55, 0.92), 0.48, 0.84, 1.21, 1.58, 1.95, 2.32. 

‘F-SF’s (0.04, 0.11, 0.19), 1.05, 1.12, 1.20, 1.28, 1.35, 1.43. 

‘Fy-*F’s (0.08, 0.24, 0.40, 0.56), 0.84, 1.00, 1.16, 1.32, 1.48, 1.64, 1.79. 

‘Fy-SF’s (0.10, 0.29, 0.49, 0.69), 0.75, 0.94, 1.14, 1.34, 1.53, 1.73, 1.93, 2.12. 

‘Fs-8F’, (0.08, 0.10, 0.16, 0.22), 1.41, 1.17, 1.24, 1.30, 1.36, 1.43, 1.49, 1.56. 

‘F5-5F’s (0.05, 0.15, 0.25, 0.35, 0.45), 0.98, 1.08, 1.18, 1.28, 1.38, 1.48, 1.59, 1.69, 1.79. 
‘Fs-$F’g (0,06, 0.18, 0.30, 0.42, 0.55), 0.91, 1.03, 1.15, 1.27, 1.40, 1.52, 1.64, 1.76, 1.88, 2.00. 
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‘F2*G2 (0.20, 0.60), —0.20, +0.20, 0.60. 

4F'2-Gs (0.23, 0.69), 0.17, 0.63, 1.08, 1.54. 

4F3-°G, (0.51, 1.54), —0.51, +0.51, 1.54, 2.57. 

4F'3-°Gs (0.09, 0.26, 0.43), 0.60, 0.77, 0.94, 1.11, 1.28. 

4F'3-5G, (0.06, 0.17, 0.29), 0.86, 0.97, 1.20, 1.31, 1.43. 

4F.-°Gs (0.19, 0.57, 0.95), 0.29, 0.67, 1.05, 1.43, 1.81, 2.19. 

4F yy (0.05, 0.14, 0.24, 0.33), 0.90, 1.00, 1.09, 1.19, 1.28, 1.38, 1.48. 

4Fi°Gs (0.02, 0.05, 0.09, 0.12), 1.15, 1.18, 1.22, 1.25, 1.29, 1.32, 1.36, 1.39. 

4F5-°G, (0.10, 0.29, 0.48, 0.67), 0.67, 0.86, 1.05, 1.24, 1.43, 1.62, 1.81, 2.06. 

4F55Gs (0.03, 0.09, 0.15, 0.21, 0.27), 1.06, 1.12, 1.18, 1.24, 1.30, 1.36, 1.42, 1.48, 1.55, 
4F'5-°Ge (0.00, 0.01, 0.02, 0.03, 0.04), 1.30, 1.31, 1.32, 1.33, 1.34, 1.35, 1.36, 1.37, 1.38, 1.39. 


‘G3-5F 2 (0.25, 0.74), —0.17, +0.32, 0.82, 1.31. 
4Gs-5Fs (0.37, 1.11, 1.86), —0.54, +0.20, 0.94, 1.68, 2.43. 

‘Gs-SF, (0.41, 1.24, 2.06), —0.66, +0.16, 0.98, 1.81, 2.63, 3.46. 

4Gi-5F 3 (0.16, 0.49, 0.82), 0.16, 0.49, 0.82, 1.15, 1.48, 1.81. 

4Gi-5F, (0.21, 0.62, 1.08, 1.44), —0.05, +0.36, 0.78, 1.19, 1.69, 2.01, 2.43. 

‘Gu-SFs (0.22, 0.67, 1.12, 1.57), —0.14, +0.31, 0.76, 1.21, 1.66, 2.11, 2.56, 3.01. 

4Gs-5F, (0.11, 0.34, 0.56, 0.79), 0.39, 0.61, 0.84, 1.06, 1.28, 1.51, 1.73, 1.96. 

‘Gs-*Fs (0.13, 0.39, 0.66, 0.92, 1.18), 0.25, 0.52, 0.78, 1.04, 1.80, 1.56, 1.83, 2.09, 2.35. 

4Gs-5F 5 (0.14, 0.42, 0.71, 0.99, 1.28), 0.18, 0.46, 0.75, 1.03, 1.31, 1.60, 1.88, 2.17, 2.45, 2.73. 
4Ge-5F's (0.08, 0.24, 0.40, 0.57, 0.73), 0.54, 0.71, 0.87, 1.03, 1.19, 1.35, 1.51, 1.68, 1.84, 2.00. 
‘Ge-5Fs (0.09, 0.27, 0.46, 0.64, 0.83, 1.01), 0.44, 0.63, 0.81, 1.00, 1.18, 1.36, 1.55, 1.73, 1.92, 2.10, 2.28. 


4G3-5G’2 (0.29, 0.86), —0.29, +0.29, 0.86, 1.43. 

4G;-4Q’; (0.14, 0.43, 0.71), 0.15, 0.43, 0.71, 1.00, 1.28, 

4G34G"s (0.29, 0.86, 1.43), —0.29, +0.29, 0.86, 1.43, 2.00, 2.57. 

4G4-*G’; (0.06, 0.19, 0.32), 0.66, 0.79, 0.92, 1.05, 1.17, 1.30. 

4Gi°G’, (0.08, 0.24, 0.40, 0.56), 0.58, 0.74, 0.90, 1.06, 1.22, 1.38, 1.54. 

4G4-°Q’s (0.14, 0.43, 0.72, 1.01), 0.26, 0.55, 0.84, 1.13, 1.42, 1.70, 1.99, 2.28. 

4Gs°Qs (0.01, 0.04, 0.07, 0.10), 1.07, 1.10, 1.13, 1.16, 1.19, 1.21, 1.24, 1.27. 

‘G5-6G’s (0.05, 0.15, 0.25, 0.35, 0.45), 0.82, 0.92, 1.02, 1.12, 1.22, 1.32, 1.42, 1.52, 1.62. 

‘G5-*G’g (0.08, 0.26, 0.43, 0.60, 0.77), 0.57, 0.74, 0.91, 1.08, 1.26, 1.43, 1.60, 1.77, 1.95, 2.12. 

4Ge-GQ’s (0.00), 1.27. 

4Ge-G’s (0.04, 0.11, 0.18, 0.25, 0.32, 0.40), 0.95, 1.02, 1.09, 1.16, 1.24, 1.31, 1.38, 1.45, 1.52, 1.60, 1.67. 
‘GG’; (0.06, 0.17, 0.28, 0.39, 0.50, 0.61), 0.77, 0.88, 0.99, 1.10, 1.22, 1.33, 1.44, 1.55, 1.66, 1.78, 1.89, 2.00. 


4‘G:*H; (0.14, 0.43, 6.71), —0.14, +0.14, 0.43, 0.71, 1.00. 

41G;-SH, (0.13, 0.38, 0.63), 0.19, 0.45, 0.70, 0.95, 1.20, 1.45. 

4Gs-FHs (0.35, 1.05, 1.74), —0.76, —0.06, +-0.63, 1.33, 2.03, 2.73. 

4G<-SH, (0.08, 0.24, 0.40, 0.56), 0.42, 0.58, 0.74, 0.90, 1.06, 1.22, 1.38 

4GiH ss (0.04, 0.13, 0.22, 0.31), 0.76, 0.85, 0.94, 1.03, 1.12, 1.20, 1.29, 1.38. 

4Gs-5H, (0.17, 0.52, 0.87, 1.22), —0.05, +-0.30, 0.65, 1.00, 1.35, 1.69, 2.04, 2.39. 

4G5-Hs (0.05, 0.15, 0.25, 0.35, 0.45), 0.72, 0.82, 0.92, 1.02, 1.12, 1.22, 1.32, 1.42, 1.52. 
4G5-*H,¢ (0.02, 0.05, 0.08, 0.11, 0.14), 1.06, 1.09, 1.12, 1.16, 1.19, 1.22, 1.25, 1.28, 1.32, 1.35. 
4GeHs (0.10, 0.30, 0.50, 0.70, 0.90), 0.37, 0.57, 0.77, 0.97, 1.17, 1.37, 1.57, 1.77, 1.97, 2.17. 
4Ge-He (0.03, 0.10, 0.17, 0.24, 0.30, 0.37), 0.90, 0.97, 1.03, 1.10, 1.17, 1.24, 1.31, 1.37, 1.44, 1.51, 1.58. 
4GeHz (0.005, 0.01, 0.02, 0.03, 0.04, 0.05), 1.23, 1.24, 1.25, 1.26, 1.27, 1.28, 1.29, 1.30, 1.31, 1.32, 1.33, 1.34. 
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6S3-88’4 (0.00), 2.00. 


6S3-8P; (0.14, 0.43, 0.71), 1.57, 1.86, 2.14, 2.43, 2.72. 
6S3-5P, (0.03, 0.10, 0.16), 1.78, 1.84, 1.90, 1.97, 2.03, 2.10. 


6S3-4D’: (0.40, 1.20), 0.80, 1.60, 2.40, 3.20. 
6S;-*D’s (0.03, 0.09, 0.14), 1.91, 1.97, 2.03, 2.09, 2.14. 
*S;-8D’, (0.10, 0.29, 0.48), 1.38, 1.52, 1.71, 1.90, 2.09, 2.28. 


6S3-8F 2 (0.00), 2.00. 
6S3-5F's (0.14, 0.43, 0.71), 1.28, 1.57, 1.86, 2.14, 2.43. 
6S3-4F, (0.19, 0.57, 0.95), 0.67, 1.05, 1.43, 1.81, 2.19, 2.57; 
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(Ps£S; (0.06, 0.17, 0.29), 1.71, 1.83, 1.94, 2.06, 2.17, 2.29. 
Py-4S4 (0.14, 0.43, 0.71, 1.00), 1.00, 1.29, 1.57, 1.86, 2.14, 2.43, 2.72. 


tPy-+P’s (0.06, 0.17), 212, 2.23, 2.34, 2.46. 
(Ps-*P’s (0.20, 0.60, 1.00), 1.29, 1.69, 2.08, 2.48, 2.88. 

‘P»-4P’s (0.03, 0.08, 0.13), 1.81, 1.86, 1.91, 1.96, 2.01, 2.06. 

+2,-5P's (0.29 0.86, 1.43), 0.29, 0.86, 1.43, 2.00, 2.57, 3.14. 

‘P,-£P%; (0.11, 0.33, 0.56, 0.78), 1.16, 1.38, 1.60, 1.8% 2.05, 2.27, 2.49. 
P;-5P’s (0.08, 0.10, 0.16, 0.22), 1.56, 1.62, 1.68, 1.75, 1.61, 1.87, 1.94, 2.00. 


6P.D» (0.20, 0.60), 2.20, 2.60, 3.00. 

‘PD; (0.17, 0.51), 1.54, 1.88, 2.23, 2.57. 

6P;-8D2 (0.46, 1.37), 0.51, 1.43, 2.34, 3.26. 

‘PD; (0.09, 0.26, 0.43), 1.63, 1.80, 1.97, 2.14, 2.32. 

6P;-*Dy (0.04, 0.11, 0:19), 1.62, 1.70, 1.77, 1.85, 1.92, 2.00. 

‘PSD; (0.17, 0.51, 0.86), 0.86, 1.20, 1.54, 1.88, 2.22, 2.57. 

6Py-D4 (0.05, 0.14, 0.24, 9.83), 1.48, 1.57, 1.67, 1.76, 1.86, 1.98, 2.05. 
Pi-5Ds (0.01, 0.03, 0.04, 0.06), 1.64, 1.65, 1.67, 1.69, 1.71, 1.72, 1.74, 1.76. 


(P>8F’; (0.80), 1.60, 3.20. 

‘PF’ (0.20, 0.60), 1.80, 2.20, 2.60. 

6P.-"F’; (0.34, 1.03), 0.68, 1.37, 2.06, 2.74. 

6P;-8F’y (0.06, 0.17), 1.71, 1.83, 1.94, 2.06. 

‘P;-8F’; (0.09, 0.26, 6.43), 1.46, 1.63, 1.80, 1.97, 2.14. 

6P;-8F’s (0,13, 0.40, 0.67), 0.95, 1.22, 1.49, 1.75, 2.02, 2.28. 

PF’; (0.00), 1.71. 

6Py*F’s (0.05, 0.14, 0.24, 0.33), 1.38, 1.48, 1.57, 1.67, 1.76, 1.86, 1.95. 
6P.*F’s (0.07, 0.21, 0.35, 0.48), 1.09, 1.23, 1.37, 1.51, 1.65, 1.78, 1.92, 2.06. 


D348’, (0.17, 0.51, 0.86), 1.14, 1.48, 1.83, 2.17, 2.52, 2.86. 
'Dy8Ss (0.21, 0.62, 1.03, 1.45), 0.56, 0.97, 1.38, 1.79, 2.21, 2.62, 3.03. 
*D5-$S’, (0.22, 0.67, 1.11, 1.56), 0.00, 0.44, 0.89, 1.33, 1.78, 2.22, 2.67, 3.11. 


Dr*Ps (0.21, 0.63), 1.66, 2.08, 2.50, 2.92. 

D3-8P3 (0.31, 0.94, 1.57), 0.71, 1.34, 1.97, 2.60, 3.23. 

Ds*Ps (0,14, 0.42, 0.70), 1.24, 1.52, 1.80, 2.08, 2.35, 2.63. 

DP (0.35, 1.05, 1.75), —0.16, +0.54, 1.24, 1.94, 2.64, 3.33. 

‘Dy P, (0.17, 0.52, 0.87, 1.22), 0.71, 1.06, 1.41, 1.76, 2.11, 2.46, 2.81. 

‘Di Ps (0.10, 0.29, 0.48, 0.67), 1.11, 1.30, 1.49, 1.68, 1.87, 2.06, 2.25, 245. 

‘Ds-*P4 (0.19, 0.57, 0.95, 1.33), 0.22, 0.60, 0.98, 1.36, 1.74, 2.13, 2.51, 2.89. 

*Ds-SP5 (0.11, 0.33, 0.55, 0.78, 1.00), 0.78, 1.00, 1.22, 1.44, 1.67, 1.89, 2.11, 2.33, 2.55. 


8D’o (0.27), 2.53, 3.07. 

°D’2 (0.47, 1.40), 1.40, 2.83, 3.27. 

*D’s (0.10, 0.29), 1.77, 1.96, 2.15, 2.34. 

5D’2 (0.57, 1.71), —0.06, +1.09, 2.23, 3.37. 

*D’s (0.20, 0.60, 1.00), 1.06, 1.46, 1.86, 2.26, 2.66. 

‘D's (0.08, 0.23, 0.38), 1.43, 1.58, 1.73, 1.89, 2.04, 2.19. 

‘D’3 (0.24, 0.70, 1.17), 0.41, 0.88, 1.35, 1.82, 2.29, 2.76. 

*D’, (0.11, 0.33, 0.56, 0.78), 1.03, 1.25, 1.48, 1.70, 1.92, 2.14, 2.37. 

5D’s (0.05, 0.16, 0.27, 0.38), 1.31, 1.42, 1.53, 1.64, 1.75, 1.86, 1.97, 2.08. 

‘D's (9.13, 0.38, 0.63, 0.89), 0.67, 0.92, 1.17, 1.43, 1.68, 1.94, 2.19, 2.44. 

‘D's (0.07, 0.21, 0.35, 0.49, 0.64), 1.06, 1.20, 1.34, 1.48, 1.63, 1.77, 1.91, 2.05, 2.19. 
‘D's (0.04, 0.12, 0.20, 0.28, 0.36), 1.27, 1.35, 1.43, 1.51, 1.60, 1.68, 1.76, 1.84, 1.92, 2.00. 


SF; (0.33), 3,67. 
*F2 (0.67), 1.38, 2.67. 
F; (1.07), 0.80, 2.93. 
'De-*F2 (0.07, 0.20), 1.80, 1.93, 2.07. 
F; (0.08, 0.23), 1.49, 1.64, 1.79, 1.94. 
F2 (0.17, 0.51), 1.14, 1.48, 1.83, 2.17. 
‘Fs (0.03, 9.09, 0.14), 1.57, 1.63, 1.69, 1.74, 1.80. 
>5F; (0.02, 0.06, 0.10), 1.52, 1.56, 1.60, 1.64, 1.68, 1.72. 
°F; (0.06, 0.19, 0.32), 1.27, 1.40, 1.52, 1.65, 1.78, 1.90. 
F, (0.02, 0.05, 0.08, 0.11), 1.51, 1.54, 1.57, 1.60, 1.63, 1.67, 1.70. 
‘Fs (0.01, 0.02, 0.03, 0.04), 1.54, 1.55, 1.56, 1.57, 1.58, 1.59, 1.61, 1.62. 
‘Ds-*F, (0.03, 0.10, 0.16, 0.22), 1.83, 1.40, 1.46, 1.52, 1.59, 1.65, 1.71, 1.78. 
>*F’s (0.01, 0.03, 0.05, 0.07, 0.09), 1.48, 1.51, 1.53, 1.55, 1.5%, 1.59, 1.61, 1.63, 1.65. 
F's (0.00, 0.00, 0.01, 0.01, 0.01), 1.54, 1.54, 1.54, 1.54, 1.55, 1.55, 1.56, 1.56, 1.56, 1.57. 
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6D:-8G'1 (2.33), 1.00. 

6D;-°G’s (1.20), —0.27, +2.13. 

*D2-*G'; (1.60), 0.27, 3.47. 

6D2-°G’2 (0.47, 1.40), 0.47, 1.40, 2.33. 

6D2G’s (0.30, 0.91), 0.34, 0.95, 1.56, 2.17. 

6D3-8G’s (0.36, 1.08), 0.57, 1.29, 2.02, 2.74 

6DsG’s (0.20, 0.60, 1.00), 0.66, 1.06, 1.45, 1.86, 2.26. 

6Ds-*G's (0.15, 0.44, 0.73), 0.63, 0.93, 1.22, 1.51, 1.80, 2.09. 

6Dy-8G’s (0.16, 0.49, 0.82), 0.76, 1.09, 1.42, 1.75, 2.08, 2.42. 

6Di9G"s (0.11, 0.33, 0.55, 0.78), 0.81, 1.03, 1.25, 1.47, 1.70, 1.92, 2.14. 

6D4-°G’s (0.09, 0.26, 0.43, 0.61), 0.81, 0.98, 1.15, 1.33, 1.50, 1.67, 1.85, 2.02. 

6D5*G's (0.09, 0.29, 0.48, 0.67), 0.89, 1.08, 1.27, 1.46, 1.65, 1.84, 2.03, 2.22. 

*Ds-*G’s (0.07, 0.21, 0.35, 0.49, 0.64), 0.92, 1.06, 1.20, 1.34, 1.48, 1.62, 1.77, 1.91, 2.05. 
6D5-*G’g (0.08, 0.17, 0.29, 0.40, 0.52), 0.92, 1.04, 1.15, 1.27, 1.38, 1.50, 1.61, 1.73, 1.84, 1.96. 


6F2-8P’; (0.61, 1.83), 0.46, 1.68, 2.90, 4.12. 

6F3-8P’; (0.49, 1.46, 2.43), —0.14, +0.83, 1.80, 2.77, 3.74. 

6F3-§P’, (0.31, 0.93, 1.55), 0.38, 1.00, 1.62, 2.24, 2.87, 3.49. 

6¥ P's (0.44, 1.33, 2.22), —0.82, +0.06, 0.95, 1.84, 2.73, 3.62. 

6Fy-P’s (0.27, 0.81, 1.35, 1.89), 0.05, 0.59, 1.13, 1.67, 2.21, 2.75, 3.29. 

6Fy-8P’s (0.19, 0.57, 0.95, 1.33), 0.44, 0.82, 1.21, 1.59, 1.97, 2.35, 2.73, 3.11. 

6F5-8P’s (0.25, 0.75, 1.26, 1.76), —0.32, +0.18, 0.68, 1.18, 1.69, 2.19, 2.69, 3.19. 

6Fs-8P’s (0.17, 0.52, 0.86, 1.20, 1.55), 0.23, 0.58, 0.92, 1.26, 1.61, 1.95, 2.29, 2.64, 2.98. 
6F5-*P’s (0.16, 0.48, 0.81, 1.13, 1.46), 0.00, 0.32, 0.65, 0.97, 1.29, 1.62, 1.94, 2.26, 2.59, 2.91. 


6F 1D (1.73), 1.07, 4.53. 
6F2*D2 (0.87, 2.60), 0.20, 1.93, 3.67. 

6F:*Ds3 (0.49, 1.48), 0.57, 1.56, 2.55, 3.54. 

6F3-"Do (0.74, 2.23), —0.91, +0.57, 2.06, 3.54. 

63D; (0.37, 1.11, 1.86), 0.20, 0.94, 1.69, 2.43, 3.17. 

6F3-°D, (0.25, 0.74, 1.24), 0.57, 1.07, 1.56, 2.06, 2.55, 3.04. 

6F,*Ds (0.33, 0.99, 1.65), —9.25, +0.41, 1.07, 1.72, 2.38, 3.04. 

6F 45D, (0.21, 0.62, 1.03, 1.44), 0.36, 0.78, 1.19, 1.60, 2.02, 2.43, 2.84. 

6F4*Ds (0.15, 0.45, 0.75, 1.05), 0.65, 0.95, 1.25, 1.55, 1.85, 2.15, 2.45, 2.75. 

6F;—D, (0.19, 0.56, 0.93, 1.31), 0.12, 0.50, 0.87, 1.25, 1.62, 2.00, 2.38, 2.75. 

6¥54Ds (0.13, 0.39, 0.66, 0.92, 1.18), 0.52, 0.78, 1.04, 1.30, 1.57, 1.83, 2.09, 2.35, 2.62. 

6F5~"D¢ (0.10, 0.30, 0.50, 0.71, 0.91), 0.73, 0.93, 1.13, 1.34, 1.54, 1.74, 1.94, 2.14, 2.34, 2.54. 

6¥e*Ds (0.12, 0.36, 0.61, 0.85, 1.09), 0.36, 0.61, 0.85, 1.09, 1.33, 1.58, 1.82, 2.06, 2.30, 2.54. 

6¥6—D5 (0.09, 0.27, 0.45, 0.64, 0.82, 1.00), 0.64, 0.82, 1.00, 1.18, 1.36, 1.54, 1.73, 1.91, 2.09, 2.27, 2.45. 


6F,-5F’; (2.33), 1.67. 
6F-$F’s (1.33), 0.67, 3.38. 

6Fy-SF’; (1.47), —0.40, +2.53. 

6F2-*F'’s (0.47, 1.40), 0.60, 1.53, 2.47. 

6F :-*F’s (0.32, 0.97), 0.74, 1.39, 2.04, 2.69. 

6F's-8F’» (0.34, 1.03), 0.29, 0.97, 1.66, 2.34. 

6F;-8F’5 (0.20, 0.60, 1.00), 0.71, 1.11, 1.51, 1.91, 2.31. 

6F3-5F’s (0.15, 0.46, 0.76), 0.86, 1.16, 1.47, 1.77, 2.07, 2.38. 

63"4-8F’; (0.16, 0.48, 0.79), 0.60, 0.92, 1.24, 1.55, 1.87, 2.19. 

6F y-8F’, (0.11, 0.33, 0.55, 0.78), 0.84, 1.06, 1.28, 1.51, 1.73, 1.95, 2.17. 

OF y-5F’s (0.09, 0.27, 0.45, 0.63), 0.95, 1.13, 1.31, 1.49, 1.67, 1.84, 2.02, 2.20. 

6F's-5F'’, (0.09, 0.28, 0.46, 0.65), 0.79, 0.97, 1.16, 1.34, 1.53, 1.71, 1.90, 2.08. 

6F5-8F'’s (0.07, 0.21, 0.35, 0.49, 0.64), 0.94, 1.08, 1.22, 1.36, 1.50, 1.65, 1.79, 1.93, 2.07. 

6F5-5F’ (0.06, 0.18, 0.30, 0.41, 0.53), 1.02, 1.14, 1.26, 1.38, 1.50, 1.61, 1.73, 1.85, 1.97, 2.09. 

6F 5-*F’s (0.06, 0.18, 0.30, 0.42, 0.55), 0.91, 1.03, 1.15, 1.27, 1.40, 1.52, 1.64, 1.76, 1.88, 2.00. 

6 ,-F’g (0.05, 0.15, 0.24, 0.34, 0.44, 0.54), 1.01, 1.11, 1.21, 1.31, 1.41, 1.50, 1.60, 1.70, 1.20, 1.90, 1.99. 

6 ,-5F’7 (0.04, 0.13, 0.21, 0.29, 0.38, 0.46), 1.08, 1.16, 1.24, 1.33, 1.41, 1.50, 1.58, 1.66, 1.75, 1.83, 1.92, 2.00. 


6F}-*G; (0.33), 1.00. 

6F;*Ge (0.80), 0.13, 1.73. 

6F2-*G; (1.20), —0.13, +2.27. 

6F2-*Ge (9.07, 0.20), 0.87, 1.00, 1.13. 

6F2"G3 (0.09, 0.29), 0.97, 1.16, 1.35, 1.54. 

6F3—*G2 (0.19, 0.57), 0.74, 1.12, 1.50, 1.89. 

6F3-*G3 (0.03, 0.09, 0.14), 1.17, 1.23, 1.28, 1.34, 1.40. 
6F's-*G, (0.03, 0.08, 0,13), 1.24, 1.29, 1.34, 1.39, 1.44, 1.49. 
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SFG (0.07, 0.21, 0.35), 1.05, 1.19, 1.33, 1.46, 1.60, 1.74. 

1F,#Gy (0.02, 0.05, 0.08, 0.11), 1.29, 1.32, 1.35, 1.38, 1.41, 1.45, 1.48. 

‘FG (0.01, 0.03, 0.04, 0.06), 1.35, 1.37, 1.39, 1.40, 1.42, 1.44, 1.46, 1.48. 

OF 5-84 (0.03, 0.10, 0.17, 0.24), 1.19, 1.26, 1.33, 1.40, 1.47, 1.54, 1.61, 1.68. 

: (0.01, 0.03, 0.05, 0.07, 0.09), 1.34, 1.36, 1.38, 1.40, 1.42, 1.44, 1.46, 1.48, 1.50. 


OF G5 


F5-8G¢ (0.00, 0.01, 0.02, 0.92, 0.03), 1.41, 1.42, 1.43, 1.43, 1.44, 1.44, 1.45, 1.46, 1.46, 1.47. 

6F 8s (0.02, 0.06, 0.10, 0.14, 0.18), 1.27, 1.31, 1.35, 1.40, 1.44, 1.48, 1.52, 1.56, 1.60, 1.64. 

6F Ge (0.01, 0.02, 0.04, 0.05, 0.06, 0.08), 1.38, 1.39, 1.41, 1.42, 1.43, 1.45, 1.46, 1.47, 1.49, 1.50, 1.52. 

6F G7 (0.00, 0.00, 0.00, 0.01, 0.01, 0.01), 1.45, 1.45, 1.45, 1.45, 1.45, 1.46, 1.46, 1.46, 1.46, 1.46, 1.47, 1.47. 


TABLE 8.—Theoretical Zeeman effects (triplet system) 


{Landé g values] 





6 7 





2. 000 
.500 1.500 
.500 1,167 1.333 
0.667 1.083 1.250 
0.750 1.050 1.200 
0.800 1.033 1.167 
0.833 1.024 1.143 











51-38’; (0.00), 2.00. 
S;*Po (0.00), 2.00. 
SP; (0.50), 1.50, 2.00. 
'S;-/P (0.00, 0.50), 1.00, 1.50, 2.00. 
'S,-"D’; (1.50), 0.50, 2.00. 
S:-3D’s (0.00, 0.83), 9.33, 1.17, 2.00. 
'S;-Fy (0.00, 1.33), 0.67, 2.00. 
PP! =!P)-8P’p=3P)—9P’; =3P;9P’3=3P P| ="P "P's (0.00), 1.50. 
‘PD, (0.00), 0.50. 
‘PD; (1.00), 0.50, 1.50. 
Da (0.00, 0.33), 0.83, 1.17, 1.50. 
1D, (0.00, 1.00), 0.50, 1.50, 2.50. 
iPr-'Dy (0.33, 0.67), 0.83, 1.17, 1.50, 1.83. 
Ds (0.08, 0.17, 0.33), 1.00, 1.17, 1.33, 1.50, 1.67. 
F; (0.00, 0.83), —0.17, 0.67, 1.50. 
~F: (0.83, 1.62), —0.17, 0.67, 1.50, 2.33. 
Fs (0.00, 0.42, 0.83), 0.25, 0.67, 1.08, 1.50, 1.92. 
P:-!Gs (0.00, 0.75, 1.50), —0.75, 0.00, 0.75, 1.50, 2.25. 
-'D’; (0.00), 0.50. 
I )’» 
Dy" (0.00, 0.67), 0.50, 1.17, 1.88. 
Dr3D’s (0.00), 1.17. 
a 
1p’, }(9-00, 0.17, 0.33), 1.00, 1.17, 1.33, 1.50, 1.67. 
D:D’; (0.00), 1.33. 
2 (0.00, 0.17), 0.50, 0.67, 0.83. 
Dr-Fy (0.50, 1.00), 0.17, 0.67, 1.17, 1.67. 
"Fy (0.00, 0.67, 1.33), 0.00, 0.67, 1.33, 2.00, 2.67. 
DF (0.00, 0.08, 0.17), 0.92, 1.00, 1.08, 1.17, 1.25. 


Di Fy (0.25, 0.50, 0.75), 0.58, 0.83, 1.68, 1.33, 1.58, 1.83. 
D3-F, (0.00, 0.08, 0.17, 0.25). 1.00, 1.08, 1.17, 1.25, 1.33, 1.42. 1.50. 
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*D2G’s (0.00, 0.42, 0.83), —0.08, +-0.33, 0.75, 1.17, 1.58. 
*D3G’s (0.58, 1.17, 1.75), —0.42, +-0.17, 0.75, 1.33, 1.92, 2.50. 
*Ds G4 (0.00, 0.28, 0.57, 0.85), 0.20, 0.48, 0.77, 1.05, 1.33, 1.62, 1.90. 


5D3-*Ha (0.00, 0.53, 1.07, 1.60), —0.80, —0.27, +0.27, 0.80, 1.33, 1.87, 2.40. 


3F2-5F’s (0.00), 0.67. 

3 aR’ 

Fe (0.00, 0.42, 0.83), 0.25, 0.67, 1.08, 1.50, 1.9%. 
3F3F’; (0.00), 1.08. 


3F.3F’ 
Fs 2 7} (0.00, 0.17, 0.33, 0.50), 0.75, 0.92, 1.08, 1.25, 1.42, 1.58, 1.48. 


3Fy-F’, (0.00), 1.25. 


®F2 Gs (0.00, 0.08, 0.17), 0.58, 0.67, 0.75, 0.83, 0.92. 

3F3-8G; (0.33, 0.67, 1.00), 0.08, 0.42, 0.75, 1.08, 1.42, 1.75. 

3F 3G, (0.00, 0.03, 0.07, 0.10), 0.95, 0.98, 1.02, 1.05, 1.08, 1.12, 1.15. 

3F 3G, (0.00, 0.50, 1.00, 1.50), —0.25, +0.25, 0.75, 1.25, 1.75, 2.25, 2.75. 

3Fs-4Gy (0.20, 0.40, 0.60, 0.80), 0.45, 0.65, 0.85, 1.05, 1.25, 1.45, 1.65, 1.85. 

3F Gs (0.00, 0.05, 0.10, 0.15, 0.20), 1.00, 1.05, 1.10, 1.15, 1.20, 1.25, 1.30, 1.35, 1.40. 


3F 3H, (0.00, 0.28, 0.57, 0.85), —0.05, +-0.23, 0.52, 0.80, 1.08, 1.37, 1.65. 
3FyHs (0.45, 0.90, 1.35, 1.80), —0.55, —0.10, +0.35, 0.80, 1.25, 1.70, 2.15, 2.60. 
*F 5H ’s (0.00, 0.22, 0.43, 0.65, 0.87), 0.17, 0.38, 0.60, 0.82, 1.02, 1.25, 1.47, 1.68, 1.90. 


5F Ts (0.00, 0.42, 0.83, 1.25, 1.67), —0.83, —0.42, 0.00, 0.42, 0.83, 1.25, 1.67, 2.08, 2.50. 
3G3Q’s (0.00), 0.75. 


3G;3G’ 2 i ‘ . 
2a’, } (0.00, 0.30, 0.60, 0.90), 0.15, 0.45, 0.75, 1.05, 1.35, 1.65, 1.95. 


Gs 3Gs (0.00), 1.05. 


ache Gy} (0.00, 0.15, 0.30, 0.45, 0.60), 0.60, 0.75, 0.90, 1.05, 1.20, 1.35, 1.50, 1.65, 1.80. 


8G5-3G’s (0.00), 1.20. 


3G33H, (0.00, 0.05, 0.10, 0.15), 0.65, 0.70, 0.75, 0.80, 0.85, 0.90, 0.95. 
2G4Hy (0.25, 0.50, 0.75, 1.00), 0.05, 0.30, 0.55, 0.80, 1.05, 1.30, 1.55, 1.80. 

3Gs2H, (0.00, 0.40, 0.80, 1.20, 1.60), 0.00, 0.40, 0.80, 1.20, 1.60, 2.00, 2.40, 2.80. 

2G.Hs (0.00, 0.02, 0.03, 0.05, 0.07), 0.97, 0.98, 1.00, 1.02, 1.03, 1.05, 1.07, 1.08, 1.10. 

8G5Hs (0.17, 0.33, 0.50, 0.67, 0.83), 0.37, 0.53, 0.70, 0.87, 1.03, 1.20, 1.37, 1.53, 1.70, 1.87. 

3G5—3H¢ (0.00, 0.03, 0.07, 0.10, 0.13, 0.17), 1.00, 1.03, 1.07, 1.10, 1.13, 1.17, 1.20, 1.23, 1.27, 1.30, 1.33. 


3G«1’s (0.00, 0.22, 0.43, 0.65, 0.87), —6.03, +0.18, 0.40, 0.62, 0.83, 1.05, 1.27, 1.48, 1.70. 
8G5—I’s (0.37, 0.73, 1.10, 1.47, 1.83), —0.63, —0.27, +-0.10, 0.47, 0.83, 1.20, 1.57, 1.93, 2.30, 2.67. 
3G5—1’¢ (0.00, 0.18, 0.35, 0.53, 0.70, 0.88), 0.14, 0.32, 0.50, 0.67, 0.85, 1.02, 1.20, 1.38, 1.55, 1.73, 1.90. 


2H.4H’; (0.00), 0.80. 
aE a4 f(0.00, 0.23, 0.47, 0.70, 0.93), 0.10, 0.33, 0.57, 0.80, 1.03, 1.27, 1.50, 1.73, 1.97. 
2Hs-5H’s (0.00), 1.03. 


ne sn /*\0.00, 0.13, 0.27, 0.40, 0.53, 0.67), 0.50, 0.63, 0.77, 0.90, 1.03, 1.17, 1.30, 1.43, 1.57, 1.70, 1.83. 


HoH ’s (0.00), 1.17. 


2H Is (0.00, 0.03, 0.07, 0.10, 0.13), 0.70, 0.73, 0.77, 0.80, 0.83, 0.87, 0.90, 0.93, 0.97. 

8H 5—I5 (0.20, 0.40, 0.60, 0.80, 1.00), 0.03, 0.23, 0.43, 0.63, 0.83, 1.03, 1.23, 1.43, 1.63, 1.83. 

2H5—I¢ (0.00, 0.01, 0.02, 0.02, 0.04, 0.05), 0.98, 0.99, 1.00, 1.01, 1.02, 1.03, 1.04, 1.05, 1.06, 1.07. 

2H 61s (0.00, 0.33, 0.67, 1.00, 1.33, 1.67), —0.50, —0.17, +0.17, 0.50, 0.83, 1.17, 1.50, 1.83, 2.17, 2.50, 2.83. 

8H Ig (0.14, 0.29, 0.43, 0.57, 0.71, 0.86), 0.31, 0.45, 0.60, 0.74, 0.88, 1.02, 1.17, 1.31, 1.45, 1.60, 1.74, 1.88. 

8H 5-17 (0.00, 0.02, 0.05, 0.07, 0.10, 0.12, 0.14), 1.00, 1.02, 1.05, 1.07, 1.10, 1.12, 1.14, 1.17, 1.19, 1.21, 1.24, 1.26,1 2, 


8151's (0.00), 0.83. 


wey} (0.00, 0.19, 0.38, 0.57, 0.76, 0.95), 0.07, 0.26, 0.45, 0.64, 0.83, 1.02, 1.21, 1.40, 1.60, 1.79, 1.98. 
5Ty-11’s (0.00), 1.02. 
asa] 5} (0-00, 0.12, 0.24, 0.36, 0.48, 0.60, 0.71), 0.43, 0.55, 0.67, 0.79, 0.90, 1.02, 1.14, 1.26, 1.38, 1.50, 1.62, 1.74, 16 
3J37-81’7 (0.00), 1.14. 
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582-58’. (0.00), 2.00. 


582-5 P; (0.00, 0.50), 1.50, 2.00, 2.50. 
5S2P2 (0.17, 0.33), 1.67, 1.83, 2.00, 2.17. 
5S2-5P3 (0.00, 0.33, 0.67), 1.00, 1.33, 1.67, 2.00, 2.33. 


'S2-5D’; (6.00, 0.50), 1.50, 2.00, 2.50. 
5825D’2 (0.50, 1.60), 1.00, 1.50, 2.00, 2.50. 
5S24D’; (0.00, 0.50, 1.00), 0.50, 1.00, 1.50, 2.00, 2.50. 


5Se-5F; (0.00, 2.00), 0.00, 2.00, 4.00. 
5So-5 Fp (1.00, 2.00), 0.00, 1.00, 2.00, 3.00. 
5S2F3 (0.00, 0.75, 1.50), —0.25, +0.50, 1.25, 2.00, 2.75. 
5P,-5P’; (0.00), 2.50. 

5p’, 
1Psp? (0.00, 0.67,) 1.17, 1.83, 2.50. 
5P2—5P’» (0.00), 1.83. 


5P25P’; ee at Be 
1Pespr,} (0.00, 0.17, 0.33), 1.88, 1.50, 1.67, 1.83, 2.00. 


5P;—'P’s (0.00), 1.67. 


5P,-5Do (0.00), 2.50. 

§P,—5D, (1.00), 1.50, 2.50. 

5P)-5De (0.00, 1.00), 0.50, 1.50, 2.50. 

'P24D, (0.00, 0.33), 1.50, 1.83, 2.17. 

5P2 D2 (0.33, 0.67), 1.17, 1.50, 1.83, 2.17. 

5P2—Ds3 (0.00, 0.33, 0.67), 0.83, 1.17, 1.50, 1.83, 2.17. 

5Ps— Do (0.00, 0.17, 0.33), 1.33, 1.50, 1.67, 1.83, 2.00. 

5P;-5Ds3 (0.17, 0.33, 0.50), 1.17, 1.33, 1.50, 1.67, 1.83, 2.00. 

5P;3-D, (0.00, 0.17, 0.33, 0.50), 1.08, 1.17, 1.33, 1.50, 1.67, 1.83, 2.00. 


5P,-5F’; (2.50), 0.00, 2.50. 

5P\-5F’2 (0.00, 1.50), —0.50, +-1.00, 2.50. 

SP. F’; (0.00, 1.83), 0.00, 1.83, 3.67. 

5Po—5F’ (0.83, 1.67), 0.17, 1.00, 1.83, 2.67. 

5P2F’; (0.00, 0.58, 1.17), 0.08, 0.67, 1.25, 1.83, 2.42. 

5P;-F’2 (0.00, 0.67, 1.33), 0.33, 1.00, 1.67, 2.33, 3.00. 

5P;-5F’; (0.42, 0.83, 1.25), 0.42, 0.83, 1.25, 1.67, 2.08, 2.50. 

5P;-5F’, (0.00, 0.32, 0.63, 0.95), 0.40, 0.72, 1.03, 1.35, 1.67, 1.98, 2.30. 


5P;-5G2 (0.00, 2.17), —1.83, 4-0.33, 2.50. 

5P2Q2 (1.50, 3.00), —1.17, +0.33, 1.83, 3.33. 

5P24G; (0.00, 0.92, 1.83), —0.92, 0.00, 0.92, 1.83, 2.75. 

5P;-5Ge (0.00, 1.33, 2.67), —1.00, +-0.33, 1.67, 3.00, 4.33. 

5P;-5G3 (0.75, 1.50, 2.25), —0.58, +0.17, 0.92, 1.67, 2.42, 3.17. 

5P;G, (0.00, 0.52, 1.03, 1.55), —0.40, +-0.12, 0.63, 1.15, 1.67, 2.18, 2.70. 


8D; D’9=!D;—5D’;=5D,;—5D’2=... =5D4—5D"4 (0.00), 1.50. 


5Do—F; (0.00), 0.00, unaffected. 

5—P,F; (1.50), 0.00, 1.50. 

51D)-5F 2 (0.00, 0.50), 0.50, 1.00, 1.50. 

5D: F;, (0.00, 1.50), 0.00, 1.50, 2.00. 

5D2F 2 (0.50, 1.00), 0.50, 1.00, 1.50, 2.00. 

5 Do Fs (0.00, 0.25, 0.50), 0.75, 1.00, 1.25, 1.50, 1.75. 

5D; F 2 (0.00, 0.50, 1.00), 0.50, 1.00, 1.50, 2.00, 2.50. 

5D; Fs (0.25, 0.50, 0.75), 0.75, 1.00, 1.25, 1.50, 1.75, 2.00. 

5D; Fy, (0.00, 0.15, 0.30, 0.45), 0.90, 1.05, 1.20, 1.35, 1.50, 1.65, 1.80. 

5D. Fs; (0.00, 0.25, 0.50, 0.75), 0.75, 1.00, 1.25, 1.50, 1.75, 2.00, 2.25. 

5Dy $F, (0.15, 0.30, 0.45, 0.60), 0.90, 1.05, 1.20, 1.35, 1.50, 1.65, 1.80, 1.95. 
5D. Fs (0.00, 0.10, 0.20, 0.30, 0.40), 1.00, 1.10, 1.20, 1.30, 1.40, 1.50, 1.60, 1.70, 1.80. 


5D;~G’2 (0.00, 1.17), —0.83, +-0.33, 1.50. 

5D24G’2 (1.17, 2.83), —0.83, +6.33, 1.50, 2.67. 

5D24Q’; (0.00, 0.58, 1.17), —0.25, +0.33, 0.92, 1.50, 2.08. 

5D3G’2 (6.00, 1.17, 2.33), —0.83, +0.33, 1.50, 2.67, 3.83. 

§D3-5GQ’; (0.58, 1.17, 1.75), —0.25, +0.33, 0.92, 1.50, 2.08, 2.67. 

5D34Q"4 (0.00, 0.35, 0.70, 1.05), 0.10, 0.45, 0.80, 1.15, 1.50, 1.85, 2.20. 

5D44Q’; (0.00, 0.58, 1.17, 1.75), —0.25, +0.33, 0.92, 1.50, 2.08, 2.67, 3.25. 

5D44Q", (0.35, 0.70, 1.05, 1.40), 0.10, 0.45, 0.80, 1.15, 1.50, 1.85, 2.20, 2.55. 

5D4G’;s (0.00, 0.23, 0.47, 0.70, 0.93), 0.33, 0.57, 0.80, 1.03, 1.27, 1.50, 1.73, 1.97, 2.20. 
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‘DoH, (0.00, 1.00, 2.00), —1.50, —0.50, +-0.50, 1.50, 2.50. 

'D;-5H, (1.00, 2.00, 3.00), —1.50, —0.50, -++0.50, +1.50, 2.50, 3.50. 

‘Dy-H (0.09, 0.60, 1.20, 1.80,), 0.90, —0.30, -+0.30, 0.90, 1.50, 2.10, 2.70. 

‘DHs (0.00, 1.00, 2.00, 3.00), —1.50, —0.50, +-0.50, 1.50, 2.50, 3.50, 4.50. 

tD,-5H, (0.60, 1.20, 1.80, 2.40), —0.90, —0.30, -+0.30, 0.99, 1.58, 2.10, 2.70, 3.30. 

'D¢Hs (0.00, 0.40, 0.80, 1.20, 1.60), ~0.50, —0.10, +-0.30, 0.70, 1.10, 1.50, 1.90, 2.80, 2.70. 
‘FF’; (0.00), 0.00 unaffected. 

sh} (0.00, 1.00) 0.00, 1.00, 2.00. 

tPr5F’s (0.00), 1.00. 


EF (0.00, 0.25, 0.50), 0.75, 1.00, 1.25, 1.80, 1.75. 


iF;F’s (0.00), 1.25. 
i 0.10, 0.20, 0.30), 1.05, 1.15, 1.25, 1.35, 1.45, 1.55, 1.65. 

SF "F's (0.00), 1.35. 

az sp} (0.00, 0.05, 0.10, 0.15, 0.20), 1.20, 1.25, 1.30, 1.35, 1.40, 1.45, 1.50, 1.55, 1.69. 

SF F's (0.00), 1.40. 

5F\-5G. (0.00, 0.33), 0.00, 0.33, 0.67. 

'Fr-5G2 (0.67, 1.33), 0.33, 1.00, 1.67. 

5Fy5Gs (0.00, 0.08, 0.17), 0.75, 0. 83, 0.92, 1.00, 1.08. 

SF35G. (0.00, 0.92, 1.83), —0.58, +0.33, 1.25, 2.17, 3.08. 

SFG (0.33, 0.67, 1.00), 0.25, 0.58, 0.92, 1.25, 1.58, 1.92. 

'F:-5G, (0.00, 0.10, 0.20, 0.30), 0.85, 0.95, 1.05, 1.15, 1.25, 1.35, 1.45. 

iF 5G; (0.00, 0.43, 0.87, 1.30), 0.05, 0.48, 0.92, 1.35, 1.78, 2.22, 2.65. 

5Fs-Gy (0.20, 0.40, 0.60, 0.80), 0.55, 0.75, 0.95, 1.15, 1.35, 1.55, 1.75, 1.95. 

SFG, (0.00, 0.08, 0.17, 0.25, 0.33). 0.93, 1.02, 1.10, 1.18, 1.27, 1.35, 1.43, 1.52, 1.60. 

5Fs-5G, (0.00, 0.25, 0.50, 0.75, 1.00), 0.40, 0.65, 0.90, 1.15, 1.40, 1.65, 1.90, 2.15, 2.40. 

5Fs-5G5 (0.13, 0.27, 0.40, 0.53, 6.67), 0.73, 0.87, 1.00, 1.13, 1.27, 1.40, 1.53, 1.67, 1.80, 1.93. 

5F;-5G (0.00, 0.07, 0.13, 0.20, 0.27, 0.33), 1.00, 1.07, 1.13, 1.20, 1.27, 1.33, 1.40, 1.47, 1.53, 1.60, 1.67. 


'F;-5H’s (0.00, 0.50, 1.00), —0.50, 0.00, 0.50, 1.00, 1.50. 

‘F;5H’s (0.75, 1.50, 2.25), —1.00, —0.25, +0.50, 1.25, 2.00, 2.75. 

5F H's (0.00, 0.35, 0.70, 1.05), —0.15, +0.20, 0.55, 0.96, 1.25, 1.60, 1.95. 

5F,5H’s (0.00, 0.85, 1.70, 2.55), —1.20, —0.35, +0.50, 1.35, 2.20, 3.05, 3.90. 

‘FH’, (0.45, 0.90, 1.35, 1.80), —0.45, 0.00, 0.45, 0.90, 1.35, 1.80, 2.25, 2.70. 

‘FH ’s (0.00, 0.25, 0.50, 0.75, 1.00), 0.10, 0.35, 0.60, 0.85, 1.10, 1.35, 1.60, 1.85, 2.10. 

5Fs-5H’s (0.00, 0.50, 1.00, 1.50, 2.00), —0.60, —0.10, +9.40, 0.90, 1.40, 1.90, 2.40, 2.90, 3.40. 

‘F;-5H’s (0.30, 0.60, 0.90, 1.20, 1.50), —0.10, +0.20, 0.50, 0.80, 1.10, 1.40, 1.70, 2.00, 2.30, 2.60. 

'Fs-5H’s (0.00, 0.19, 0.37, 0.56, 0.74, 0.93), 0.29, 0.47, 0.66, 0.84, 1.03, 1.21, 1.40, 1.59, 1.77, 1.96, 2.14. 


5G25G's (0.00), 0.33. 


§G-5Q’s 
We 3c, } (0.00, 0.58, 1.17), —0.25,-+0.33, 0.92, 1.50, 2.08. 


5Gs-5G’s (0.00), 0.92. 


wey (000, 0.23, 0.47, 0.70), 0.45, 0.68, 0.92, 1.15, 1.38, 1.62. 1.85. 

Ge-5Q"s (0.00), 1.15. 

sey} (0.00, 0.12, 0.23, 0.35, 0.47), 0.80, 0.92, 1.03, 1.15, 1.27, 1.38, 1.50, 1.62, 1.73. 

‘Gs-5Q’s (0.00), 1.27. 

Wie sy} (0.00, 0.07, 0.13, 0.20, 0.27, 0.33), 1.00, 1.07, 1.13, 1.20, 1.27, 1.93, 140, 1.47, 1.53, 1.60, 1.62. 
'Gs1G’s (0.00), 1.33. 


‘GSH; (0.00, 0.17, 0.33), 0.17, 0.33, 0.50, 0.67, 0.83. 

‘Gs Hs (0.42, 0.83, 1.25), —0.33, +-0.08, 0.50, 0.92, 1.33, 1.75. 

‘Gs-5H, (0.00, 0.02, 0.03, 0.05), 0.85. 0.87, 0.88, 0.90, 0.92, 0.93, 0.95. 

‘GH; (0.00, 0.65, 1.30, 1.95), —0.80, —0.15, +0.50, 1.15, 1.80, 2.45, 3.10. 

‘GeH, (0.25, 0.50, 0.75, 1.00), 0.15, 0.40, 0.65, 0.90, 1.15, 1.40, 1.65, 1.90. 

‘Gs+Hs (0.00, 0.05, 0.10, 0.15, 0.20), 0.90, 0.95, 1.00, 1.05, 1.10, 1.15, 1.20, 1.25, 1.80. 

'Gs-5H, (0.00, 0.37, 0.73, 1.10, 1.47), —0.20, +0.17, 0.53, 0.90, 1.27, 1.63, 2.00, 2.37, 2.73. 

‘GsHs (0.17, 0.33, 0.50, 0.67, 0.83), 0.43, 0.60, 0.77, 0.93, 1.10, 1.27, 1.43, 1.60, 1.77, 1.93. 

‘GH (0.00, 0.05, 0.10, 0.16, 0.21, 0.26), 0.95, 1.00, 1.06, 1.11, 1.16, 1.21, 1.27, 1.32, 1.37, 1.42, 1.48. 
‘GeHy (0.00, 0.23, 0.47, 0.70, 0.93, 1.17), 0.17, 0.40, 0.63, 0.87, 1.10, 1.83, 1.57, 1.80, 2.03, 2.27, 2.50. 
‘Go-+He (0.12, 0.24, 0.36, 0.48, 0.60, 0.71), 0.62, 0.74, 0.86, 0.98, 1.10, 1.22, 1.33, 1.45, 1.57, 1.69, 1.81, 1.93. 
‘Ge-H; (0.00, 0.05, 0.10, 0.14, 0.19, 0.24, 0.29), 1.00, 1.05, 1.10, 1.14, 1.19, 1.24, 1.29, 1.33, 1.38, 1.43, 1.48, 1.52, 1.57. 
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5Gs-451’4 (0.00, 0.32, 0.63, 0.95), —0.35, —0.03, +-0.28, 0.60, 0.92, 1.23, 1.55. 

5G4—T’s (0.55, 1.10, 1.65, 2.20), —1.05, —0.50, +-0.05, 0.60, 1.15, 1.70, 2.25, 2.80. 

5G41’s (0.00, 0.25, 0.50, 0.75, 1.00), —0.10, +0.15, 0.40, 0.65, 0.90, 1.15, 1.40, 1.65, 1.90. 

5Gs1’, (0.00, 0.67, 1.33, 2.00, 2.67), —1. 40, —0.73, —0.07, +-0.60, 1.27, 1.93, 2.60, 3.27, 3.93. 

5Gs-I’s (0.37, 0.73, 1.10, 1.47, 1.83), —0.57, —0.20, +0.17, 0.53, 0.90, 1.27, 1.63, 2.00, 2.37, 2.73. 

5Gs—1’s (0.00, 0.20, 0.39, 0.59, 0.78, 0.98), 0.10, 0.29, 0.49, 0.68, 0.88, 1.07, 1.27, 1.46, 1.66, 1.85, 2.05. 

5Ge-T’s (0.00, 0.43, 0.87, 1.30, 1.73, 2.17), —0.83, —0.40, +0.03, 0.47, 0.90, 1.33, 1.77, 2.20, 2.63, 3.07, 3.50, 
5GeI’s (0.26, 0.52, 0.79, 1.05, 1.31, 1.57), —0.24, +0.02, 0.29, 0.55, 0.81, 1.07, 1.38, 1.60, 1.86, 2.12, 2.38, 2.64, 
5Ge—I’7 (0.00, 0.15, 0.31, 0.46, 0.62, 0.77, 0.93), 0.25, 0.40, 0.56, 0.71, 0.87, 1.02, 1.18, 1.33, 1.49, 1.64, 1.80, 1.95, 2.11, 


SHs-5H's (0.00), 0.50. 
TE st }(0.00, 0.40, 0.80, 1.20), —0.30, +0.10, 0.50, 0.90, 1.30, 1.70, 2.10. 


‘HH; (0.00), 0.90. 

‘HH’ - ’ , des 

sat HHT} 0.00, 0,20, 0.40, 0.60, 0.80), 0.30, 0.50, 0.70, 0.90, 1.10, 1.30, 1.50, 1.70, 1.90. 
SH;-5H’s (0.00), 1.10. 


eran }(0.00, 0.11, 0.23, 0.34, 0.46, 0.57), 0.64, 0.76, 0.87, 0.99, 1.10, 1.21, 1.33, 1.44, 1.56, 1.67, 1.79. 


5H¢H’s (0.00), 1.21. 


tan roo 0.07, 0.14, 0.21, 0.29, 0.36, 0.43), 0.86, 0.93, 1.00, 1.07, 1.14, 1.21, 1.29, 1.36, 1.43, 1.50, 1.57, 1.64, 
5H?H’s 


5H7-H’ (0.00), 1.29. 


5H3-1T, (0.00, 0.10, 0.20, 0.30), 0.30, 0.40, 0.50, 0.60, 0.70, 0.80, 0.90. 

+H 41, (0.30, 0.60, 0.90, 1.20), —0.30, 0.00, 0.30, 0.60, 0.98, 1.20, 1.50, 1.80. 

+I (0.00), 0.90. 

5H s41, (0.90, 0.50, 1.00, 1.50, 2.00), —0.90, —0.40, +0.10, 0.60, 1.10, 1.60, 2.10, 2.60, 3.10. 

5H5-5Ts (0.20, 0.40, 0.60, 0.80, 1.00), 0.10, 0.30, 0.50, 0.70, 0.90, 1.1, 1.30, 1.50, 1.70, 1.90. 

5HsTs (0.00, 0.03, 0.06, 0.09, 0.11, 0.14), 0.98, 0.96, 0.99, 1.01, 1.04, 1.07, 1.10, 1.13, 1.16, 1.19, 1.21. 

‘HT (0.00, 0.31, 0.63, 0.94, 1.26, 1.57), —0.36, —0.04, +0.27, 0.59, 0.90, 1.21, 1.53, 1.86, 2.16, 2.47, 2.79. 

'He-Ts (0.14, 0.29, 0.43, 0.57, 0.71, 0.86), 0.36, 0.50, 0.64, 0.79, 0.93, 1.0%, 1.21, 1.36, 1.50, 1.64, 1.79, 1.93. 

+He-sIr (0.00, 0.04, 0.07, 0.11, 0.14, 0.18, 0.21), 0.96, 1.00, 1.04, 1.11, 1.14, 1.18, 1.21, 1.25, 1.29, 1.82, 1.86, 1. 

5H y—1g (0.00, 0.21, 0.43, 0.64, 0.86, 1.07, 1.29), 0.00, 0.21, 0.43, 0.64, 0.86, 1.07, 1.29, 1.50, 1.71, 1.93, 2.14, 2.38, 
2.57. 

‘HyTy (0.11, 0.21, 0.32, 0.43, 0.54, 0.64, 9.75), 0.54, 0.64, 0.75, 0.86, 0.96, 1.07, 1.18, 1.29, 1.39, 1.50, 1.61, 1.71, 
1.82, 1.93. 

SH 71g (0.00, 0.04, 0.07, 0.11, 0.14, 0.18, 0.21, 0.25), 1.00, 1.04, 1.07, 1.11, 1.14, 1.18, 1.21, 1.25, 1.29, 1.32, 1.36, 
1.39, 1.43, 1.46, 1.50. 

51,51’ (0.00), 0.60. 

A,-31';} (0.08, 0.30, 0.60, 0.90, 1.20), ~0.30, 0.00, 0.30, 0.60, 0.90, 1.20, 1.50, 1.80, 2.10, 

¥y1’s (0.00), 0.90. 

ww *} 0.00, 0.17, 0.34, 0.51, 0.69, 0.86), 0.21, 0.39, 0.56, 0.73, 0.90, 1.07, 1.24, 1.41, 1.58, 1.76, 1.93. 

5Ie-5I’s (0.00), 1.07. 

tle tT (0.08 0 0.11, 0.21, 0.32, 0.43, 0.54, 0.64), 0.54, 0.64, 0.75, 0.86, 0.96, 1.07, 1.18, 1.29, 1.39, 1.50, 1.61, 1.71, 

817-57’ 

517-51’ (0.00), 1.18. 

171 s}(0.0, 0.07, 0.1 0.14, 0.21, 0.36, 0.43, 0.50), 0.75, 0.82, 0.89, 0.96, 1.04, 1.11, 1.18, 1.25, 1.32, 1.39, 1.47, 1.54 

I51'7f 1.61 1.35. 

5Ig-4I’s (0.00), 1.25. 
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-"8’3 (0.00), 2.00. 


Pz (0.00, 0.33, 0.67), 1.33, 1.67, 2.00, 2.33, 2.67. 
Py (0.08, 0.17, 6.25), 1.75, 1.83, 1.92, 2.00, 2.08, 2.17. 
S3-"P4 (0.00, 0.25, 0.50, 0.75), 1.00, 1.25, 1.50, 1.75, 2.00, 2.25, 2.50. 


783-7D’s (0.00), 2.00. 

7S3-’D’3 (0.25, 0.50, 0.75), 1.25, 1.50, 1.75, 2.00, 2.25, 2.50. 

7S3-7D’s (0.00, 0.35, 0.70, 1.05), 0.60, 0.95, 1.30, 1.65, 2.00, 2.35, 2.70. 
7P3-7P’s (0.00), 2.33 

Paps }(0.00, 0.42, 0.83), 1.08, 1.50, 1.92, 2.33, 2.75. 

7P3~7P’s (0.00), 1.92. 

:puips} 0. €9, 0.17, 0.33, 0.50), 1.25, 1.42, 1.58, 1.75, 1.92, 2.08, 2.25. 
"Ps P, (0.00), 1.75. 


7™Ps"D, (0.00, 0.67), 1.67, 2.33, 3.00. 

7P3-"De (0.33, 0.67), 1.67, 2.00, 2.33, 2.67. 

7P27Ds; (0.00, 0.58, 1.17), 0.58, 1.17, 1.75, 2.33, 2.92. 

7P3-7D2 (0.00, 0.08, 0.17), 1.75, 1.83, 1.92, 2.00, 2.08. 

7P3-"Ds3 (0.17, 0.33, 9.50), 1.42, 1.58, 1.75, 1.92, 2.08, 2.25. 

7Ps-"D, (9.00, 0.27, 0.53, 0.80), 6.85, 1.12, 1.38, 1.65, 1.92, 2.18, 2.45. 

™Py-’Dsz (0.00), 1.75. 

7Py-7Dg (0.10, 0.20, 0.30, 0.40), 1.35, 1.45, 1.55, 1.65, 1.75, 1.85, 1.95, 2.05. 

7Pa"Ds (0.00, 0.15, 0.30, 0.45, 0.60), 1.06, 1.15, 1.30, 1.45, 1.60, 1.75, 1.90, 2.05, 2.20. 


7P2-7F’; (0.00, 0.83), 1.50, 2.33, 3.17. 

7™P'F’2 (0.83, 1.67), 0.67, 1.50, 2.33, 3.17. 

7P3-7F’s (6.00, 0.83, 1.67), —0.17, +0.67, 1.50, 2.33, 3.17. 

"Ps—F’2 (0.09, 0.42, 0.83), 1.08, 1.50, 1.92, 2.33, 2.75. 

*P3-"F’3 (0.42, 0.83, 1.25), 0.67, 1.08, 1.50, 1.92, 2.33, 2.75. 

P3-F’s (0.00, 0.42, 0.83, 1.25), 0.25, 0.67, 1.08, 1.50, 1.92, 2.33, 2.75. 

7Py"F’s (0.60, 0.25, 0.50, 0.75), 1.00, 1.25, 1.50, 1.75, 2.00, 2.25, 2.50. 

Ps-"F’s (0.25, 0.50, 0.75, 1.00), 0.75, 1.00, 1.25, 1.50, 1.75, 2.00, 2.25, 2.50. 

Py-"F’s (0.06, 0.25, 0.50, 0.75, 1.00), 0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00, 2.25, 2.50. 
7D;-7D’; (0.00), 3.00. 

7Di~D"2\ (9,00, 1.00), 1.00, 2.00, 3.00 

7D 97D’, f Os 1-90), ‘00, 9.00. 

™TD2"D’2 (0.00), 2.00. 
Dt} (0.00, 0.25, 0.50), 1.25, 1.50, 1.75, 2.00, 2.25. 
7D3-7D’3 (0.00), 1.75 

Dep't} (0.00, 0.10, 0.20, 0.30), 1.35, 1.45, 1.55, 1.65, 1.75, 1.85, 1.95. 

7Di" D4 (0.00), 1.65. 

PDs (0.00, 0.05, 0.10, 0.15, 0.20), 1.40, 1.45, 1.50, 1.55, 1.60, 1.65, 1.70, 1.75, 1.80. 
7Ds-7D’s (0.00), 1.60. 


7D," Fo (0.00), 3.00. 
7D,-"F, (1.50), 1.50, 3.00. 
TD1-"F 2 (0.00, 1.50), 0.60, 1.50, 3.00. 
*D2-7F; (0.00, 0.50), 1.50, 2.00, 2.50. 
7D2-7 Fo (0.50, 1.06), 1.00, 1.50, 2.00, 2.50 
)o~7F'3 (0.00, 0.50, 1.00), 0.50, 1.00, 1.50, 2.00, ¢ 
7D3-7F 2 (0.00, 0.25, 0.50), 1.25, 1.50, 1.75, 2.00, 2. 
7D3-F3 (0.25, 0.50, 0.75), 1.00, 1.25, 1.59, 1.75, 2.00, 2.25. 
7D3~F, (0.00, 0.25, 0.50, 0.75), 0.75, 1.00, 1.25, 1.50, 1.75, 2.00, 2.2: 
7D, F; (0.06, 0.15, 0.30, 0.45), 1.20, 1.35, 1.50, 1.65, 1.80, 1.95, 2.10. 
TD’ Fg (0.15, 0.30, 0.45, 0.60), 1.05, 1.20, 1.35, 1.50, 1.65, 1.80, 1.95, 2.10. 
7D" Fs (6.00, 0.15, 0.30, 0.45, 0.60), 0.90, 1.05, 1.20, 1.35, 1.50, 1.65, 1.80, 1.95, 2.10. 
7D5;-"F 4 (0.00, 6.10, 0.20, 0.30, 0.40), 1.20, 1.30, 1.40, 1.50, 1.60, 1.70, 1.80, 1.90, 2.00. 
7Ds~’F (0.10, 0.20, 0.30, 0.40, 0.50), 1.10, 1.20, 1.30,-1.40, 1.50, 1.60, 1.70, 1.80, 1.90, 2.00. 
7Ds-7F 6 (€@.00, 0.10, 0.20, 0.30, 0.40, 0.50), 1.06, 1.10, 1.20, 1.30, 1.40, 1.50, 1.60, 1.70, 1.80, 1.90, 2.00. 
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Dr 


D,-"( 
7G’; (0.00, 2.50), 0.50, 2.00, 4.50. 


De 


DG 
7's (0.00, 0.83, 1.67), —0.59, +0.33, 1.17, 2.00, 2.83. 


De 


7D" 
73’, (0.58, 1.17, 1.75), 0.00, 0.58, 1.17, 1.75, 2.33, 2.92. 


Dr 


7D;-"( 
7G’ (0.00, 0.48, 0.97, 1.45), 0.20, 0.68, 1.17, 1.65, 2.13, 2.62, 3.10. 

7G’, (0.35, 0.70, 1.05, 1.40), 0.25, 0.60, 0.95, 1.30, 1.65, 2.00, 2.35, 2.70. 

7Q’5 (0.00, 0.28, 0.57, 0.85, 1.13), 6.23, 0.52, 0.80, 1.08, 1.37, 1.65, 1.93, 2.22, 2.50. 
70" (0.00, 0.30, 0.60, 0.90, 1.20), 0.40, 0.70, 1.00, 1.30, 1.60, 1.90, 2.20, 2.50, 2.80. 


Dir 
‘Ds 
™Dy- 
Ds 
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7G’; (3.50), —0.50, 3.00. 


1’> (0.00, 2.17), —1.33, +-0.83, 3.00. 
's (1.17, 2.83), 0.33, 0.83, 2.00, 3.17. 
¥’) (0.00, 0.92, 1.83), 0.08, 0.83, 1.75, 2.67, 3.58. 


i’, (0.00, 0.45, 0.90, 1.35), 0.05, 0.40, 0.85, 1.30, 1.75, 2.20, 2.65. 


9 (0.23, 0.47, 0.70, 0.93, 1.17), 0.43, 0.67, 0.90, 1.13, 1.37, 1.60, 1.83, 2.07, 2.30, 2.53. 
G's (0.00, 0.20, 0.39, 0.59, 0.78, 0.98), 0.43, 0.62, 0.82, 1.01, 1.21, 1.40, 1.60, 1.80, 1.99, 2.19, 2.38. 


<TR OP) =1F 1 F/9="F P= Fy P'y =F F'9=...= TF ¢7F's (0.00), 1.50. 


FG (0.00), 0.50. 
TF,-7G, (2.00), —0.50, 1.50. 
7G (0.00, 0.67), 0.17, 0.83, 1.50. 
"FG; (0.00, 2.00), —0.50, 1.50, 3.50. 
"F-'G» (0.67, 1.83), 0.17, 0.83, 1.50, 2.17. 
"F-'Gs (0.00, 0.33, 0.67), 0.50, 0.83, 1.17, 1.50, 1.83. 
F;~’Go (0.00, 0.67, 1.33), 0.17, 0.83, 1.50, 2.17, 2.83. 
"FG; (0.33, 0.67, 1.00), 0.50, 0.83, 1.17, 1.50, 1.83, 2.17. 
7G, (0.00, 0.20, 0.40, 0.60), 0.70, 0.90, 1.10, 1.30, 1.50, 1.70, 1.90. 


'F-7G (0.00, 0.33, 0.67, 1.00), 0.50, 0.83, 1.17, 1.50, 1.83, 2.17, 2.50. 


TFy-7G4 (0.20, 0.40, 0.60, 0.80), 0.70, 0.90, 1.10, 1.30, 1.50, 1.70, 1.90, 2.10. 
-'Gs (0.09, 0.13, 0.27, 0.40, 0.53), 0.83, 0.97, 1.10, 1.23, 1.37, 1.50, 1.63, 1.77, 1.90. 


"Fs~7G (0.00, 0.20, 0.40, 0.60, 0.80), 0.70, 0.90, 1.10, 1.30, 1.50, 1.70, 1.90, 2.30. 


"Fs-7G5 (0.13, 0.27, 0.40, 0.53, 0.67), 0.83, 0.97, 1.10, 1.23, 1.37, 1.50, 1.63, 1.77, 1.90, 2.03. 
-'Gs (0.06, 0.10, 0.19, 0.29, 0.38, 0.48), 0.98, 1.02, 1.12, 1.22, 1.31, 1.41, 1.50, 1.60, 1.69, 1.79, 1.88. 
"Gs (0.00, 0.13, 0.27, 0.40, 0.53, 0.67), 0.83, 0.97, 1.10, 1.23, 1.37, 1.50, 1.63, 1.77, 1.90, 2.03, 2.47. 
7G (0.10, 0.19, 0.29, 0.38, 0.48, 0.52), 0.93, 1.02, 1.12, 1.22, 1.31, 1.41, 1.50, 1.60, 1.69, 1.79, 1.88, 1.98. 


(0.00, 0.07, 0.14, 0.21, 0.29, 0.36, 0.43), 1.00, 1.07, 1.14, 1.21, 1.29, 1.36, 1.43, 1.50, 1.57, 1.64, 1.71, 1.78, 1.86, 


‘-"H’2 (0.00, 1.50), 0.00, 1.50. 
"FH; (1.50, 3.00), 0.00, 1.50, 3.00. 


"Fr7H’s (0.60, 0.75, 1.50), —0.75, 0.00, 0.75, 1.50, 2.25. 


H’s (0.00, 1.50, 3.00), —1.50, 0.00, 1.50, 3.00, 4.50. 


"H1’s (0.75, 1.50, 2625), —0.75, 0.00, 0.75, 1.50, 2.25, 3.00. 
'Fs-"H’s (0.00, 0.45, 0.90, 1.35), —0.30, +0.15, 0.60, 1.05, 1.50, 1.95, 2.40. 
‘7H’; (0.00, 0.75, 1.50, 2.25), —0.75, 0.00, 0.75, 1.50, 2.25, 3.00, 3.75. 
Fe"H’s (0.45, 0.90, 1.35, 1.80), —0.30, +0.15, 0.60, 1.05, 1.50, 1.95, 2.49, 2.85. 


H’s (0.00, 0.30, 0.60, 0.90, 1.20), 0.00, 0.30, 0.60, 0.90, 1.20, 1.50, 1.80, 2.10, 2.40. 


Ts-TH’s (6.00, 0.45, 0.90, 1.35, 1.80), —0.30, +0.15, 0.60, 1.05, 1.50, 1.95, 2.40, 1.85, 3.30. 
‘5 TH’s (0.30, 0.60, 0.90, 1.20, 1.50), 0.00, 0.30, 0.60, 0.90, 1.20, 1.50, 1.80, 2.10, 2.40, 2.70. 


Hi’s (0.60, 0.21, 0.43, 0.64, 0.86, 1.07), 0.21, 0.43, 0.64, 0.86, 1.07, 1.29, 1.50, 1.71, 1.98, 2.14, 2.36, 


"H’s (8.60, 0.30, 0.60, 0.90, 1.20, 1.50), 0.00, 0.30, 0.60, 0.90, 1.20, 1.50, 1.80, 2.10, 2.40, 2.70, rete, 
“H's (0.21, 0.43, 0.64, 0.86, 1.07, 1.28), 0.21, 0.43, 0.64, 0.86, 1.07, 1.28, 1.50, 1.71, 1.93, 2.14, 
H’; (0.00, 0.16, 0.32, 0.48, 0.64, 0.80, 0.96), 0.37, 0.54, 0.70, 0.86, 1.02, 1.18, 1.34, 1.50, 1.66, 1.82, 1.98, 2.14, 2.30. 


~'G’; (0.00), 0.50. 


7G} 0.00, 1.33), —0.50, +0.83, 2.1%. 


Gr'G’s (0.00), 0.83. 
7G’. (0.00, 0.33, 0.67), 0.50, 0.83, 1.17, 1.50, 1.83. 
'Gs-'G’s (0.00), 1.17. 


: ah. 60, 0.13, 0.27, 0.40), 0.90, 1.03, 1.17, 1.30, 1.43, 1.57, 1.70. 


"G's (0.00), 1.30. 


'Ge7G's) 


Gs 


37, (0.00, 0.07, 0.13, 0.20, 0.27), 1.10, 1.17, 1.23, 1.30, 1.43, 1.50, 1.57, 1.63. 
’s (0.00), 1.37. 


1G }(0.00, 0.04, 0.08, 0.11, 0.15, 0.19), 1.21, 1.25, 1.29, 1.33, 1.37, 1.40, 1.44, 1.48, 1.52, 1.56, 1.60. 


GQ's (0.00), 1.40. 


37} 088, 0.02, 0.05, 0.07, 0.10, 0.12, 0.14), 1.29, 1.31, 1.33, 1.36, 1.38, 1.40, 1.43, 1.45, 1.48, 1.50, 1.52, 1.55, 


. 


7 (0.00), 1.43, 
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7Gi-"H: (0.00, 0.50), —0.50, 0.00, 0.50. 

7Gs~-TH (0.83, 1.67), —0.83, 0.00, 0.83, 1.67. 

7G2-THs (0.00, 0.08, 0.17), 0.58, 0.67, 0.75, 0.83, 0.92. 

7G3-"H2 (0.00, 1.17, 2.33), —1.17, 0.00, 1.17, 2.33, 3.50. 

7Gs-THs (0.42, 0.83, 1.25), 0.08, 0.33, 0.75, 1.17, 1.58, 2.00. 

7G3~"Hy (0.00, 0.12, 0.23, 0.35), 0.70, 0.82, 0.93, 1.05, 1.17, 1.28, 1.40. 

7G4~"Hs (0.00, 0.55, 1.10, 1.65), —0.35, +0.20, 0.75, 1.30, 1.85, 2.40, 2.95. 

7Ge-TH, (0.25, 0.50, 0.75, 1.00), 0.30, 0.55, 0.80, 1.05, 1.30, 1.55, 1.80, 2.05. 

7G4-"Hs (0.09, 0.10, 0.20, 0.30, 0.40), 0.80, 0.90, 1.00, 1.10, 1.20, 1.30, 1.40, 1.50, 1.60. 

7Gs~"Hy (0.00, 0.32, 0.63, 0.95, 1.27), 0.10, 0.42, 0.73, 1.05, 1.37, 1.68, 2.00, 2.32, 2.63. 

1G5s~Hs (0.17, 0.33, 0.50, 0.67, 0.83), 0.53, 0.70, 0.87, 1.03, 1.20, 1.37, 1.53, 1.70,.1.87, 2.03. 

'Gs~7He (0.00, 0.08, 0.16, 0.24, 0.32, 0.40), 0.88, 0.96, 1.04, 1.12, 1.20, 1.29, 1.37, 1.45, 1.53, 1.61, 1.69. 

'Ge-"Hs (0.00, 0.20, 0.41, 0.61, 0.82, 1.02), 0.38, 0.59, 0.79, 1.00, 1.20, 1.40, 1.61, 1.81, 2.02, 2.22, 2.43. 

1Gs—"He (0.12, 0.24, 0.36, 0.48, 0.60, 0.71), 0.69, 0.81, 0.93, 1.05, 1.17, 1.29, 1.41, 1.52, 1.64, 1.76, 1.88, 2.00, 

7Ge~"H7 (0.00, 0.07, 0.13, 0.20, 0.26, 0.33, 0.39), 0.95, 1.01, 1.08, 1.14, 1.91, 1.27, 1.34, 1.40, 1.47, 1.54, 1.60, 1.67, 1.7% 

141TH (0.00, 0.14, 0.29, 0.43, 0.57, 0.71, 0.86), 0.57, 0.71, 0.86, 1.00, 1.14, 1.29, 1.43, 1.57, 1.71, 1.86, 2,00, 2.14, 2.29, 

7G1—"Hr (0.09, 0.18, 0.27, 0.36, 0,45, 0.54, 0.62), 0.80, 0.89, 0.98, 1.07, 1.16, 1.25, 1.84, 1.48, 1.52, 1.61, 1.70, 1.79, 
1.88, 1.96. 

7Gr-"Hs (0.00, 0.05, 0.11, 0.16, 0.21, 0.27, 0.32, 0.38), 1.00, 1.05, 1.11, 1.16, 1.21, 1.27, 1.32, 1.88, 1.43, 1.48, 1.54, 
1.59, 1.64, 1.70, 1.75. 


7H2"H’s (0.00), 0.00 unaffected. 


"He-7H’ . . 
THT H1's 0-0, 0.75, 1.50), 0.00, 0.75, 1.50, 2.25. 


TH;~"H’s (0.00), 0.75. 


TAs"H"s e Nak AF 
TELAT, (0-00, 0.30, 0.60, 0.90), 0.15, 0.45, 0.75, 1.05, 1.35, 1.65, 1.95. 


THs (0.00), 1.05. 
THe rH} (0.00, 0.15, 0.30, 0.45, 0.60), 0.60, 0.75, 0.90, 1.05, 1.20, 1.35, 1.50, 1.65, 1.80, 
THs-"H’s (0.00), 1.20. 


He rH" }(0.00, 0.09, 0.17, 0.26, 0.34, 0.43), 0.86, 0.94, 1.08, 1.12, 1.20, 1.29, 1.37, 1.46, 1.54, 1.68, 1.72, 
THe-"H’s (0.00), 1.29. 

THe 7H} 0.90, 0.05, 0.1, 0.16, 0.21, 0.27, 0.32), 1.02 1.07, 1.18, 1.18, 1.28, 1.20, 1.34, 1.99, 1.45, 1.50, 1.56, La 
THyH'sf 1.66. 

TH:-"H’z (0.00), 1.34. 

THr-"H1} (0.0, 0.0, 0.07, 0.11, 0.14, 0.18, 0.2, 0.26), 1.18, 1.16 1.2, 1.28, 1.27, 1.80, 1.94, 1.38, 141, 1.45, 14 
THeH'2f 1.52, 1.55, 1.59, 1.62. 

THs~7H’s (0.00), 1.37. 
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189-48’, (0.00), 2.00. 
18e~*Pi (0.00), 1.50. 
189D’; (0.00), 0.50. 
1P;-48; (1.00), 1.00, 2.00. 


1P;-8P’o (0.00), 1.00. 
1P;-°P’; (0.50), 1.00, 1.50. 
1P;-8P’s (0.00, 0.50), 1.00, 1.50, 2.00. 


1P;-3D; (0.50), 0.50, 1.00. 
1P;"D2 (0.00, 0.17), 1.00, 1.17, 1.83. 


IP;-*F’; (0.00, 0.33), 0.33, 0.67, 1.00. 
1D2-38’; (0.00, 1.00), 0.00, 1.00, 2.00. 


1D2P; (0.00, 0.50), 0.50, 1.00, 1.50. 
1D2P2 (0.50, 1.00), 0.50, 1.00, 1.50, 2.00. 


1D2:D’; (0.00, 0.50), 0.50, 1.00, 1.50. 
1D2D’2 (0.17, 0.33), 0.83, 1.00, 1.17, 1.33. 
1D:4D’s (0.00, 0.33, 0.67), 0.67, 1.00, 1.33, 1.67, 2.00. 


1D2F 2 (0.33, 9.67), 0.33, 0.67, 1.00, 1.33. 
IDF; (0.00, 0.08, 0.17), 0.92, 1.00, 1.08, 1.17, 1.25. 
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———— 


1De-3G’s (0.00, 0.25, 0.50), 0.25, 0.50, 0.75, 1.00, 1.25. 
1F;-8P’s (0.00, 0.50, 1.00), 0.00, 0.50, 1.00, 1.50, 2.00. 


FID» (0.00, 0.17, 0.33), 0.67, 0.83, 1.00, 1.17, 1.33. 
iF;-!Ds (0.33, 0.67, 1.00), 0.33, 0.67, 1.00, 1.33, 1.67, 2.00. 


1Fy!F’s (0.00, 0.33, 0.67), 0.33, 0.67, 1.00, 1.33, 1.67. 
1F;-2F’s (0.08, 0.17, 0.25), 0.83, 0.92, 1.00, 1.08, 1.17, 1.25. 
1F;5F’; (0.00, 0.25, 0.50, 0.75), 0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00. 


1Fy-Qs (0.25, 0.50, 0.75), 0.25, 0.50, 0.75, 1.00, 1.25, 1.50. 
1F;-9Gy (0.00, 0.05, 0.10, 0.15), 0.90, 0.95, 1.00, 1.05, 1.10, 1.15, 1.20. 


IF;Hs (0.00, 0.20, 0.40, 0.60), 0.20, 0.40, 0.60, 0.80, 1.00, 1.20, 1.40. 
1G,9D’s (0.00, 0.33, 0.67, 1.00), 0.00, 0.33, 0.67, 1.00, 1.33, 1.67, 2.00. 


1G,Fs (0.00, 0.08, 0.17, 0.25), 0.75, 0.83, 0.92, 1.00, 1.08, 1.17, 1.25. 
1Gy-3F; (0.25, 0.50, 0.75, 1.00), 0.25, 0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00. 

1G-3's (0.00, 0.25, 0.50, 0.75), 0.25, 0.50, 0.75, 1.00, 1.25, 1.50, 1.75. 

1G,-3G’s (0.05, 0.10, 0.15, 0.20), 0.85, 0.90, 1.00, 1.05, 1.10, 1.15, 1.20. 

14-15 (0.00, 0.20, 0.40, 0.60, 0.80), 0.40, 0.60, 0.80, 1.00, 1.20, 1.40, 1.60, 1.80, 2.00. 


1Gy-8H, (0.20, 0.40, 0.60, 0.80), 0.20, 0.40, 0.60, 0.80, 1.00, 1.20, 1.40, 1.60. 
1G,-H;s (0.00, 0.03, 0.07, 0.10, 0.13), 0.90, 0.93, 0.97, 1.00, 1.03, 1.07, 1.10, 1.13, 1.17. 


1Gs-41’s (0.00, 0.17, 0.33, 0.50, 0.67), 0.17, 0.33, 0.50, 0.67, 0.83, 1.00, 1.17, 1.33, 1.50. 
1HyF’, (0.00, 0.25, 0.50, 0.75, 1.00), 0.00, 0.25, 0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00. 


1Hs-8Gy (0.00, 0.05, 0.10, 0.15, 0.20), 0.80, 0.85, 0.90, 0.95, 1.00, 1.05, 1.10, 1.15, 1.20. 
1Hs4Gs (0.20, 0.40, 0.60, 0.80, 1.00), 0.20, 0.40, 0.60, 0.80, 1.00, 1.20, 1.40, 1.60, 1.80, 2.00. 


1H;-9H’, (0.00, 0.20, 0.40. 0.60, 0.80), 0.20, 0.40, 0.60, 0.80, 1.00, 1.20, 1.40, 1.60, 1.80. 
1HsH’s (0.03, 0.07, 0.10, 0.13, 0.17), 0.87, 0.90, 0.93, 0.97, 1.00, 1.03, 1.07, 1.10, 1.13, 1.17. 
1H;-*H’s (0.00, 0.17, 0.33, 0.50, 0.67, 0.83), 0.33, 0.50, 0.67, 0.83, 1.00, 1.17, 1.33, 1.50, 1.67, 1.83, 2.00. 


'Hs~*Is (0.17, 0.33, 0.50, 0.67, 0.83), 0.17, 0.33, 0.50, 0.67, 0.83, 1.00, 1.17, 1.33, 1.50, 1.67. 
'Hs*Ig (0.00, 0.02, 0.05, 0.07, 0.10, 0.12), 0.90, 0.93, 0.95, 0.98, 1.00, 1.02, 1.05, 1.07, 1.10, 1.12, 1.14. 


‘Te-5G’5 (0.00, 0.20, 0.40, 0.60, 0.80, 1.00), 0.00, 0.20, 0.40, 0.60, 0.80, 1.00, 1.20, 1.40, 1.60, 1.80, 2.00. 


'I¢-4H5 (0.00, 0.03, 0.07, 0.10, 0.13, 0.17), 0.83, 0.87, 0.90, 0.93, 0.97, 1.00, 1.03, 1.07, 1.10, 1.13, 1.17. 
‘TeHe (0.17, 0.33, 0.50, 0.67, 0.83, 1.00), 0.17, 0.33, 0.50, 0.67, 0.83, 1.00, 1.17, 1.33, 1.50, 1.67, 1.83, 2.00. 


1T¢-1I’s (0.00, 0.17, 0.33, 0.50, 0.67, 0.83), 0.17, 0.33, 0.50, 0.67, 0.83, 1.00, 1.17, 1.33, 1.50, 1.67, 1.83. 
1T¢-4T’s (0.02, 0.05, 0.07, 0.10, 0.12, 0.14), 0.88, 0.90, 0.93, 0.95, 0.98, 1.00, 1.02, 1.05, 1.07, 1.10, 1.12, 1.14. 
‘T¢-51’; (0.00, 0.14, 0.29, 0.43, 0.57, 0.71, 0.86), 0.29, 0.43, 0.57, 0.71, 0.86, 1.00, 1.14, 1.29, 1.43, 1.57, 1.71, 1.86, 2.00. 
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4$:-48’2 (0.00), 2.00. 


'S:P, (0.50), 2.00, 2.50. 
*SiP) (0.00, 0.17), 1.67, 1.83, 2.00. 


'Si4D’o (0.00), 2.00. 
'S:4D’; (0.50), 1.50, 2.00. 
SD’ (0.00, 0.50), 1.00, 1.50, 2.00. 


"Pi-4S2 (0.00, 0.50), 1.50, 2.00, 2.50. 
'PrS; (0.50, 1,00), 1.00, 1.50, 2.00, 2.50. 


‘PoP’; (0.00), 2.50. 

*PiP’; (1.00), 1.50, 2.50. 

‘PP’; (0.00, 0.33), 1.50, 1.83, 2.17. 

"PrP; (0.00, 1.00), 0.50, 1.50, 2.50. 

"Ps-5P’s (0.33, 0.67), 1.17, 1.50, 1.88, 2.17. 

'Pr-SP’s (0.00, 0.17, 0.33), 1.33, 1.50, 1.67, 1.83, 2.00. 


‘PD =*P;1D, =3P;8D,=3Py4D, . . =§'Ps*Ds (0.00), 1.50. 
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3Po-F’, (0.00), 0.00, unaffected. 

3P;-5F’; (1.50), 0.00, 1.50. 

8P,-5F’2 (0.00, 0.50), 0.50, 1.00, 1.50. 

3P2—5F’, (6.00, 1.50), 0.00, 1.50, 3.00. 

8Po-5F’. (0.50, 1.00), 0.50, 1.00, 1.50, 2.00. 

®Po-5F’; (0.60, 0.25, 0.50), 0.75, 1.00, 1.25, 1.50, 1.75. 


§D,—58’_ (0.00, 1.50), 0.50, 2.00, 3.50. 
8Do—S’2 (0.83, 1.67), 0.33, 1.17, 2.00, 2.83. 
3D.—5S’2 (0.00, 0.67, 1.33), 0.00, 0.67, 1.33, 2.00, 2.67. 


8P);-5P; (2.00), 0.50, 2.50. 

8D; P2 (0.00, 1.33), 0.50, 1.83, 3.17. 

3D P; (0.60, 1.33), —0.17, +1.17, 2.50. 

8D2—P2 (0.67, 1.33), 0.50, 1.17, 1.83, 2.50. 

§D2 Ps; (0.00, 0.50, 1.00), 0.67, 1.17, 1.67, 2.17, 2.67. 

83D; P2 (0.00, 0.50, 1.00), 0.33, 0.83, 1.33, 1.83, 2.33. 
8D3-—5P3 (0.33, 0.67. 1.00), 0.67, 1.00, 1.33, 1.67, 2.00, 2.33. 


®D);-5D’o (0.00), 0.50. 

8§D,-5D‘; (1.00), 0.50, 1.50. 

2D: D2 (0.00, 1.00), 0.50, 1.50, 2.50. 

®D2D’; (0.00, 0.33), 0.83, 1.17, 1.50. 

*D24D’2 (0.33, 0.67), 0.83, 1.17, 1.50, 1.83. 

*D24D’; (0.00, 0.33, 0.67), 0.83, 1.17, 1.50, 1.83, 2.17. 

*D3-5D’>s (0.00, 0.17, 0.33), 1.00, 1.17, 1.33, 1.50, 1.67. 

§D3D’; (0.17, 0.33, 0.50), 1.00, 1.17, 1.33, 1.50, 1.67, 1.83. 

§D;-D’s (0.00, 0.17, 0.33, 0.50), 1.00, 1.17, 1.33, 1.50, 1.67, 1.83, 2.00. 


§D,-5F; (0.50), 0.00, 0.50. 

3D; F 2 (0.00, 0.50), 0.50, 1.00, 1.50. 

3D2-5F; (0.00, 1.17), 0.00, 1.17, 2.33. 

3D2-5F 2 (0.17, 0.33), 0.83, 1.00, 1.17, 1.33. 

8Do-5F3 (0.00, 0.08, 0.17), 1.08, 1.17, 1.25, 1.33, 1.42. 

§D3-F2 (0.00, 0.33, 0.67), 0.67, 1.00. 1.33, 1.67, 2.00. 

3D3-—5F (0.08, 0.17, 0.25), 1.08, 1.17, 1.25, 1.33, 1.42, 1.50. 

3D; Fs (0.00, 0.02, 0.03, 0.05), 1.30, 1.32, 1.33, 1.35, 1.37, 1.38, 1.40. 


*D:GQ’2 (0.00, 0.17), 0.17, 0.33, 0.50. 

83D25G’e (0.83, 1.67), —0.50, +0.33, 1.17, 2.00. 

3D2-5G’s (0.00, 0.25, 0.50), 0.42, 0.67, 0.92, 1.17, 1.42. 

*D;3-5G’2 (6.00, 1.00, 2.00), —0.67, +0.33, 1.33, 2.33, 3.33. 

§D:4G’; (0.42, 0.83, 1.25), 0.08, 0.50, 0.92, 1.33, 1.75, 2.17. 

3D35Q’, (0.60, 0.18, 0.37, 0.55), 0.60, 0.78, 0.97, 1.15, 1.33, 1.52, 1.70. 


3F25P’; (0.00, 1.83), —1.17, +0.67, 2.50. 
2F2-5P’s (1.17, 2.33), —0.59, +0.67, 1.83, 3.00. 

3F5P’s (0.00, 1.00, 2.00), —0.33, +0.67, 1.67, 2.67, 3.67. 

3F3-5P’s (0.00, 0.75, 1.50), —0.42, +0.33, 1.08, 1.83, 2.58. 

3F3-5P’; (0.58, 1.17, 1.75), —0.08, +0.50, 1.68, 1.67, 2.25, 2.83. 

3F Ps (0.00, 0.42, 0.83, 1.25), 0.00, 0.42, 0.83, 1.25, 1.67, 2.08, 2.50. 


3F yD, (6.00, 0.83), —0.17, +0.67, 1.50. 

3F 5D» (0.83, 1.67), —0.17, +0.67, 1.50, 2.33. 

2Fy-5D3 (0.00, 0.83, 1.67), —0.17, +0.67, 1.50, 2.33, 3.17. 

2F3-5D2 (0.00, 0.42, 0.83), 0.25, 0.67, 1.08, 1.50, 1.92. 

3F3-5D3 (0.42, 0.83, 1.25), 0.25, 0.67, 1.08, 1.50, 1.92, 2.33. 

3F 35D, (0.00, 0.42, 0.83, 1.25), 0.25, 0.67, 1.08, 1.50, 1.92, 2.33, 2.75. 

3F yD; (0.00, 0.25, 0.50, 0.75), 0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00. 
8F45D, (0.25, 0.50, 0.75, 1.00), 0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 2.00, 2.25. 


3F2F’; (0.00, 0.67), 0.00, 0.67, 1.33. 

82 F’s (0.33, 0.67), 0.33, 0.67, 1.00, 1.33. 

3F2-5F’; (0.00, 0.58, 1.17), 0.08, 0.67, 1.25, 1.83, 2.42. 

5¥3-5F'’s (0.60, 0.08, 0.17), 0.92, 1.00, 1.08, 1.17, 1.25. 

8F3-5F’s (0.17, 0.33, 0.50), 0.75, 0.92, 1.08, 1.25, 1.42, 1.58. 

2 3-5F’, (0.00, 0.27, 0.53, 0.80), 0.55, 0.82, 1.08, 1.35, 1.62, 1.88, 2.15. 

3F',-5F’s (0.00), 1.25. 

8F4-5F’, (0.10, 0.20, 0.30, 0.40), 0.95, 1.05, 1.15, 1.25, 1.35, 1.45, 1.55, 1.65. 

3F,-5F’s (0.00, 0.15, 0.30, 0.45, 0.60), 0.80, 0.95, 1.10, 1.25, 1.40, 1.55, 1.70, 1.85, 2.00. 
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tf» (0.33, 0.67), 0.00, 0.33, 0.67, 1.00. 

1Fs-5Cy (0.00, 0.25, 0.50), 0.42, 0.67, 0.92, 1.17, 1.42. 
Fy-5Gy (0.00, 0.75, 1.50), —0.42, +0.33, 1.08, 1.83, 2.58 
Fy-5Gy (0.17, 0.33, 0.59), 0.58, 0.75, 0.92, 1.68, 1.25, 1.42. 
Fs-5Chy (0.00, 0.07, 0.13, 0.20), 0.95, 1.02, 1.08, 1.15, 1.22, 1.28, 1.35. 

FP, (0.00, 0.33, 0.67, 1.00), 0.25, 0.58, 0.92, 1.25, 1.58, 1.92, 2.25. 

1F,-5Qs (0.10, 0.20, 0.30, 6.40), 0.85, 0.95, 1.05, 1.15, 1.25, 1.35, 1.45, 1.55. 

£,-5Cs (0.00, 0.02, 0.03, 0.05, 0.07), 1.20, 1.22, 1.28, 1.25, 1.27, 1.28, 1.30, 1.22, 1.33. 


Fo-SH’; (0.00, 0.17, 0.33), 0.17, 0.33, 0.50, 0.67, 0.83. 

Fy-5H’s (0.58, 1.17, 1.75), —0.67, —0.08, +0.50, 1.08, 1.67, 2.25. 

1Fy5H1’s (0.00, 0.18, 0.37, 0.55), 0.85, 0.53, 0.72, 0.90, 1.08, 1.27, 1.45. 

F,-5H’s (0,00, 0.75, 1.50, 2.25), —1.00, —0. 25, + 0.50, 1.25, 2.00, 2.75, 3.50. 

F,-5H’s (0.35, 0.70, 1.05, 1.40), —0.15, +0.20, 0.55, 0.90, 1.25, 1.60, 1.95, 2.30. 

IF H's (0.00, 0.15, 0.30, 0.45, 0.60), 0.50, 0.65, 0.80, 0.95, 1.10, 1.25, 1.40, 1.55, 1.70. 


4Q;-5D’2 (0.00, 0.75, 1.50), —-0.75, 0.00, 0.75, 1.50, 2.25. 

41s-5D’s (0.75, 1.50, 2.25), —0.75, 0.00, 0.75, 1.50, 2.25, 3.00. 

G3-5D’s (0.00, 0.75, 1.50, 2.25,) —0.75, 0.00, 0.75, 1.50, 2.25, 3.00, 3.75. 

14.5D’s (0.00, 0.45, 0.90, 1.35), —0.30, +0.15, 0.60, 1.05, 1.50, 1.95, 2.40. 

10.D’; (0.45, 0.90, 1.35, 1.80), —0.30, +0.15, 0.60, 1.05, 1.50, 1.95, 2.40, 2.85. 
GsD, (0.60, 0.30, 0.60, 0.90, 1.20), 0.00, 0.30, 0.60, 0.90, 1.20, 1.50, 1.80, 2.10, 2.40. 


1G: (0.00, 0.25, 0.50), 0.25, 0.50, 0.75, 1.00, 1.25. 

143-573 (0.50, 1.00, 1.860), —0.25, +0.25, 0.75, 1.25, 1.75, 2.25. 

4(}3-5 F's (0.00, 0.60, 1.20, 1.80), —0.45, +0.15, 0.75, 1.35, 1.95, 2.55, 3.15. 

1 ,-5F'3 (0.00, 0.20, 0.40, 0.60), 0.45, 0.65, 0.85, 1.05, 1.25, 1.45, 1.65. 

1G,-Fy (0.30, 0.60, 0.90, 1.20), 0.15, 0.45, 0.75, 1.05, 1.35, 1.65, 1.95, 2.25. 

1G,-5Fs (0.00, 0.35, 0.70, 1.05, 1.40), 0.00, 0.35, 0.70, 1.05, 1.40, 1.75, 2.10, 2.45, 2.89. 

(5-5 F's (0.00, 0.15, 0.30, 0.45, 0.60), 0.60, 0.75, 0.90, 1.05, 1.20, 1.35, 1.50, 1.65, 1.80. 
1Gs5-5F's (0.20, 0.40, 0.60, 0.80, 1.00), 0.40, 0.60, 0.80, 1.00, 1.20, 1.40, 1.60, 1.80, 2.00, 2.20. 


1G;-5Q’p (0.00, 0.42, 0.83), —0.08, +-0.33, 0.75, 1.17, 1.58. 

4G3-5G’s (0.17, 0.33, 0.50), 0.42, 0.58, 0.75, 0.92, 1.08, 1.25. 

1G3-5Q', (0.00, 0.40, 0.80, 1.20), —0.05, +0.35, 0.75, 1.15, 1.55, 1.95, 2.35. 

1G;-5Q’s (0.00, 0.13, 0.27, 0.40), 0.65, 0.78, 0.92, 1.05, 1.18, 1.32, 1.45. 

Gy5G’s (0.10, 0.20, 0.30, 0.40), 0.75, 0.85, 0.95, 1.05, 1.45, 1.25, 1.35, 1.45. 

1G,-5G’s (0.00, 0.22, 0.43, 0.65, 0.87), 0.40, 0.62, 0.83, 1.05, 1.27, 1.48, 1.70, 1.92, 2.13. 

1G;-5G’, (6.00, 0.05, 0.10, 0.15, 0.20), 1.00, 1.05, 1.10, 1.15, 1.20, 1.25, 1.30, 1.35, 1.40. 

G;-5G’s (0.07, 0.13, 0.20, 0.27, 0.33), 0.93, 1.00, 1.07, 1.13, 1.20, 1.27, 1.33, 1.40, 1.47, 1.53. 

‘GsG's (0.00, 0.13, 0.27, 0.40, 0.53, 0.67), 0.67, 0.80, 0.93, 1.07, 1.20, 1.33, 1.47, 1.60, 1.73, 1.87, 2.00. 


'G3-5H (0.25, 0.50, 0.75), 0.00, 0.25, 0.50, 0.75, 1.00, 1.25. 

1G;5H, (0.00, 0.15, 0.30, 0.45), 0.45, 0.60, 0.75, 0.90, 1.05, 1.20, 1.35. 

5G.-5H3 (0.00, 0.55, 1.10, 1.65), —0.60, —0.05, +0.50, 1.05, 1.60, 2.15, 2.70. 

1G -5H, (0.15, 0.30, 0.45, 0.60), 0.45, 0.60, 0.75, 0.99, 1.05, 1.20, 1.35, 1.50. 

GsH;5 (0.00, 0.05, 0.10, 0.15, 0.20), 0.90, 0.95, 1.00, 1.05, 1.10, 1.15, 1.20, 1.25, 1.30. 

‘Gs, (0.00, 0.30, 0.60, 0.90, 1.20), 0.00, 0.30, 0.60, 0.90, 1.20, 1.50, 1.80, 2.10, 2.40. 

‘Gs-5Hs (0.10, 0.20, 0.30, 0.40, 0.50), 0.70, 0.80, 0.90, 1.00, 1.10, 1.20, 1.30, 1.40, 1.50, 1.60. 

'Gs-5Hs (0.60, 0.01, 0.03, 0.04, 0.06, 0.07), 1.14, 1.16, 1.17, 1.19, 1.20, 1.21, 1.23, 1.24, 1.26, 1.27, 1.29. 


'GsT’s (0.00, 0.15, 0.30, 0.45), 0.15, 0.30, 0.45, 0.60, 0.75, 0.90, 1.05. 
'Gs1’s (0.45, 0.90, 1.35, 1.80), —0.75, —0.30, +0.15, 0.60, 1.05, 1.50, 1.95, 2.40. 

‘GI's (0.00, 0.15, 0.30, 0.45, 0.60), 0.30, 0.45, 0.60, 0.75, 0.90, 1.05, 1.20, 1.35, 1.50. 

‘G51’, (0.00, 0.60, 1.20, 1.80, 2.40), —1.20, —0.60, 0.00, 0.60, 1.20, 1.80, 2.40, 3.00, 3.80. 

'GsI’s (0.30, 0.60, 0.90, 1.20, 1.50), —0.30, 0.00, 0.30, 0.60, 0.90, 1.20, 1.50, 1.80, 2.10, 2.40. 

'Gs-T’g (0.00, 0.13, 0.26, 0.38, 0.51, 0.64), 0.43, 0.56, 0.69, 0.81, 0.94, 1.07, 1.20, 1.33, 1.46, 1.59, 1.72. 


*HiF’s (0.00, 0.45, 0.90, 1.35), —0.55, —0.10, +0.35, 0.80, 1.25, 1.70, 2.15. 
"Ay-5F’s (0.55, 1.10, 1.65, 2.20), —0.85, —0.30, +0.25. 0.80, 1.35, 1.90, 2.45, 3.00. 

'Hi-5F’s (0.08, 0.60, 1.20, 1.80, 2.40), —1.00, —0.40, +0.20, 0.80, 1.40, 2.00, 2.60, 3.20, 3.80. 

*HsF’s (0.00, 0.31, 0.63, 0.95, 1.27), —0.23, +0.08, 0.40, 0.72, 1.03, 1.35, 1.67, 1.98, 2.30. 

"Hs-SF’s (0.37, 0.73, 1.10, 1.47, 1.83), —0.43, —0.07, +0.30, 0.67, 1.08, 1.40, 1.77, 2.13, 2.50, 2.87. 
‘HeF’s (0.00, 0.23, 0.47, 0.70, 0.93, 1.17), 0.00, 0.23, 0.47, 0.70, 0.93, 1.17, 1.40, 1.63, 1.87, 2.10, 2.33. 


"Hs-5Qs (0.00, 0.12, 0.23, 0.35), 0.45, 0.57, 0.68, 0.80, 0.92, 1.03, 1.15. 

"Hi Gy (0.35, 0.70, 1.05, 1.40), —0.25, -+0.10, 0.45, 0.80, 1.15, 1.50, 1.85, 2.20. 

"HiGs (0.00, 0.47, 0.93, 1.40, 1.87), —0.60, —0.13, +-0.33, 0.80, 1.27, 173, 2.20, 2.67, 3.13. 
*HsGy (0.00, 0.12, 0.23, 0.35, 0.47), 0.57, 0.68, 0.80, 0.92, 1.03, 1.15, 1.27, 1.38, 1.50. 
*HsGs (0.23, 0.47, 0.70, 0.93, 1-17), 0.10, 0.33, 0.57, 0.80, 1.03, 1.27, 1.50, 1.73, 1.97, 2.20. 
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3Hs Ge (0.00, 0.30, 0.60, 0.90, 1.20, 1.50), —0.17, +0.13, 0.43, 0.73, 1.03, 1.33, 1.63, 1.93, 2.23, 2.53, 2.83, 
He Gs (0.00, 0.10, 0.20, 0.30, 0.40, 0.50), 0.67, 0.77, 0.87, 0.97, 1.07, 1.17, 1.27, 1.37, 1.47, 1.57, 1.67. 
*HeGe (0.17, 0.33, 0.50, 0.67, 0.83, 1.00), 0.33, 0.50, 0.67, 0.83, 1.00, 1.17, 1.33, 1.50, 1.67, 1.83, 2.00, 2.17. 


7H.H’s (0.00, 0.30, 0.60, 0.90), —0.10, +-0.20, 0.50, 0.80, 1.10, 1.40, 1.70. 

3Hi*H’s (0.10, 0.20, 0.30, 0.40), 0.50, 0.60, 0.70, 0.80, 0.90, 1.00, 1.10, 1.20. 

Hi*H’s (0.00, 0.30, 0.60, 0.90, 1.20), —0.10, +-0.20, 0.50, 0.80, 1.10, 1.40, 1.70, 2.00, 2.30. 

SH;H’, (0.00, 0.13, 0.27, 0.40, 0.53), 0.50, 0.63, 0.77, 0.90, 1.03, 1.17, 1.30, 1.43, 1.57. 

8HsH’s (0.07, 0.13, 0.20, 0.27, 0.33), 0.77, 0.83, 0.90, 0.97, 1.03, 1.16, 1.17, 1.23, 1.30, 1.37. 

3H;H’s (0.00, 0.18, 0.36, 0.54, 0.72, 0.90), 0.31, 0.49, 0.67, 0.85, 1.03, 1.21, 1.40, 1.58, 1.76, 1.04, 2.12. 

3HeH’s (0.00, 0.07, 0.13, 0.20, 0.27, 0.38), 0.83, 0.90, 0.97, 1.03, 1.10, 1.17, 1.23, 1.30, 1.37, 1.43, 1.50. 

3HeH’s (0.05, 0.10, 0.14, 0.19, 0.24, 0.29), 0.93, 0.98, 1.02, 1.07, 1.12, 1.17, 1.21, 1.26, 1.31, 1.36, 1.40, 1.45, 

8HeH’z (0.00, 0.12, 0.24, 0.36, 0.48, 0.60, 0.71), 0.57, 0.69, 0.81, 0.93, 1.05, 1.17, 1.29, 1.40, 1.52, 1.64, 1.76, 1.88, 
2.00. 


SHI, (0.20, 0.40, 0.60, 0.80), 0.00, 0.20, 0.40, 0.60, 0.80, 1.00, 1.20, 1.40. 

Hi Is (0.00, 0.10, 0.20, 0.30, 0.40), 0.50, 0.60, 0.70, 0.80, 0.90, 1.00, 1.10, 1.20, 1.30. 

8H; I, (6.00, 0.43, 0.87, 1.30, 1.73), —0.70, —0.27, +-0.17, 0.60, 1.03, 1.47, 1.90, 2.34. 

3H; Is (0.13, 0.27, 0.40, 0.53, 0.67), 0.37, 0.50, 0.63, 0.77, 0.90, 1.03, 1.17, 1.30, 1.43, 1.57. 

5H: Ie (0.00, 0.04, 0.08, 0.11, 0.15, 0.19), 0.88, 0.92, 0.96, 0.99, 1.03, 1.07, 1.11, 1.15, 1.18, 1.22, 1.26. 

*He-Is (0.00, 0.27, 0.53, 0.80, 1.07, 1.33), —0.17, +-0.10, 0.37, 0.63, 0.90, 1.17, 1.43, 1.70, 1.97, 2.23, 2.50. 

8He-Ie (0.10, 0.19, 0.29, 0.38, 0.48, 0.57), 0.60, 0.69, 0.79, 0.88, 0.98, 1.07, 1.17, 1.27, 1.36, 1.45, 1.55, 1.64. 

sHeI7 (0.00, 0.01, 0.02, 0.04, 0.05, 0.06, 0.07), 1.11, 1.12, 1.13, 1.14, 1.16, 1.17, 1.18, 1.19, 1.20, 1.22, 1.23, 1.%, 
1.25. 
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583~’8’s (0.00), 2.00. 


5S2-7Ps (0.33, 0.67), 1.67, 2.00, 2.33, 2.67. 
5S2-7Ps (0.00, 0.08, 0.17), 1.75, 1.83, 1.92, 2.00, 2.08. 


5S-~’D’; (0.00, 1.00), 1.00, 2.00, 3.00. 
58--"D’2 (0.00), 2.00. 
582-7D’; (0.00, 0.25, 0.50), 1.25, 1.50, 1.75, 2.00, 2.25. 


5P2-78;3 (0.00, 0.17, 0.33), 1.67, 1.83, 2.00, 2.17, 2.33. 
5P3-'83 (0.33, 0.67, 1.00), 1.00, 1.33, 1.67, 2.00, 2.33, 2.67. 


5P;-"P’2 (0.00, 0.17), 2.17, 2,33, 2.50. 

5Ps-’P’2 (0.50, 1.00), 1.33, 1.83, 2.33, 2.83. 

5P2-7P’; (0.00, 0.08, 0.17), 1.75, 1.83, 1.92, 2.00, 2.08. 

5P3-7P’2 (0.00, 0.67, 1.33), 0.33, 1.00, 1.67, 2.33, 3.00. 

5P3-"P’; (0.25, 0.50, 0.75), 1.17, 1.42, 1.67, 1.92, 2.17, 2.42. 

5P3-’P’, (0.00, 0.08, 0.17, 0.25), 1.50, 1.58, 1.67, 1.75, 1.83, 1.92, 2.00. 


5P,-"D; (0.50), 2.50, 3.00. 

5P:~7Dz2 (0.00, 0.50), 1.50, 2.00, 2.50. 

5P-"D, (0.00, 1.17), 0.67, 1.83, 3.00. 

5P2~"Dz (0.17, 0.33), 1.67, 1.83, 2.00, 2.17. 

5P2-7Ds3 (0.00, 0.08, 0.17), 1.58, 1.67, 1.75, 1.83, 1.92. 

5P3~’Dz2 (0.00, 0.33, 0.67), 1.00, 1.33, 1.67, 2.00. 2.33. 

5P3-7Ds (0.08, 0.17, 0.25), 1.50, 1.58, 1.67, 1.75, 1.83, 1.92. 

5P3~"D, (0.00, 0.02, 0.03, 0.05), 1.60, 1.62, 1.63, 1.65, 1.67, 1.68, 1.70, 


5P,-"F’o (0.00), 2.50. 

SP,-"F’; (1.00), 1.50, 2.50. 

5P,-7F’2 (0.00, 1.00), 0.50, 1.50, 2.50. 

5P2-7F’; (0.00, 0.33), 1.50, 1.83, 2.17. 

5P2-7F’2 (0.33, 0.67), 1.17, 1.50, 1.83, 2.17. 

5P2-'F’; (0.00, 0.33, 0.67), 0.83, 1.17, 1.50, 1.83, 2.17. 

5P;-7F’s (0.00, 0.17, 0.33), 1.33, 1.50, 1.67, 1.83, 2.00. 

5P3~7F’; (0.17, 0.33, 0.50), 1.17, 1.33, 1.50, 1.67, 1.83, 2.00. 

5P:-7F’, (0.00, 0.17, 0.33, 0.50), 1.00, 1.17, 1.33, 1.50, 1.67, 1.83, 2.00. 


5D2-78’3 (0.00, 0.50, 1.00), 1.00, 1.50, 2.00, 2.50, 3.00. 
5D3~78’3 (0.50, 1.00, 1.50), 0.50, 1.00, 1.50, 2.00, 2.50, 3.00. 
5D4-78’; (0.00, 0.50, 1.00, 1.50), 0.00, 0.50, 1.00, 1.50, 2.00, 2.50, 3.00 
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SD;-"P2 (0.00, 0.83), 1.50, 2.33, 3.17. 
‘Ds-'P) (0.83, 1.67), 0.67, 1.50, 2.33, 3.17. 

‘De-TP (0.00, 0.42, 0.83), 1.08, 1.50, 1.92, 2.33, 2.75. 

SDy-"P2 (0.00, 0.83, 1.67), —0.17, +0.67, 1.50, 2.33, 3.17. 

(Dy-'P (0.42, 0.83, 1.25), 0.67, 1.08, 1.50, 1.92, 2.33, 2.75. 

{Dy-TP; (0.00, 0.25, 0.50, 0.75), 1.00, 1.25, 1.50, 1.75, 2.00, 2.25, 2.50. 
‘Dy-"P3 (0.00, 0.42, 0.83, 1.25), 0.25, 0.67, 1.08, 1.50, 1.92, 2.33, 2.75. 
SDi-7Ps (0.25, 0.50, 0.75, 1.00), 0.75, 1.00, 1.25, 1.50, 1.75, 2.00, 2.25, 2.50. 


SDe-"D': (0.00), 3.00. 
SD;-"D's (1.50), 1.50, 3.00. 

SD;-"D'2 (0.00, 0.50), 1.50, 2.00, 2.50. 

Dy-"D'; (0.00, 1.50), 0.00, 1.50, 3.00. 

‘D-"D’s (0.50, 1.00), 1.00, 1.50, 2.00, 2.50. 

‘Dy-"D’; (0.00, 0.25, 0.50), 1.25, 1.50, 1.75, 2.00, 2.25. 

‘D;-"D’z (0.00, 0.50, 1.00), 0.50, 1.00, 1.50, 2.00, 2.50. 

'D-"D's (0.25.00, 0.75), 1.00, 1.25, 1.50, 1.75, 2.00, 2. 

1D3-"D's (0.00, 0.15, 0.30, 0.45), 1.20, 1.35, 1.50, 1.65, 1.80, 1.95, 2.10. 

SDy-"D’s (0.00, 0.25, 0.50, 0.75), 0.75, 1.00, 1.25, 1.50, 1.75, 2.00, 2.25. 

‘Di’; (0.15, 0.30, 0.45, 0.60), 1.05, 1.20, 1.35, 1.50, 1.65, 1.80, 1.95, 2.10. 

SDy-"D’s (0.00, 0.10, 0.20, 0.30, 0.40), 1.20, 1.30, 1.40, 1.50, 1.60, 1.70, 1.80, 1.90, 2.00. 


De Fi =!D) Fo="Di Fi =! D1" F2=! Dr" F1 =! De" F3 =! D2" F3=. . .=5D 4-7 Fs (0.00), 1.50. 


‘De-7’s (0.00), 0.50. 
5D:-'G'; (2.00), —0.50, +1.50. 

'D;-7G'2 (0.00, 0.67), 0.17, 0.83, 1.50. 

Dr1G’; (0.00, 2.00), —0.50, +1.50, 3.50. 

‘Dr-'G'2 (0.67, 1.88), 0.17, 0.83, 1.50, 2.17. 

'‘Dr'G's (0.00, 0.33, 0.67), 0.50, 0.83, 1.17, 1.50, 1.83. 

DG's (0.00, 0.67, 1.33), 0.17, 0.83, 1.50, 2.17, 2.83. 

‘D5-'G’s (0.33, 0.67, 1.00), 0.50, 0.83, 1.17, 1.50, 1.83, 2.17. 

SDz-'G's (0.00, 0.20, 0.40, 0.60), 0.70, 0.90, 1.10, 1.30, 1.50, 1.70, 1.90. 

5D,-7G’s (0.00, 0.33, 0.67, 1.00), 0.50, 0.83, 1.17, 1.50, 1.83, 2.17, 2.50. 

5Ds-7G's (0.20, 0.40, 0.60, 0.80), 0.70, 0.90, 1.10, 1.30, 1.50, 1.70, 1.90, 2.10. 

‘Dy-G’s (0.00, 0.13, 0.27, 0.40, 0.53), 0.88, 0.97, 1.10, 1.23, 1.37, 1.50, 1.63, 1.77, 1.90. 


‘F}-"P’s (0.00, 2.33), 0.00, 2.33, 4.67. 

SF y-’P’s (1.33, 2.67), —0.33, +1.00, 2.83, 3.67. 

‘Fy-"P’s (0.00, 0.92, 1.83), 0.08, 1.00, 1.92, 2.83, 3.75. 

SFs-'P’s (0.00, 1.08, 2.17), —0.92, +0.17, 1.25, 2.33, 3.42. 

'F3-'P’s (0.67, 1.33, 2.00), —0.08, +0.58, 1.25, 1.92, 2.58, 3.25. 

SFy-"P’, (0.00, 0.50, 1.00, 1.50), 0.25, 0.75, 1.25, 1.75, 2.25, 2.75, 3.25. 

5Fy-"P’s (0.00, 0.57, 1.13, 1.70), —0.35, +0.21, 0.78, 1.35, 1.92, 2.48, 3.05. 

5Fy-"P’, (0.40, 0.80, 1.20, 1.60), 0.15, 0.55, 0.95, 1.35, 1.75, 2.15, 2.55, 2.95. 

Fs-’P, (0.00, 0.35, 0.70, 1.05, 1.40), 0.00, 0.35, 0.70, 1.05, 1.40, 1.75, 2.10, 2.45, 2.80. 


'F,-"D; (3.00), 0.00, 3.00. 
'F;-"Ds (0.00, 2.00), 0.00, 2.00, 4.00. 

"FD; (0.00, 2.00), —1.00, +1.00, 3.00. 

'F-"Ds (1.00, 2.00), 0.00, 1.00, 2.00, 3.00. 

'Fr’Ds (0.00, 0.75, 1.50), 0.25, 1.00, 1.75, 2.50, 3.25. 

'Fs-"D: (0.00, 0.75, 1.50), —0.25, +0.50, 1.25, 2.00, 2.75. 

'F-"Ds (0.50, 1.00, 1.50), 0.25, 0.75, 1.25, 1.75, 2.25, 2.75. 

'Fs-"Dy (0.00, 0.40, 0.80, 1.20), 0.45, 0.85, 1.25, 1.65, 2.05, 2.45, 2.85. ¢ 

‘Fe-"Ds (0.00, 0.40, 0.80, 1.20), 0.15, 0.55, 0.95, 1.35, 1.75, 2.15, 2.55. 

"Fi-"Dy (0.30, 0.60, 0.90, 1.20), 0.45, 0.75, 1.05, 1.35, 1.65, 1.95, 2.25, 2.55. 

'Fe-"Ds (0.00, 0.25, 0.50, 0.75, 1.00), 0.60, 0.85, 1.10, 1.35, 1.60, 1.85, 2.10, 2.35, 2.60. 
'Fs-"Dy (0.00, 0.25, 0.50, 0.75, 1.00), 0.40, 0.65, 0.90, 1.15, 1.40, 1.65, 1.90, 2.15, 2.40. 
‘Fs"Ds (0.20, 0.40, 0.60, 0.80, 1.00), 0.60, 0.80, 1.00, 1.20, 1.40, 1.60, 1.80, 2.00, 2.20, 2.40. 


'Fi-"F’p (0.00), 0.00 unaffected. 

*F\-7F’; (1,50), 0.00, 1.50. 

'F\-"F’s (0.00, 1.50), 0.00, 1.50, 3.00. 

'F"F’; (0.00, 0.50), 0.50, 1.00, 1.50. 

'F-TF’s (0.50, 1.00), 0.50, 1.00, 1.50, 2.00. 

'F:-TF’s (0.00, 0.50, 1.00), 0.50, 1.00, 1.50, 2.00, 2.50. 
Fe-1F (0.00, 0.25, 0.50), 0.75, 1.00, 1.25, 1.50, 1.75. 
Fr'F’s (0.25, 0.50, 0.75), 0.75, 1.00, 1.25, 1.50, 1.75, 2.00. 
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5F3-7F’s (0.00, 0.25, 0.50, 0.75), 0.75, 1.00, 1.25, 1.50, 1.75, 2.00, 2.25. 
5Fy-7F’s (0.00, 0.15, 0.30, 0.45), 0.90, 1.05, 1.20, 1.35, 1.50, 1.65, 1.80. 

SF .-F’; (0.15, 0.30, 0.45, 0.60), 0.90, 1.05, 1.20, 1.35, 1.50, 1.65, 1.80, 1.95. 

8Fy-'F’s (0.00, 0.15, 0.30, 0.45, 0.60), 0.90, 1.05, 1.20, 1.35, 1.50, 1.65, 1.80, 1.95, 2.10. 

5Fs-"F’s (0.00, 0.10, 0.20, 0.30, 0.40), 1.00, 1.10, 1.20, 1.30, 1.40, 1.50, 1.60, 1.70, 1.80. 

5Fs-"F’s (0.10, 0.20, 0.30, 0.40, 0.50), 1.00, 1.10, 1.20, 1.30, 1.40, 1.50, 1.60, 1.70, 1.80, 1.90. 

5F;5-7F’s (0.00, 0.10, 0.20, 0.30, 0.40, 0.50), 1.00, 1.10, 1.20, 1.30, 1.40, 1.50, 1.60, 1.70, 1.80, 1.90, 2.00. 


5F,-7G1 (0.50), 0.00, 0.50. 

5F7-Gy (0.00, 0.83), 0.00, 0.83, 1.67. 

5F2~7G; (0.00, 1.50), —0.50, +-1.00, 2.50. 

5F2~7G» (0.17, 0.33), 0.67, 0.83, 1.00, 1.17. 

5F2~7Gs3 (0.00, 0.17, 0.33), 0.83, 1.00, 1.17, 1.33, 1.50. 

5F3~7Ge (0.00, 0.42, 0.83), 0.42, 0.83, 1.25, 1.67, 2.08. 

5F3-7Gs (0.08, 0.17, 0.25), 1.00, 1.08, 1.17, 1.25, 1.33, 1.42. 

8¥'3~7G, (0.00, 0.05, 0.10, 0.15), 1.15, 1.20, 1.25, 1.30, 1.35, 1.40, 1.45. 

5F.~’G3 (0.00, 0.18, 0.37, 0.55), 0.80, 0.98, 1.17, 1.35, 1.53, 1.72, 1.90. 

5F4-7G4 (0.05, 0.10, 0.15, 0.20), 1.15, 1.20, 1.25, 1.30, 1.35, 1.40, 1.45, 1.50. 

5F.-7Gs (0.00, 0.02, 0.03, 0.05, 0.07), 1.30, 1.32, 1.35, 1.37, 1.388, 1.40, 1.42, 1.43. 

5F5-7G, (0.60, 0.10, 0.20, 0.30, 0.40), 1.00, 1.10, 1.20, 1.30, 1.40, 1.50, 1.60, 1.70, 1.80. 
5F5~’Gs (0.03, 0.07, 0.10, 0.13, 0.17), 1.23, 1.27, 1.30, 1.33, 1.37, 1.40, 1.43, 1.47, 1.50, 1.53. 
5F5~’Gs (0.00, 0.005, 0.01, 0.014, 0.024), 1.38, 1.39, 1.39, 1.40, 1.40, 1.41, 1.41, 1.42, 1.42, 1.43, 


5G2’D’; (0.00, 2.67), —2.33, +0.33, 3.00. 

5G2-"D’s (1.67, 3.33), —1.33, +0.33, 2.00, 3.67. 

5G2"D’; (0.00, 1.42, 2.83), —1.08, +0.33, 1.75, 3.17, 4.58. 

5G3~"D’2 (0.00, 1.08, 2.17), —1.25, —0.17, +-0.92, 2.00, 3.08. 

5G3-’D’s (0.83, 1.67, 2.50), —0.75, +-0.08, 0.92, 1.75, 2.58, 3.42. 

5G3-"D’, (0.00, 0.73, 1.47, 2.20), —0.55, +-0.18, 0.92, 1.65, 2.38, 3.12, 3.85. 

5Gs-"D’; (0.00, 0.60, 1.20, 1.80), —0.65, —0.05, +0.55, 1.15, 1.75, 2.35, 2.95. 

8Gy"D’, (0.50, 1.00, 1.50, 2.00), —0.35, 4+-0.15, 0.65, 1.15, 1.65, 2.15, 2.65, 3.15. 

5G4-7D’s (6.00, 0.45, 0.90, 1.35, 1.80), —0.20, 4-0.25, 0.70, 1.15, 1.60, 2.05, 2.95, 3.40. 
5Gs-7D’, (0.00, 0.38, 0.77, 1.15, 1.54), —0.27, +0.12, 0.50, 0.88, 1.27, 1.65, 2.03, 2.42, 2.80. 
5G5~"D’s (0.33, 0.67, 1.00, 1.33, 1.67), —0.07, +-0.27, 0.60, 0.93, 1.27, 1.60, 1.93, 2.27, 2.60, 2.93. 


5G2~F; (0.00, 1.17), —0.83, +-0.33, 1.50. 

8G-"F2 (1.17, 2.83), —0.83, +0.33, 1.50, 2.67. 

®G2-7F 3 (0.00, 1.17, 2.33), —0.83, +-0.33, 1.50, 2.67, 3.83. 

5G3-7F 2 (0.00, 0.58, 1.17), —0.25, +-0.33, 0.92, 1.50, 2.08. 

5G3-’F3 (0.58, 1.17, 1.75), —0.25, +-0.33, 0.92, 1.50, 2.08, 2.67. 

5G3~-7F, (0.00, 0.58, 1.17, 1.75), —0.25, +-0.33, 0.92, 1.50, 2.08, 2.67, 3.25. 

5G4-"F; (0.00, 0.35, 0.70, 1.05), 0.10, 0.45, 0.80, 1.15, 1.50, 1.85, 2.20. 

5G4-"F, (0.35, 0.70, 1.05, 1.40), 0.10, 0.45, 0.80, 1.15, 1.50, 1.85, 2.20, 2.55. 

5Q4-’F ss (0.00, 0.35, 0.70, 1.05, 1.40), 0.10, 0.45, 0.80, 1.15, 1.50, 1.85, 2.20, 2.55, 2.90. 

5G5-"F, (0.00, 0.23, 0.47, 0.70, 0.93), 0.33, 0.57, 0.80, 1.03, 1.27, 1.50, 1.73, 1.97, 2.20. 

5G5-’Fs (0.23, 0.47, 0.70, 0.93, 1.17), 0.33, 0.57, 0.80, 1.03, 1.27, 1.50, 1.73, 1.97, 2.20, 2.43. 

5G5-7F 6 (0.00, 0.23, 0.47, 0.70, 0.93, 1.17), 0.33, 0.57, 0.80, 1.03, 1.27, 1.50, 1.73, 1.97, 2.20, 2.43, 2.67. 
5Ge— Fs (0.00, 0.17, 0.33, 0.50, 0.67, 0.83), 0.50, 0.67, 0.83, 1.00, 1.17, 1.33, 1.50, 1.67, 1.83, 2.00, 2.17. 
5Ge-’ Fs (0.17, 0.33, 0.50, 0.67, 0.83, 1.06), 0.50, 0.67, 0.83, 1.00, 1.17, 1.33, 1.50, 1.67, 1.83, 2.00, 2.17, 2.33. 


5G2-7G’; (0.00, 0.83), —0.50, +0.33, 1.17. 

5G2-1G"s (0.50, 1.00), —0.17, +0.33, 0.83, 1.33. 

5G2-7G’s (0.00, 0.83, 1.67), —0.50, +0.33, 1.17, 2.00, 2.83. 

5Gs-7G"2 (0.00, 0.08, 0.17), 0.75, 0.83, 0.92, 1.00, 1.08. 

'Gs-7G’s (0.25, 0.50, 0.75), 0.42, 0.67, 0.92, 1.17, 1.42, 1.67. 

5Gs-"G’s (0.00, 0.38, 0.77, 1.15), 0.15, 0.53, 0.92, 1.30, 1.68, 2.07, 2.45. 

5G4-7G’s (0.00, 0.02, 0.04, 0.06), 1.09, 1.11, 1.13, 1.15, 1.17, 1.19, 1.21. 

5G4-7G"g (0.15, 0.30, 0.45, 0.66), 0.70, 0.85, 1.00, 1.15, 1.30, 1.45, 1.60, 1.75. 

5G4-7G's (0.00, 0.22, 0.43, 0.65, 0.87), 0.50, 0.72, 0.93, 1.15, 1.37, 1.59, 1.80, 2.02, 2.23. 

5Gs~7G"s (0.00, 0.03, 0.07, 0.10, 0.13), 1.18, 1.17, 1.20, 1.23, 1.27, 1.30, 1.33, 1.37, 1.40. 

Gs-7Gs (0.10, 0.20, 0.30, 0.40, 0.50), 0.87, 0.97, 1.07, 1.17, 1.2%, 1.87, 1.47, 1.57, 1.67, 1.77. 

5Gs~"G’s (0.00, 0.14, 0.28, 0.41, 0.55, 0.69), 0.71, 0.85, 0.99, 1.13, 1.27, 1.40, 1.54, 1.68, 1.82, 1.96, 2.09. 

5Ge-7G’s (0.00, 0.03, 0.07, 0.10, 0.13, 0.17), 1.17, 1.20, 1.23, 1.27, 1.30, 1.33, 1.37, 1.40, 1.43, 1.47, 1.50. 

5Ge-"G’s (0.07, 0.14, 0.21, 0.29, 0.36, 0.43), 0.98, 1.05, 1.12, 1.19, 1.26, 1.88, 1.41, 1.48, 1.55, 1.62, 1.69, 1.76. 

5Ge-7G’s (0.00, 0.10, 0.19, 0.29, 0.38, 0.48, 0.57), 0.86, 0.95, 1.05, 1.14, 1.24, 1.38, 1.43, 1.52, 1.62, 1.72, 1.81, 
2.00. 
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Taste 14.—Landé g values with decimal equivalents for terms of even multiplicity 
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204 «Ig. 
301 %He. 
6F3, 
2Po, 
ST, 
6Ge. 
SH. 
8Gy. 
STio. 
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TaBLE 15.—Landé g values with decimal equivalents for terms of odd multiplicity 





214 
232 «=I. 
250 3F4, 5Fs, Ig 
267 5Gs. 
286 5H, "He. 
202 «Is. 
300 7G4. 
3Ds3, 5Ge, "Ip. 
350 5Fy. 
TH. 
7Gs. 
THs. 
5Fs. 
7G6. 
1Pi, 'Do,'Fs, 1Ga, 1Hs, Is, 'F a, "Is. 7G. 
5Tg. 500 Pi, 3P2, 5D, *De2, 'Ds, 'D,, 'F,, 
Hs. | 7F2, "Fs, "Fs, "Fs, "Fo. 
1G, "H TDs. 
‘nee ™Ds,. 
SIs. : 
oF 3. . SPs. 
5H. { . TPs, ™Ds. 
‘ 5Po. 
8I7, Is. | . TP3. 
Gs. | 881. 5Ge. 7S, 7 
8Do, *He, 7Gs. ‘ tn site 
5I7. 5P). 
3Gs, "Hs. | 7D. 
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8Fo. 
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